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INTRODUCTION

More than 70 éléments in the Mendeteev Periodic System are 
metals. They form together with their alloys a great multitude 
<>f substances having very diverse properties. Metals differ in the 
magnitude of electric conductivity, in their optical, magnetic, gal- 
vano-magnetic and thermo-magnetic characteristics, and possess 
different capabilities of emitting électrons at heating (hot émis
sion) and under the action of an external electric field (cold 
émission). Mechanical properties of metals, i.e. hardness, mal- 
leability, plasticity, etc. are also very diverse. Température de- 
pendences of the same characteristics of various metals also differ 
substantially, these différences being especially strong at low 
températures.

Notwithstanding this diversity of properties, there is a common 
characteristic which allows ail metals to be described from a single 
standpoint. This is the energy spectrum of électrons in metals, 
or the dependence of the energy e of électrons on the magnitude

and direction of their momenta p : e =  e(p). The concept of 
energy spectrum of électrons is the basis of the modem solid-state 
physics.

Great achievements of the physics of metals made in the last 
two décades are directly linked with an intense study of the enebgy 
spectrum. Following this way, it has been succeeded not only in 
explaining many spécifie properties of various metals, but also in 
discoverirt'g principally new physical effects, such as the cyclotron 
and magneto-phonon résonances, magnetic breakdown, or gigan- 
tic oscillations of the coefficient of Sound absorption in metals in 
a magnetic field.
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The concept of the energy spectrum of électrons has recently 
been applied to alloys, which are solid solutions of several metals. 
Studies of energy spectra of alloys hâve shown that one type of 
spectrum can be continuously reconstructed into another.

Finally, studies of the energy spectrum of metals hâve served 
as the basis for the development of a new branch of the solid-state 
physics, i.e. investigation of substances under combined action 
of strong electric and magnetic fields, strong three-dimensional or 
uniaxial deformations, and alloying at low and ultralow tempéra
tures. The results achieved make it possible to solve the problem 
of directed variation of the characteristics of a substance and of 
obtaining substances possessing new properties. The possibility 
of changing the energy spectrum has shown that the division of 
substances into metals, dielectrics and semiconductors is only of 
conditional nature.

Construction of the energy spectrum of a métal in the most 
general form assumes that ail possible energy states of électrons 
should be considered. In a particular case of an individual energy

-y
zone the dependence e* =  et (p) is called the law of dispersion 
(here i is the number of the zone).

A convenient method for the description of energy spectra is 
introduction of Fermi surface, a clear geometrical concept which 
characterizes the properties of conduction électrons and déter
mines ail possible values of the momenta (both in magnitude and 
direction) that électrons may hâve in a métal.

A Fermi surface is a combination of constant-energy surfaces

e<(/7) =  const in various bands and usually has a very complica- 
ted form.

At the beginning of this century, it has been established that the 
most spécifie property of metals, i.e. their high electric conduc- 
tivity, is linked with the presence of “ free” électrons in them. For 
instance, in the experiments of Tolman and Stewart [1], a coil 
rotating on its axis was connected to a galvanometer. At a sharp 
braking of the coil, a current puise was formed, whose direction 
corresponded to the motion'of negatively charged particles having 
the charge-to-mass ratio e/m close to the ratio e/m0 of free élec
trons.
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In the experiments carried out by E. Riecke [2], a strong current 
was passed for a long time through three cylinders made of 
dilTerent metals which were tightly pressed to each other. Upon 
disconnecting the cylinders, no transfer of matter, apart from that 
caused by diffusion, was revealed. Thus, it has been confirmed 
Huit electric current is not related to the transfer of ions forming 
(lie crystal lattice of a substance.

Ail the effects related to cold and hot émission of électrons are 
also an evidence of the existence of free électrons in metals.

Metallic conductors hâve been found to hâve no voltage thresh- 
old beginning from which an electric current would be formed 
in the conductor up to the very low températures. With improve- 
ments in the sensitivity of measuring instruments, lower and 
lower currents could be measured in metals. It has been concluded 
tliât transmission of a charge in a métal can occur under the 
action of an arbitrarily weak electric field and is not connected 
with the preliminary ionization of atoms of the métal. In other 
words, atoms in a métal are always partly ionized and an electric 
current is the motion of collective électrons.

The characteristic lustre of a polished surface of a métal, i.e. 
ils capability of reflecting electromagnetic waves, also is an indi
cation to the existence of free électrons in metals.

The first attempt to explain electric conduction was made by 
K. Drude in 1900 [3]. Some years later, Drude’s ideas were deve- 
loped by H. Lorentz [4]. According to the Drude-Lorentz theory, 
a métal was regarded as a potential box filled with a gas of free 
clectrons obeying Boltzmann’s statistics.

From the modem point of view, this model is absolutely incor
rect, though it helped in explaining the phenomena of electric and 
thermal conduction and their interrelation, expressed by the Wiede- 
mann-Franz law. This circumstance is not astonishing, because/ 
any gas of charged particles possesses similar properties.

The Drude-Lorentz theory failed to explain the phenomena in 
which the, nature and spécifie properties of current carriers are 
cssential For instance, it follows from that theory that an idéal 
gas of électrons in a métal must possess a strong paramagnetism. 
This prédiction of the theory, however, contradicts the experimen
tal facts that most metals are weakly diamagnetic. Experiments
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hâve also shown that the molar spécifie heat of an électron gas 
is substantially lower than that of an idéal monatomic gas, which 
is approximately equal to 3 cal/mol degree. It may be added 
that the immense totality of diverse physical properties of metals 
discovered in the course of 70 years cannot be explained by the 
Drude-Lorentz theory.

Further development of the électron theory of metals is connec- 
ted with the works of Sommerfeld carried out in 1926-30 [5]. He 
used the same model of métal as in the Drude-Lorentz theory, but 
took into account the quantum nature of électrons and employed 
the Fermi-Dirac statistics to describe the System of électrons. 
Thus, Sommerfeld managed to explain the absence of strong para- 
magnetism and high thermal capacity in an électron gas. The 
Sommerfeld theory, however, also failed in solving the principal 
problem of the solid-state physics, i.e. to explain the nature of 
the différences between metals, semiconductors, and dielectrics.

An essential drawback of the théories described is that the 
crystal lattice was excluded from considération. The first works 
that took into account the interaction of électrons with the lattice 
relate to 30-s and to the names of Bloch [6, 7] and Brillouin [8, 9]. 
They hâve played a substantial part in the formation of modem 
views on the energy spectrum of électrons. Established in those 
works were a number of fundamental concepts related to the mo
tion of électrons in the lattice (for instance, the concepts of quasi- 
momentum, Brillouin zones, etc.) that hâve retained their signi- 
ficance up to the présent. But those works, which hâve become 
classical, regarded a certain abstract métal and did not explain 
why the properties of real metals were very diverse.

To the beginning of 50-s, a great number of various experimen
tal data was accumulated which could not be explained by the 
theoretical concepts existing at that time. It was found, for in
stance, that for very pure metals the dependence of electric rési
stance on the orientation of monocrystalline specimens in a mag- 
netic field at low températures was of an extremely complicated 
form. Studios of oscillational effects indicated to the existence in 
metals of various groups of current carriers strongly differing in 
their properties. It was still unclear why valence électrons, which
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M'emed to be under the same conditions, formed groups with 
différent physical properties.

These and many other facts hâve been given adéquate expla- 
nntion in the theory of électron energy spectrum of metals which 
whs mainly developed during the last two décades. A great con- 
tribution to the development of this theory has been made by 
Soviet physicists I. M. Lifshits, A. A. Abrikosov, M. Ya. Azbel, 
Y. L. Gurevich, M. I. Kaganov, A. M. Kosevich, V. G. Peschansky 
|I0-18]. The development of various methods and interprétation 
of the theory are also connected with the names of J. M. Ziman, 
Ch. Kittel, W. A. Harrison, A. B. Pippard, N. F. Mott, H. L. Jones, 
I). Pines, etc. [20-35].

The Initial Model of Métal. According to the modem views, 
a métal may be regarded as a combination of a System of positi- 
vely charged oscillating ions which form a quasi-periodical space 
structure (crystal lattice) and a System of relatively free collec
tive valence électrons filling the lattice. The différences between 
two metals may be related to the different valences x of atoms, 
the peculiarities of their electronic structure, and the symmetry 
of the crystal lattice.

The theoretical description of a métal in the frames of such 
a model results in a quantum-mechanical problem of a System of 
(N +  kN) interacting bodies (N being the number of atoms in 
the lattice) whose solution is still impossible at présent. But, if 
we are not to solve the problem of exact calculation of the energy 
spectrum of électrons in metals (note that even the strict solution 
of the problem would not provide an exact quantitative picture 
because of the absence of adéquate data on the form of the perio- 
dic potential of ions in the lattice), the general qualitative repré
sentation of the nature of the spectrum can be found on the basis 
of a simpler model.

Simplification of the initial model, which w ill be made in the 
book, is based on a vast experimental material accumulated, 
through the studies of the électron properties of metals carried out 
in recent years. For that reason, the simpler model that can be 
obtained/in such a way reflects sufficiently fully the properties of 
real metals.





CHAPTER ONE

THE CRYSTAL LATTICE

1-1. METAL FORMATION THROUQH 
CONDENSATION OF NEUTRAL ATOMS. THE METALLIC BOND

The nature of the forces that form ionic bonds in the lattice of 
a métal can be explained by considering the formation of a métal 
from the gaseous phase.

At températures below that required for thermal ionization, 
vapours of a métal, as any other gases, consist of electrically 
neutral atoms and possess no electric conductivity. In other words, 
there are no free électrons in the vapours of a métal, and the 
vapour is a dielectric.

On the other hand, atoms in a solid (or liquid) métal are ioni- 
zed at any température. It can therefore be assumed that in the 
process when neutral atoms are brought doser together, metallic 
conductivity forms at a certain spécifie distance between them, 
irrespective of the state of aggregation of the substance at that 
moment. This assumption has been confirmed experimentally by 
Kikoin [36] by measuring the electric conductivity of mercury 
vapours under pressure.

Mercury vapours were compressed isothermally at a température 
above the critical point. An increase of pressure in that case only 
caused atoms to corne doser together, but could not cause the 
vapour to condense to liquid or solid. On the other hand, the 
température selected was insufficient for thermal ionization of 
atoms, since at the in itia l low pressure the gas possessed no con
ductivity.

The appearance of metallic conductivity in mercury vapours at 
compression was only observed when the mean distances between 
atoms were reduced practically to the values characteristic of the 
interionic distances in liquid mercury. Ionization of atoms was 
caused by that the outermost électron shells of neighbouring 
atoms began to overlap. Namely this process results in collectivi- 
zation of valence électrons and the formation of a System con- 
sisting of positively charged atoms of the structures and of col
lective électrons.

Thus, the formation of metallic conductivity at condensation of 
neutral atoms dépends on what is the mean distance between the
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atoms at which the forces of their mutual attraction and repulsion 
corne to an equilibrium.

The forces of attraction between sufficiently distant neutral 
atoms are related to the existence of fluctuating dipole moments. 
In the electric field of such a dipole moment, polarization of the 
surrounding atoms occurs, i.e. the atoms become dipoles. The 
interaction of dipoles results in that attraction forces are formed.

At distances r greater than the size of a dipole, the strength E 
of an electric field decreases by the relationship E ~  1/r3. The

Fig. 1

dipole moments p of neighbouring atoms induced by this field are
proportional to E. The energy U of interaction of two polarized
atoms, which is equal to the energy of the dipole in the electric

-> ■>
f ield— (pE), is in turn propor
tional to E2 and decreases with 
distance as 1/r6.

The polarization effect produ- 
ces forces of attraction between
atoms, F =  — —  ~  — , which d r r 7
are termed the Van der Waals 
forces. These forces cause neutral 
atoms to approach and condense 
to solid, if their thermal mo
tion does not impede the pro- 
cess.

With atoms being brought suf
ficiently close together, their élec

tron shells begin to deform, so that répulsive forces are formed, 
which increase sharply with a decrease of r. These répulsive forces 
are the conséquence of the Pauli exclusion principle and are 
termed the exchange forces.

With the same distance between atoms, exchange forces increase 
as the outermost électron shell is being filled and attain the maxi
mum for the atoms of the noble gas éléments (He, Ne, Ar, etc.). 
For these substances, an equilibrium between the Van der Waals 
forces and exchange forces is attained at very small deformations 
of the electroïi shells of neighbouring atoms, at which overlapping 
between the shells is practically absent and the atoms remain 
non-ionized. For that reason, crystals of noble gases are perfect 
dielectrics. The dependence of the energy of interaction U between 
atoms on the distance r between them in the lattice of such sub
stances is shown in Fig. 1.

An equilibrium between attractive and répulsive forces corres
ponds to the minimum of energy U at r =  r0. The formation of 
a solid dielectric is équivalent to that the equilibrium distance r0
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between the atoms exceeds the doubled radius, 2/?i, of the outer- 
rnost électron shell. Note that the equilibrium can be shifted in 
the direction of lower values of r if the Van der Waals forces are 
supplemented with forces of external pressure on the substance, 
as was demonstrated in Kikoin’s experiments mentioned earlier.

Let us consider a case when the outerrnost électron shells of 
atoms are unfilled. The energy of interaction between atoms at 
tlieir approaching then will not reach the minimum at r ^  2R\. 
Further approaching w ill resuit in overlapping of the électron 
shells and collectivization of 
valence électrons. Beginning 
from that moment, the nature 
of interatomic bond is changed, 
since the free électrons increase 
lhe forces of attraction. The 
électrons located between posi- 
(ively charged ions attract the 
latter with a force greater than 
the force of repulsion between 
these ions, since the distance 
between each ion and électrons 
is smaller than that between 
ions. Any change of the lattice 
parameters w ill then cause a 
variation of électron density bet
ween ions, which in turn 
causes the formation of forces tending to restore the equilibrium 
of the lattice. This type of bond is called metallic bond. The 
forces of repulsion between ions are now related to the defor
mation of the inner filled électron shell of an ion having an ave
rage radius R2 <  R\.

The formation of a metallic bond changes the relationship for the 
energy of interaction between atoms at r ~  2/?i, the equilibrium 
distance r0 now being between the values 2R2 and 2R\ (Fig. 2).

A metallic bond has no saturation, i.e. a third, a fourth atom, 
etc. may be added to two atoms. A métal is similar to a gigantic 
molécule consisting of a System of positively charged ions; stabi- 
lity of this System is ensured by the existence of collective valence 
électrons.

If the métal is stretched in some direction, the distances between 
the ions in that direction w ill increase. The probability for élec
trons to be located between the pulled apart ions is also increased, 
and forces are formed that tend to return the ions to their initial 
positions. On the contrary, if the métal is compressed in some 
direction, électrons are forced out from interionic spaces in the 
direction, which rçsults in that répulsive forces w ill prevail.



16 Ch. One. The Crystal Lattice

The stability of a metallic bond against strong displacements 
of ions in the lattice relative to each other may explain the capa- 
bility of metals of withstanding high plastic deformations, their 
good malleability, etc.

As distinct from metals, substances having the Chemical type 
of bond are extremely brittle and their mechanical properties are 
anisotropic. Hardness and brittleness of some technical metals 
and alloys may be explained by that their lattices are strongly 
distorted by the presence of impurities and a large number of 
various defects (vacancies, dislocations, etc.). Pure perfect mono- 
crystals of metals are, however, soft and plastic.

Note that mechanical stretching of a piece of métal cannot 
change the metallic nature of the bond between atoms. With such 
stretching, when the distance between atoms, r, in the direction 
of deformation becomes greater than 2/?i, overlapping of électron 
shells is retained in latéral directions. This overlapping ensures 
collectivization of électrons and rétention of the metallic bond. The 
nature of bond can only be changed by increasing the mutual 
distances between atoms r *>  2R\ in ail directions (for instance, 
through évaporation of métal). In that case, deionization of atoms 
and bonding of valence électrons occur.

In contrast to tension, compression, either axial or uniform, can 
only resuit in an increase of the degree of ionization of atoms. 
Indeed, at sufficiently high pressures the inner électron shells 
become overlapped, which w ill resuit in collectivization of élec
trons at these shells. Similarly, a strong compression of dielectric 
crystals should cause the formation of a metallic bond between 
atoms and transition to the metallic state. In the lim it of ultra- 
high pressures, ail substances at températures below the critical 
point should transform to the state of a “ perfect” métal whose 
lattice consists of atomic nuclei and is filled with collective élec
trons.

It is of interest to note that in the formation of a metallic bond 
under pressure the energy of attraction increases substantially, 
which in some cases results in the formation of a local minimum 
of the energy of interaction of atoms as a function of the distance 
between them. The metallic phase thus formed may turn to be 
stable after relieving of the pressure. Such a situation may, for 
instance, be expected at compression of atomic, or molecular, 
hydrogen. Theoretical estimations show that at a pressure of 
several million atmosphères and sufficiently low températures, 
atomic hydrogen should transform into métal, which w ill retain 
its metastable state at a subséquent decrease of the pressure (the 
pressure corresponding to the transformation of molecular hydro
gen into the metallic phase is, by coarse estimâtes, 3 to 4 mlm 
atm.).
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1-2. THE METALLIC BOND AND CRYSTAL
LATTICE

The forces of metallic bond are to a large extent isotropie in 
their nature. It then follows that ionic structures in the lattice of 
a métal must be packed so as solid spheres are under the action 
of an external pressure, i.e. must occupy the least volume.

The packing of spheres is the denser, the greater volume Fsph 
lhey occupy in the whole volume V of the lattice. The density of 
packing can be characterized by the ratio Vsph/V and also by the 
number of nearest neighbouring atoms (spheres) surrounding an

atom (sphere) in the lattice. The number of nearest neighbours 
is termed the coordination number z.

Consider the density of packing of atoms in simplest-type lat- 
tices. For a simple cubic lattice in which atoms are located at the 
corners of cubes, the coordination number is evidently equal to
z — 6, and the VsPh/V ratio is 0.523.

In a body-centered cubic lattice (b.c.c.), atoms are located at 
the corners of cubes and in the centre of each cube at the inter
section of its body diagonals (Fig. 3). In a b.c.c. lattice, z — 8

The highest density of packing corresponds to z =  12 and 
VSBh -\l2 n

y— =  —g— ~  0.740. This packing is attained in face-centered
cubic (f,c.ç>) and close-packed hexagonal (c.p.h.) lattices. In 
a face-centered cubic lattice, atoms are located at the corners of 
cubes and in the centres of faces of each cube (Fig. 4); the close- 
packed hexagonal lattice consists of six trihedral prisms whose 
height c relates to the side a. of the équilatéral triangle in the base

Fig. 3 Fig. 4

and FiPft/K =  ^ ~ ^  0.681.
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.633. Atoms are located at theof the prism as ~  ~  1.6
corners of the prisms, and also in the centres of the three prisms

which are symmetrical relative to 
the hexagonal axis (Fig. 5).

The face-centered cubic and 
close-packed hexagonal lattices 
evidently suit in the best way the 
nature of metallic bond. But the 
maximum-density packing of 
atoms in metals is only attainable 
when the disturbing action of ther
mal oscillations is sufficiently 
weak. For that reason, anisotropy 
of the forces of bonding between 
atoms in a métal is stronger at 
high températures, which prevents 
formation of a lattice of maxi
mum-density packing. For in
stance, alkali metals Li, Na, and 
K crystallize at room température 
into a body-centered cubic struc
ture. But, as has been shown by 
Barrett in 1947 [37] and Khotke- 

vich in 1952 [38], these metals undergo polymorphie phase trans
formations when being cooled with the b.c.c. lattice being recom- 
bined into a f.c.c. lattice.

Fig. 5

1-3. THE NATURE OF OSCILLATIONS 
OF ATOMS IN A CRYSTAL LATTICE

The crystal structure of a métal is not strictly periodical in each 
given instant of time because of oscillating motion of ions. Oscil
lations of ions disturb the motion of électrons in the lattice. In 
order to describe the System of a métal, it is required, strictly 
speaking, to take into account the motions of ail its component 
particles, i.e. électrons and nuclei. The picture may be substan- 
tia lly simplified, however, if we consider that atomic nuclei are 
relatively heavy and move with substantially lower speeds than 
électrons. Electrons adapt so rapidly to the motion of nuclei that 
their state in each moment is practically determined by position 
of the nuclei at that moment.

Such a description of a System is termed adiabatic approxima
tion. First, it makes it possible to consider each nucléus and 
respective électrons at the inner shells (ion-core) as an inté
gral whole, and second, to describe the state of valence elec-
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trons in any instant of time as if their ion-cores were fixed 
in correspondance with their instantaneous position at that 
moment.

Adiabatic approximation has been introduced by Born and Op
penheimer; its theoretical substantiation may be found in textbooks 
on quantum theory of solids (for instance, in [39], [40]).

Let us consider oscillatons of ion-cores in a métal lattice, first 
without taking into account the motion of valence électrons. 
Under this assumption, oscillations of ion-cores in metals do not 
differ in their nature from oscillations of atoms in the lattice of 
a dielectric. In this connection, ion-cores (ions) w ill be further 
called atoms for simplicity (where it w ill not cause misunder- 
standing).

At a température T other than zéro, atoms in a lattice partici- 
pate in two kinds of oscillation which are of different nature. 
First, they perform thermal oscillations. The energy of these 
oscillations is determined by température and becomes zéro at 
T =  0° K. Second, the atoms are in the motion of purely quan
tum origin which is termed zéro oscillations; these exist even at 
T =  0° K.

Zéro oscillations are the conséquence of the relationship between 
Heisenberg’s uncertainties for the coordinate x and momentum p 
of a particle: AxAp ^  h (h =  2nh =  6.62-10-27 erg-sec is Planck 
constant). This relationship implies that a quantum particle can- 
not be at rest (p =  0, A p =  0) in a definite point of space 
(Ax =  0). Localization of the particles (Ax->0) results in in- 
creased uncertainty of their momentum A p and kinetic energy

(where M is the mass of particle) and is unfavourable
from the standpoint of energy losses.

The energy eo of zéro oscillations actually corresponds to the 
minimum value of the total energy which a particle can possess.
The amplitude Ax0 of zéro oscillations is — For  solids, it

is usually much smaller than the interatomic distances a in the 
lattice. If the amplitude of zéro oscillations is commensurable 
with the mean distance between atoms, no crystalline structure 
can be formed in such a System at normal pressure even at T =  
=  0° K and the substance w ill remain liquid.

The sole known example of such a substance is liquid hélium. 
At normal pressure, the isotopes He3 and He4 remain liquid at 
any low température. Hélium can be transformed to the solid 
state onlÿ by applying an excess external pressure (for instance, 
He4 solidifies at T =  4° K and a pressure of approximately 
100 atm). Solid hélium isotopes turn to hâve very spécifie proper- 
ties.
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If zéro oscillations of atoms are to be characterized by a di-

and He3 in solid state the values of y are respectively 0.6, 2.7, 
and 3.1. These numbers indicate that quantum efïects are quite 
strong for Ne and critical for He4 and He3. Generally speaking, 
at y >  1 a solid may hâve a periodic structure, as a crystal, but 
its atoms are not necessarily bonded with definite nodes of the 
lattice, since there exists a finite probability of displacement of an 
atom from one node to another. Such solids hâve therefore some 
features of liquids.

Atoms in a liquid are at definite mean distances from each other 
(so that the liquid retains its volume), but their positions are not 
fixed in space (the liquid cannot retain the shape). When moving 
in a liquid, atoms possess a sufficiently high kinetic energy and 
“ jump” through the potential pits formed by the nearest neigh- 
bours and thus do not form a lattice. But liquids are observed to 
tend to solid-state order and certain anisotropy of the forces of 
interaction. If a single crystal is melted down carefully, without 
introducing any additional perturbations, then a single crystal of 
the same orientation is formed upon cooling of the melt.

For a transformation from the liquid to solid state to occur, it is 
required that the atoms, which hâve been freely moving relative 
to each other, acquired some fixed positions of equilibrium. Such 
ordering of atoms occurs during cooling of a liquid down to tem
pératures T close to the melting point Tmeit and détermines the 
periodic (as time-averaged) structure of the lattice as a whole. 
The amplitude A of thermal oscillations of atoms is proportional 
to V ^ ,  and their frequency v is the natural frequency of the 
oscillations caused by the quasi-elastic force of bonding between 
atoms. The frequency v is determined by the mass M of an atom 
and the coefficient p of quasi-elastic force f =  — p*:

At sufficiently low températures, the nature of oscillations of 
atoms in a lattice acquires a new feature. While at T ^  Tmeit 
the atoms oscillate about fixed equilibrium positions with random 
phases (not coordinated), then, as the température is being redu- 
ced, a corrélation is gradually established between the motions 
of individual atoms, which resuit in that they begin to oscillate 
coordinately. This means that at low températures a solid can be 
considered as a continuum of points, i.e. as a continuous medium. 
In this range of températures, the positions of equilibrium, about

mensionless parameter y
a

which the atoms oscillate with a frequency
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tliernselves in an oscillating motion with lower frequencies. Near 
the absolute zéro, the nature of motion of atoms changes once 
more. The low-frequency oscillations of equilibrium positions atte- 
nuate at T —*• 0° K. Zéro oscillations are again performed about 
fixed positions of equilibrium.

Thus, thermal oscillations of atoms in a lattice are qualitatively 
different in two température régions determined by the ratio bet- 
ween the energy of thermal oscillations of an atom ~fe7’ (where 
k =  1.38-10'16 erg/degree is Boltzmann constant) and the energy 
of bonding between atoms in the solid: in the high-temperature 
région where kT ~  Ubon, T <  Tmeu, and in the low-temperature 
région where kT -c Ubon.

In the first région and for time intervals t <  10~13 sec, the 
lattice is not a periodic structure. A ‘momentary photograph’ of 
the lattice would show that the atoms are located chaotically, 
being displaced at random from their equilibrium positions. But 
for time intervals t 10~13 sec, when averaging of displacements 
of atoms from their equilibrium positions occurs, the periodicity 
of the lattice becomes perfect and reflects the periodicity of equi
librium positions of individual atoms.

Physically, the absence of periodicity of a crystal lattice in this 
température région is of importance only for very rapid processes, 
for instance, for a moving particle which covers the interatomic 
distance in an interval much less than 10~13 sec. For sufficiently 
slow physical processes (with the characteristic time t 10~13 sec), 
the lattice may be regarded as a strictly periodic combination of 
fixed atoms located in their equilibrium positions.

In the low-temperature région (kT •< Ubon), the energy of bon
ding between atoms is so great compared with the energy of 
oscillations that an atom, when being shifted from its equilibrium 
position in some direction, entrains neighbouring atoms in that 
direction. Namely this circumstance causes a coordinated motion 
of neighbouring atoms, similar to the propagation of Sound waves 
in solids. Within this température région it is possible to consider 
a solid as an intégral whole with a spécifie pattern of the frequen
cies of natural oscillations.

The température conditionally separating these two régions, 
which differ in the nature of thermal oscillations of atoms, is 
termed Debye température, 0 D. Each of the température régions 
described above is strictly determined by only one of the following 
inequilities, either r  <  0 D or 8d <  f  <  Tmeu. This means that 0D 
actually defines a certain température interval within which the 
nature of thermal motion of atoms is changed qualitatively.

Though 0 D cannot be determined exactly in the general case, it 
is a very convenient physical parameter and enters the expressions
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for a number of intégral characteristics of solids, such as heat 
capacity, heat conductivity, etc. Debye température of a given 
substance dépends on the energy of bonding Ub0n of atoms, and 
therefore, on melting point TmeU. Quantitative relationship between 
SD and Tmeit has been established by Lindeman’s empirical for
mula [41]:

0/) ^  BTmeltÀ ~ hD'li (1.1)

where A is the mean atomic weight, D0 is the density of substance, 
and B is a constant. B has been found empirically to be close to 
120 (with A expressed in grammes and D0 in grammes per cubic 
centimètre).

Let us show, by way of two examples, that knowledge of the 
physical parameter 0 D is of high importance.

1. Debye température détermines the température at which single 
crystals must be annealed to remove stresses in the lattice. An- 
nealing at températures close to Tmeit worsens the structure of 
a crystal, instead of improving it, because of the formation of 
vacancies, inclusions, etc. On the other hand, annealing at T <  QD 
is ineffective, since the energy of bonding at such températures 
is so high compared with kT that thermal oscillations cannot re
move local stresses and distortions of the lattice. The most effective 
température for annealing is T ^  @D. For instance, for copper 
(0d=315°K ) annealing is quite effective at a température aslow 
as 493° K (220° C). When cured at this température for some days, 
copper becomes very soft (for copper, Tmeit =  1083° C).

2. Debye température détermines the probability that some or 
other phase of a solid w ill remain metastable.

Consider a substance in which phase transformations from one 
crystalline modification to another occur at successive variations 
of température, T\ <  T2 <  T3, etc. Within the température régions 
T <  Tu Ti <  T <  r 2, T2 <  T <  T3, etc., phases 1, 2, 3, etc. cor
respond to an equilibrium state of the lattice. Examples of sub
stances having different phases are p- and a-tin, a-, p-, and 
y-iron, etc.

At températures above Debye température the energy of thermal 
■oscillations is sufficient to bring a lattice to an equilibrium. Then 
it is very easy to retain, for instance, phase 2 in metastable state 
at a drop of température, if the transition from phase 2 to phase 1 
occurs at a température T{ below. Debye température @d2 for 
phase 2. With an inverse relationship (0^2 <  7\) phase 2 can be 
kept in metastable state only by very rapid cooling. In this pro- 
cess, the probability of retaining phase 2 is the smaller, the 
lower 0D2 is compared with 7Y
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1-4. THE NATURAL-FREQUENCY SPECTRUM 
OF A ONE-DIMENSIONAL LATTICE

A simple and physically clear model of thermal oscillations 
should depict both the processes of heat propagation and the 
state of thermal equilibrium. Propagation of heat is related to 
oscillations in the form of running waves. The energy flux in 
a wave détermines the heat flux. On the other hand, thermal 
equilibrium is équivalent to a state in which heat fluxes are absent. 
Such a state corresponds to a combination of standing waves, 
since each standing wave is the sum of two running waves of 
the same amplitude propagation in opposite directions.

In order to describe thermal oscillations of a lattice, let us 
First elucidate what natural frequencies can exist in a System con- 
sisting of a large number W »  1 of particles interconnected by 
quasi-elastic forces.

As is known, oscillations of a System of N bodies can be decom- 
posed into normal oscillations each of which corresponds to one 
degree of freedom of the System. The problem of constructing the 
spectrum of normal oscillations in the lattice of a solid was first 
examined by Born and Karman in 1912 [42].

Note that in a lattice consisting of a finite number of atoms the 
positions of atoms in the depth of lattice are not équivalent to 
the positions of those at its boundaries. In order to describe the 
oscillations, it is required to know the boundary conditions, which 
inay be different depending on the problem being solved. For 
instance, the atoms at the boundary may be considered either 
completely bound or, on the contrary, free; this, in turn, détermi
nes the nature of the standing waves being formed. On the other 
hand, a continuons mode of running waves can be maintained in 
a lattice by bringing the boundary atoms into forced oscillations, 
for instance, by passing a heat flow across the boundary.

When considering the natural oscillations of a lattice, the po
sitions of ail its atoms are conveniently assumed to be équivalent, 
irrespective of their positions in the crystal. It is clear by intuition 
that boundary conditions cannot hâve a strong effect on the be- 
haviour of a large number of particles, at least with sufficiently 
short-ranged forces of bonding between them. Born and Karman 
hâve shown mathematically that for large Systems (A/^> 1) this 
assumption gives only a riegligible error. They also proposed a 
method by which it is possible to eliminate non-equivalency of 
pos i t i onsa toms  inside a crystal and at its boundaries.

The method consists in introducing cyclic boundary conditions, 
i.e. extending the crystal lattice periodically in ail directions, the 
period in the given direction being taken equal to the size of 
ihe crystal in that direction. Cyclic boundary conditions make it
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possible to neglect the effects related to the boundaries of a cry
stal and greatly simplify the solution of the problem of finding 
the normal modes of a System. By introducing these conditions, 
it is possible to use the property of translational invariance of 
a perfect crystalline lattice of infinité size.

With cyclic boundary conditions, a crystal turns to be surroun- 
ded from ail sides by an infinité number of its own copies. The 
idea of introducing cyclic boundary conditions is based on a 
physically évident assumption that in a crystal of a sufficiently 
large size the nature of oscillations of an atom about the given 
node should not differ in any respect from the nature of oscilla
tions about any other node.

n-î n rt+f

Fig. 7

The principal qualitative peculiarities of vibrations of a lattice 
may be elucidated by considering two simplest one-dimensional 
models.

The first model is a one-dimensional chain composed of N atoms 
of the same kind. In an equilibrium position, ail atoms of such 
a chain are located at the same distance a from each other 
(Fig. 6).

The second model is a one-dimensional chain consisting of 
atoms of two different kinds (for instance, differing in their mas
ses, m and M y with m <  M). An equilibrium position of this 
chain is similar to that of the first model (see Fig. 7).

One-dimensional models imply that each atom can be displaced 
only along the axis of the chain. The atoms in the chains w ill be 
thought of to be interconnected by quasi-elastic forces with a 
coefficient p. For simplicity, the interaction of each atom with only 
two nearest neighbours w ill be considered. If more distant neigh- 
bours werç taken into considération this would bring in nothing 
principally different in the nature of oscillations.

For a one-dimensional chain of atoms, cyclic boundary condi
tions can bç introduced quite naturally in the following way: if
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the chain is turned into a ring by connecting its ends, the non- 
equivalence of the positions of atoms in the middle of the chain 
and at its ends can be removed (Fig. 8). In such a ring, a displa
cement of an atom having the number n from its equilibrium posi
tion should evidently coincide with the displacement of an atom 
numbered n +  N% since by going 
round the ring completely, we corne 
to the same atom. This automatically 
results in that the chain is extended 
periodically with a period L =  Na.
(For convenience, L dénotés the 
length of the chain plus one interval 
equal to a; with cyclic extension, the 
period is defined by this quantity, 
rather than by L alone). On the 
other hand, shaping the chain into 
a closed ring completely éliminâtes 
its boundaries.

1. Oscillations of a one-dimensio- 
nal chain consisting of atoms of the 
same kind. Let us follow the motion 
of an atom with an arbitrary num
ber n in the chain shown in Fig. 6. Let g be the displacement of 
each atom from its equilibrium position (Fig. 9). To be definite, 
displacements to the right w ill be considered positive.

In an equilibrium position, the force / exerted on each atom by 
its neighbours is equal to zéro. With arbitrary displacements the

N

n -I

— O — O 7 x

Fig. 9

force f n acting on the atom with the number n is proportional to 
the variation of equilibrium distances between the atoms:

(i.2)

The équation of motion of the n-th atom is of the form:

M |n =  p ( i„+1 +  i„ _ 1- 2 y

where Af is the mass of an atom.
Solution of Eq. (1.3) can be found in the form

t n =  £el

(13)

(1.4)
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where co is the cyclic frequency, Ç is the amplitude of oscillation, 
and k is a constant. Substituting this solution into (1.3) gives:

— (d2M =  p (eiïa +  e -aa — 2) (1.5)
whence __

œ = ±  2 / ^ / 4  s in ^ -  (1.6)

Note that expression (1.6) for the frequency of oscillation of 
the n-th atom is independent of the number n. This means that 
ail atoms in the chain oscillate with the same frequency.

ko,Sincesin-g- ^ 1 ,  then the upper lim it of the frequency of oscilla
tions of atoms is

û W  =  2 aJ  —- (1.7)

which is the natural frequency of oscillation of a single atom 
under the action of quasi-elastic force / =  —4|i£. Such a force 
acts on each atom in the chain if neighbouring atoms oscillate 
with the same amplitude but in opposite phase.

The physical meaning of the constant k may be shown by con- 
sidering low-frequency oscillations co <  (omax- It is then obvious 

ko.that sin - y  <  1, and the expression for o> becomes:

(ù- ± { a ^ ' w ) k O-8)

The linear relationship between co and k for oscillations of a 
chain of atoms at the low-frequency lim it is similar to the rela
tionship between the frequency of Sound waves in a continuous

2 jcelastic string and the wave number 6 =  “^ :

<D =  —- =  2 n -^ = V s o n k  (1.9)

where % is the wavelength and vSOn is the velocity of sound pro
pagation in the string.

Indeed, for long-wave oscillations, the discreteness of the struc
ture of the chain consisting of individual atoms is immaterial. 
With an approximation X a, the chain of atoms may be con- 
sidered as an elastic homogeneous thread. By comparing expres

sions (1.8) and (1.9) it may be seen that a / \ J -j^- has the sense
of the velocity of propagation of elastic (sound) waves in the 
chain at co -*■ 0, and the constant k, the sense of the wave number 
2n/X. Low-frequency oscillations in a linear chain can be repre- 
sented in the form of a running sound wave ~ e i{,ùt+kx\  where the
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discrète coordinate na along the chain corresponding to the 
equilibrium position of the ti-th atom is replaced at X >> a with a 
continuons coordinate x {). Then the neighbouring atoms should

oscillate with the same amplitude and a negligible phase shift 
Aqp=2jty<C 1 relative to each other.

This wave running along the chain of atoms can be visualized 
in the form of transverse oscillations of the atoms (Fig. 10). The 
positions of atoms of the chain 
for two fixed instants of time 
are shown in that figure. Oscil
lations of one-dimensional 
chains w ill be further illustrat- 
ed, for convenience, by consi- 
dering transverse oscillations of c, 
atoms of a definite polarization.

The relationship between w 
and k (1.6) is called the disper
sion équation. In the high-fre- 
quency région co ~  comax it dif- 
fers substantially from expres
sion (1.8) which is valid for 
sound waves in a chain 
(Fig. 11). A departure of the 
k/(o relationship for oscillations 
of a chain from the linear law
may be thought of as a réduction of the Sound velocity with 
the wave number increasing to the value rJ,a. We then can
speak about the group velocity of a sound wave, ^  =  - - ,  which 
is the velocity of transfer of vibrational energy. It follows 

from (1.6) that vg=  ±  (a  /^/~^")cos ^  =  v°son cos , where

v°son is the velocity of sound waves, equal to a VP /M y

Fig. 11

!) Négative values of wave numbers k correspond to running waves in 
the reverse direction.
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at <ü-*0 (Fig. 12). With k =  n/a, vg becomes zéro, and co 
attains its lim it value co =  comax- At k  =  j t /a ,  a running wave 
turns into a standing one. This picture corresponds to oscilla
tions of neighbouring atoms in opposite phase (Fig. 13). The mi
nimum wavelength of oscillations of the chain is Km\n =  2a.

The dependence of sound velocity on wavelength (or frequency) 
is termed dispersion. A measure of dispersion may be a déviation
of the velocity vg =  ^  from its 
dimensional chain of atoms this

value v°son at k =  0. In a one- 
deviation attains the maximum 
at k =  nia at which ug =  be

comes zéro.
Ail physically different va

lues of the wave number are 
within the interval from —n/a

Fig. 13

to +n/a. The wave numbers \k >  nia give no new values of 
frequency in équation (1.6) and hâve no physical sense.

Thus, the whole spectrum of frequencies of natural oscillations 
of a one-dimensional chain of like atoms is limited from the above

by the frequency ©max =  2 s\J -Jj- and consists of a single band of
longitudinal acoustic oscillations. In a discrète chain, the wave 
number k  in équation (1.6) cannot acquire a continuous sériés of 
values from 0 to n/a. The set of wave numbers k must satisfy the 
condition of cyclicity %„ =  | „ +Jv which reflects the discrète nature 
of the chain and from which it follows [see (1.4)] that einha =  
— enn+N)ha or eiNha =  jh e  last equality makes it possible to 
Write a discrète set of wave numbers

K
2jt

N a  Q ( 1.10)

N
where q =  ± 1 , ± 2 , . . . ,  ±

The maximum value of |^ | is determined by the maximum value 
of \ k \=  nia. Note that oscillations corresponding to k =  ± n /a  
are only possible in a chain consisting of an even number of atoms 
N =  2N\ where N ' is an integer. If N is sufficiently large
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(N !» 1), this condition puts no principal limitations on the model 
of a lattice. Let us assume, for simplicity, that this condition is 
satisfied. Then a single normal mode w ill correspond to each 
value of kq in the set (1.10). The whole spectrum w ill evidently 
l>e composed of a combination of N normal oscillations, one half 
of them being represented by waves running in the négative di
rection (q >  0), and the other half, in the positive direction 
(q <  0) of the chain. The sum of two running waves with
k =  -\-^£-q and k =  — ^-q , taken with the same amplitude, is
équivalent to a standing wave.

2. Oscillations of a one-dimensional chain consisting of atoms 
of two kinds. Let us assume, as shown in Fig. 7, that atoms with 
masses M and m (where, for instance, M >  m) are located res- 
pectively in even and odd nodes of a chain. By analogy with (1.3), 
équations of motion of two neighbouring atoms with the numbers 
2n and 2n +  1 can be written as

M£2„ =  P (?2n+l +  ~  2l 2n)

m %2n+\ =  P (l2»+2 +  I 2n —  2 | 2n+I)

where g2n and g2n+i are the corresponding displacements of the 
2n-th and (2n +  l)-th  atoms from the equilibrium, and p has the 
same sense as before. The solution of équation (1.11) w ill be 
sought in the form similar to (1.4), taking into account that the 
atoms hâve now different masses and w ill therefore oscillate with 
different amplitudes l  and q:

%2n =  Ze
i i(ùt+2nka)

l 2n+\ =  fie* f^+ (2«+1) ka\
(112)

Substitution of (1.12) into (1.11) gives a set of uniform linear 
équations in Ç and q:

- ® 2Arç =  Pq(e'fta- f  « -« “) - 2pS
— co2mq =  P£ (elka +  e~ika) — 2Pq

The set of équations (1.13) has a nontrivial solution only when 
the déterminant of its coefficient equals zéro:

2p — (ù2M, — 2p cos ka
— 2p cos ka, 2p — (ù2m =  0 (1-14)

Evaluating the déterminant, we get a biquadratic équation for 
the frequénèy of oscillations co, whose solution gives two different 
bands of the natural-frequency spectrum, ©+ and ©_

— P ( i +  i )  r p V  ( i  + i r )2
4 sin2 ka  

M m (1.15)
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(Note that (o+ and w- are also independent of ri and are the na- 
tural frequencies of oscillations of any atom in the chain.)

Let us consider the behaviour of the solutions at small values 
of the argument ka 1. Under this assumption, the frequencies 
o)+ and co- are:

(  / ---------— ï  <ll6>< o _ ~ ± (a  ^ 2 P

By comparing (1.16) and (1.8), it can be concluded that the 
relationship between co_ and k describes a band of longitudinal 
acoustic oscillations. The velocity of sound for the long-wave lim it 
is given by the expression

=  » - l7>

which at m =  M détermines the velocity of sound «Son =  a VP/M 
in a monatomic chain.

Thus, in addition to the acoustic band ©_(&), an additional 
band ©+(&) has appeared in the spectrum of oscillations. Its 
physical meaning can be explained by comparing the ratios of 
amplitudes of oscillations £/t) in both bands at small values of k 
(ka <  1). These ratios can be found by substituting the corres- 
ponding frequency, either co+ or co-, into any of équations (1.13). 
For instance, substituting « - from (1.16) into (1.13), we find that 
(£/ri)_ =  + l -  This expression implies that oscillations of neigh- 
bouring atoms in the chain occur in phase and with the same 
amplitude. Oscillations of this kind are characteristic of acoustic 
waves.

Substituting a>+ from (1.16) into (1.13), we get for the ampli
tude ratio

( i X — £
whence it follows that the expression B =  MÇ +  mir\ is equal to
zéro. But M is, in essence, the amplitude of displacement of
the mass centre of an elementary cell in a chain consisting of 
atoms of two kinds. Thus, the branch co+(Æ) at small values of k 
corresponds to such oscillations of atoms in the chain at which 
the mass centre of each cell remains fixed. It may be shown that 
this property of oscillations in an (o+(é) branch is retained at 
any values of k.

Oscillations of this kind were first found in NaCl and KBr 
crystals whose lattices consist of positively and negatively charged
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ions. Oscillations of unlikely charged ions satisfying the condi
tion (1.18) (in a particular case at m — M, these are anti-phase 
oscillations of neighbouring atoms with the same amplitude) can
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Fig. 14

be excited by light waves, because of which this type of oscilla
tions is termed optical, and the corresponding band of (ù+(k) 
spectrum is called the optical band.

Figure 14 shows schematically latéral acoustic (a) and optical 
{b, c and d) oscillations of a linear chain consisting of atoms of 
two kinrds. Vertical dotted lines in b, c and d separate neighbou
ring elementary cells from each other consisting, in combination, 
of two atoms whose mass centre remains fixed. As can be seen, 
a cell includes two halves of the nearest atoms shown in bright
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circles and an atom of another kind located between them (black 
circle). Sélection of such an elementary cell makes it possible to 
satisfy the condition (1.18).

It follows from relationship (1.15) for <ù(k) that in each band 
of the spectrum the frequencies of oscillations at k =  0 and k =

=  jt la coincide. With k =  , co+ =  ±  and (o_ =  ±  / \ J  .
Graphs of co+(£) and u>-(k) for both bands of the spectrum are 
shown in Fig. 15.

As w ill be seen, the whole spectrum of allowed frequencies of 
oscillations of the chain is within an interval from 0 to V2P/M

for the acoustic band and 
within an interval from
V2p/m to V 2 p ( l/m +  1/Af) 
for the optical band, a band 
of forbidden frequencies from
V2P/M to V2p jm  being lo
cated between these inter- 
vals. Thus, ail physically dif
ferent values of frequencies 
in each band of the spectrum 
correspond to a variation of 
the wave number from 0 to 
n/2a, but not to n/a, as is 
with the monatomic chain.

A .discrète set of wave 
numbers can be found from 
the periodicity conditions 

hn =  hn+N or %2n+i — iîn+i+N, which give a relationship similar 
to (1.10):

=  < 7 = ± 1 ,  ± 2 ,  ± - f  (1 .19 )

Each value of kq from équation (1.19) has a corresponding 
value of wavelength within the interval from 4a to L. In a chain 
consisting of atoms of two kinds, two types of oscillation with the 
same wavelength X(k) are possible: acoustical and optical. The 
total number of normal modes of the chain in both bands 
of spectrum, corresponding to ail possible values of k within the 
interval from —jt/2a to + ji/2a, is again equal to the number of 
atoms, N, in the chain. The interval of frequencies of optical oscil
lations of a one-dimensional chain is located higher than that 
of acotistical oscillations. The frequency range of the optical band 
becomes very narrow at AI >  m. Optical frequencies in that case 
are close to the lim iting value of allowed frequency

U)
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«•w =  V2p (1 /m +  1/M), whereas wave numbers (or wavelengths) 
ni these oscillations can vary in a wide range from 0 to ji/2a.

Thus, the lim iting case of M  »• m shows clearly that an optical 
oscillation cannot be represented by a combination of two opposite 
mnning waves and therefore difïers in its nature from an acousti- 
i al oscillation.

d(ùConsider the group velocity of oscillations vg — -q£  in various

Itands of the spectrum. As follows from (1.15), at 6 =  0 vg-  =  ~§^-
d(ù

coincides with the velocity of Sound (1.17) and og+ =  ——  = 0 .dco_ d(ù
At k =  jt/2a, group velocities of acoustical - and optical

i.e. at ka =  -£■ — ô

to zéro, 
to n/2a

where

oscillations are equal 
At values of k close

JT 

2
(S <C 1), amplitude ratios in the 
corresponding bands of the 
spectrum are

( n l0 . = — '— > o

a)

1— 2L
M

m + = -
m

< o
( 1.20)

Expressions (1.20) imply that 
as the lim it value k =  n/2a is 
being approached (i.e. with ô 0), a réduction of the amplitude
of oscillations of lighter atoms (of mass m) occurs in the acous- 
lical band and of heavier atoms (of mass M), in the optical band, 
ueighbouring atoms oscillating in phase in the acoustical band 
(as at small values of k), and in anti-phase in the optical band. 
At k — n/2 a, oscillations in both bands, to_ and co+, are in the 
form of a standing wave with nodes at the fixed lighter atoms in 
the former case and at the fixed heavier atoms, in the latter.

With a lim it transition from a chain consisting of atoms of two 
kinds (m =£ M) to a monatomic chain (m -»A f), the optical band 
in the interval n/2a k ^  n/a becomes an extension of the 
acoustical--band in the interval 0 ^  k ^  n/2 a, and the band of

forbidden frequencies becomes zéro. Then the tangent in point
JT=  attains its finite value.
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Thus, upon passing to the lim it m -+ M, the period of a chain 
is halved and the spectrum of acoustical and optical oscillations 
degenerates into two identical acoustical bands 1 and 2 in Fig. 16
(for branch 2, the group velocity og = - | ^ - < 0 ,  that is, corres
ponds to waves running in the opposite direction).

1-5. PHONONS. THERMAL OSCILLATIONS 
IN A ONE-DIMENSIONAL LATTICE

We w ill again consider the set (1.10) of wave numbers of nor
mal oscillations of a monatomic chain. Any value of k from (1.10)
is a multiple of the minimum wave number fcmln =  —  . The spect
rum of wave numbers is équidistant with a step &min- 

The set of wave numbers (1.10) may be correlated with a set 
of corresponding wavelengths A:

A| =  L — Na =  Amax 
A2 — L/2
Aa =  L/3 (1.21)

2 L
Atf/2 — ~jÿ~ — 2 Cl — Amin

The set (1.21) includes N/2 various wavelengths. Let us remind 
that each wavelength A relates both to a direct and a reciprocal
running wave, i.e. to two values of wave number k =  ±  Thus,
set (1.21) characterizes N diiïerent normaj modes or N diffe
rent states.

Note that with the boundary conditions équivalent to standing 
waves in the chain (atoms at the boundaries are either free or 
completely bound) we obtain a set of N — 1 wavelengths characte- 
rizing N — 1 different states:

A[ =  2 (jV — 1) a =  Amax 
X 2 = (N — l)a

(1.22)

Ajv- i — 2a
Standing waves équivalent to the set (1.22) are illustrated in 

Fig. 17a for a case of nodes and in Fig. 17b for a case of loops 
at the boundaries.

With N »  1, the sets (1.21) and (1.22) practically describe the 
same number of states. For simplicity, we shall further consider
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<>nly the positive k in (1.10) and the corresponding set of À (1.21). 
Tor each value of k from (1.10), the frequency co of oscillations 
can be found by means of (1.6). A set of such frequencies is not 
équidistant. It can be approximately taken to be équidistant with 
» step ©m,n =  ü“0rtAîmln in the région © <  ©max. With an increase 
of frequency, the interval between neighbouring frequencies redu-

Fig. 17

ces and tends to zéro, i.e. © —» ©max. The frequency spectrum is 
condensed to the lim iting value ©max.

Replacing the non-equidistant frequency spectrum by an équidis
tant one with a step ^ on6min gives a falselim it frequency v°SOnkmax=

=  v°son ---, which is n/2 times greater than the actual value of

©max according to (1.6) (©max =  fs0„) • The sets of frequencies
© and wave numbers k are compared in Fig. 18, where kmln and 
©mm are shown for clarity by sections of equal length.

Each normal mode of the lattice is équivalent to a linear 
monochromatic oscillator. The energy e of an elastic wave for 
frequency © cannot acquire arbitrary values, but must be equal to 
a whole number of quanta /i©. Each individual quantum of energy 
of the normal mode of the lattice may be conveniently corre- 
lated with a quasi-particle of energy e =  /i© and momentum p = .
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=  hk. The velocity of quasi-particle is determined by the group 
velocity of propagation of oscillation, ug =  — - =  — .

This quantum of energy of normal modes has been termed 
the phonon by Frenkel, by analogy with the name of the quantum 
of an electromagnetic field, the photon.

The concept of phonons reflects the quantum aspect of wave 
processes consisting in that waves are assumed to behave as 
particles. In particular, the processes of energy exchange are 
usually accompanied with the formation and disappearance of a 
whole number of phonons.

0 K -mm
J___ L.

1/
max K 

-I-----^

0 £0 . mm u)
• * i i » nim max

Fig. 18

U)

From the standpoint of the magnitude of energy flow, the con
cept of phonons, naturally, gives nothing new for the description 

; of vibrations of a lattice, but is helpful in simplifying some pro- 
iblems, for instance, when considering the interaction of électrons 
with vibrations of a lattice, the process of heat conduction, etc.

Assuming a fixed lattice to be filled with a perfect (or nearly 
perfect) phonon gas ') makes it possible to distinguish between 
the effects related to periodicity of a lattice and those caused by 
oscillations of atoms. In a crystal of finite dimensions, the normal 
equilibrium oscillations are standing waves in a System of coordi- 
nates related to the mass centre. Such normal oscillations cannot 
transfer momentum. But if the waves in a body are excited from 
the outside, a momentum transfer relative to the mass centre w ill 
take place.

Let us now consider thermal excitation of phonons. The energy 
of a linear oscillator of frequency co can acquire discrète values
s„ =  (« 4 -  y)/i(û , where n =  0, 1, 2, etc. Quantization of the
energy results in quantization of the amplitude x0 of oscillations 
of the oscillator. According to the correspondence principle

en =  j  M (ù%

!) Under the harmonie approximation, phonons do not interact and form 
a perfect gas. Interaction of phonons related to the anharmonicity of oscilla
tions of a lattice will be considered later.
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whence

x° = ^ ^ k ( n +  i )
where M is the mass of oscillator. Uncertainty of the value x0 

coincides with the amplitude of zéro oscillations Ax0 =  / \ J — j-
corresponding to a state having the quantum number n — 0.

According to the Gibbs distribution, the probability that an 
oscillator with frequency co and température T w ill be in an energy 
state En is equal to D e ^ ^ kT, where the constant D is independent 
of en. The mean energy of the oscillator at température T may be 
represented as

t  *nDe-e»lkT
e =  -n—0

whence
Z De

n=0
~ *n lkT

d 23)

e =  -h(ù n= 0

nh(ù
kT

tl(ù
Z*

n= 0

nh(ù
kT

(1.24)

Denoting -^jr =  w, it is easy to sum up

e =  •Tmù ha> (e ~ w +  2 e ~ 2w +  . . . )

1 +  e +  e~iw +  ...

and finally get

hm 4- d. r. 
-----2-----H<ù~d^Vn

h(ù___h(ù ,
e — 2 'e** ikT ~ [

■ M

(1.25)

The first term in the right-hand side of (1.25) is the energy of 
zéro oscillations. In order to describe the thermal excitation of 
the oscillator, its energy w ill be counted from the level of zéro- 
oscillation energy, which essentially means that thermal oscilla
tions w ill be considered separately from zéro oscillations. The 
mean .energy ë of the oscillator with the natural frequency co at 
température T should now be written as

fi(ù 
eh<ùlkT _ , (1 26)
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Consider an oscillator with a frequency corresponding to one 
of the normal oscillations co* of the chain. An energy quantum of 
this frequency is equal to ftcoi. Formula (1.26) can then be inter- 
preted as the energy quantum hua multiplied by the mean number 
rii of these quanta at température T:

where
e =  ttihcùi 

l
= ek(ù‘ lkT -  1

(1.27)

When kT the probability of excitation of a quantum with
energy han is low and the mean number of such quanta =  
c*, e_A<ai/* r js exponentially small; âi becomes equal to unity at a

hm, h(ùt
definite température T '=  ~k ln 2 ~  1.44- y .  At a further definite
température T", two quanta hm  w ill be excited, at T"', three quan
ta, etc. Excitation of each new quantum causes a step-like increase 
of the amplitude of oscillations of the oscillator.

With passing over to the concept of phonons, expression (1.27) 
should be treated as the mean number of phonons of frequency (Df 
excited at température T. A phonon with a frequency co, actually

becomes excited at a température T ~  1.44—g—. With tempéra
ture being increased further, the number of phonons with frequency 
coi increases and at kT »  tuo* attains the mean value:

âi ~
1 +

hiùt
T T

k T
h(ùi (1.28)

The mean total energy of ail the phonons of this frequency is:
kT

t i  =  n ih f i i i~ - j—-h<ùi =  kT (1.29)

At the température of absolute zéro, no phonons exist. With an 
increase of température, two processes occur simultaneously: (1) 
high-frequency phonons are excited more and more and (2) the 
number of excited low-frequency phonons increases. The first pro- 
cess is finished at a definite température T* when the phonon with 
the maximum possible spectrum frequency becomes excited, after 
which only the number of phonons of each frequency continues to 
increase.

The température T* is the lim iting température below which a 
body can be considered approximately as a continuum. In its mean-
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ing it coïncides with Debye température 0 D introduced in Sec. 1-3. 
Thus, for a one-dimensional chain of atoms, 0 D can be defined as

In order to calculate the energy of thermal oscillations of a 
lattice at a température T, we hâve to find the total energy of ail 
the phonons excited in the lattice at that température. For that, 
we evidently should sum up the expression (1.26) over ail fre- 
quencies from the whole set characterizing natural oscillations of 
the lattice. For a one-dimensional monatomic lattice, for instance, 
summation is done only along the acoustic band up to © =  ©mai. 
whereas for a one-dimensional chain consisting of atoms of two 
kinds, summation w ill include the frequencies of both the acousti- 
cal and optical bands.

It w ill be emphasized that the equilibrium value of thermal 
energy should be calculated by summing up the energies of oscilla
tions corresponding both to direct and reverse running waves. This 
corresponds to the summation for the complété set of wave num- 
bers (wave vectors) k characterizing the spectrum of equilibrium 
thermal oscillations.

Thus, thermal energy eiat of a lattice can be written as

where summation is to be made over the whole spectrum of allowed 
wave vectors. Expression (1.31) is a general one and holds true 
for any type of System, characteristics of each particular case being 
determined only by the peculiarities of the oscillation spectrum.

Calculation of e/a< by formula (1.31) in the most general case 
may be done for the région of high températures at which ail fre
quencies of an oscillation spectrum up to the maximum frequency 
©max are excited. Indeed, let the température T be such that 
kT >/iwmax. Then the total energy ë of phonons of any frequency 
©i w ill be equal to kT and the sum (1.31) reduces to NkT, where N 
is the number of normal oscillations, or of degrees of freedom of 
the systé'm.'

For one-dimensional lattices, as has been indicated earlier, N 
coinsides with the number of atoms in the chain. The number of 
degrees of freedom of a three-dimensional lattice consisting of Na 
atoms is equal to 3Na. Spécifie heat at constant volume, Cv, for a

(1.30)

1-6. SPECIFIC HEAT OF A LATTICE.
EINSTEIN’S MODEL

(1.31)
* e kT - 1
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three-dimensional lattice in the range of high températures is

When calculated per one gram-molecule of substance, Cv =  
=  3Nak =  3R ~  6 cal/ moldegree (where R =  193 cal/degree- 
•mole is Mendeleev’s constant). This resuit, known as the Dulong- 
Petit law, is in good agreement with the observed values of molar 
spécifie heat of many solids, including metals, at températures 
above Debye température.

The simplest model of an oscillation spectrum, which made it 
possible to calculate eiat by formula (1.31) at any température, 
was first suggested by Einstein in 1911 [44]. In that model, various 
frequencies of oscillations of a lattice were replaced by a single 
characteristic frequency coE.

The thermal energy of a lattice with approximation by Einstein’s 
model is

where N is the number of degrees of freedom.
At T >  h(ùE/k, Einstein’s model also gives the Dulong-Petit law. 

This resuit is self-evident, since at high températures the total 
energy of each normal mode is equal to kT and the thermal 
energy of the lattice is no more dépendent on the particular kind 
of oscillation spectrum. Summation over the types of phonons at 
high températures becomes équivalent to multiplication of kT by 
the number of degrees of freedom of the System.

The characteristic frequency coE in Einstein’s model should be 
close in its sense to the lim it frequency iDmax in a phonon spectrum. 
Consequently, the order of magnitude of (de is determined by De
bye température, coe ~  k&D/h.

At low températures, T ^  0 D, Einstein’s model gives an ex- 
ponential dependence of eiat and Cc on température:

which does not agréé with the dependence Cv ~  T3 that has beeq 
found experimentally for this région and is known as Debye’s law. 
The disagreement can be related to that phonons of different fre
quencies «tare excited in the température région T <  0d. Under 
such conditions, Einstein’s model, which uses a single characteris
tic frequency coe for describing the whole spectrum of oscillations, 
is too a coarse approximation.

de
C0 =  - g fL =  Nk =  3Nak (132)

(1 33)

ztai ~  Nh<ùBe-'"ÙElkT
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In the région of sufficiently low températures, however, where 
only the phonons corresponding to the lowest frequency (omin re
main excited in the oscillation spectrum, oscillations of the lattice 
can be described by Einstein’s model, but with a different charac-
teristic frequency cùe equal to ©min =  ^~v°son. The température
dependence of spécifie heat Cv w ill then again become exponential 
and be determined by expression (1.34).

Let us define the température région within which the depen
dence of spécifie heat on température should be exponential. Its 
boundary is determined by the inequality

T < ^®mln
k

2 n i v °son
k L

At a sonie velocity v°son =  5- 105 cm/sec (such is the order of

(2 4 • 10” 5 \L —J °K , from
which it can be seen that at really attainable températures 
f  ~  (0.2-0.02) °K, Einstein’s model is only applicable to bodies 
having microscopically small linear dimensions L ~  (MO) mic
rons. For bodies having dimensions of approximately 1 mm and 
greater, Debye’s law remains practically valid up to the lowest 
attainable températures ~0.001°K.

1-7. SPECIFIC HEAT OF A LATTICE 
AT TEMPERATURES BELOW SD

The thermal energy of a lattice (1.31) can be approximately
estimated for an intermediate température région ^m̂ ln < T  0/>
within which only a portion of the spectrum of thermal oscillations 
is excited. Such estimation w ill be made for cases of one, two, and 
three dimensions. From the définition of a one-dimensional chain 
(1.30), and also from formula (1.27), it follows that at T <  0 D 
only acoustic phonons w ill be excited in the oscillation spectrum.

The optical portion of the spectrum is at its high-frequency end 
and is excited only at T ^  0d. Therefore, to estimate the thermal 
energy at intermediate températures, it suffices to consider the 
simplest lattices consisting of like atoms, in which there are no 
optical oscillations.

1. A one-dimensional lattice. In a one-dimensional lattice at a 
température T <C ©d, of ail the possible normal modes, only 
those are excited that hâve the frequencies w for which flio <  kT. 
The excitation boundary corresponds to the frequency co' ~  kT)h. 
Low-frequency oscillations with © ■< cù' consist of a large number 
of energy quanta (correspond to a large number of phonons),
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while high-frequency ones, with cù ~  co', of a small number of 
quanta.

The probability of excitation of phonons with frequencies co >  to' 
is exponentially small. Since the boundary frequency co' is subite,,
stantially smaller than (ûmax~ -g £ -, then at © ^  co', non-equidis-
tancy of the frequency spectrum can be ignored. This corresponds 
to the in itia l linear portion of the dispersion relationship (1.6). 
The wave number of an oscillation with a frequency ©' is approxi- 
mately equal to k ' —

0 E
1 l I I I ............ I l__!••••■».

Û
L j__\_L

K

Fig. 19

Figure 19 shows the energy states and wave numbers of the 
excited portion of an oscillation spectrum. This portion is boun- 
ded by the values ~ k T  for energy and ~  kT/hvlon for wave 
numbers. The condition /ico <  kT holds true for any of excited 
frequencies co, and therefore, the total energy of phonons of each 
frequency co is ~ k T  according to expression (1.29).

As can be seen from Fig. 19, the number of different frequencies 
of phonons, which in the one-dimensional case considered coïncides 
with the number of normal modes, is approximately equal to 
the ratio of boundary energy kT to /fcomin (or the ratio of boundary 
wave number kTlhv\on to ^ mln). Multiplication of this number by 
the total energy of phonons of each frequency gives the total ther
mal energy ejat of oscillations of the lattice:

la i
k T

fia» kT ~  T2
min

(1.35)

where the superscript I at e/0f indicates that the expression holds 
only true for a one-dimensional lattice. Hence it follows that spé
cifie heat of a one-dimensional lattice should be proportional to T:

T (1.36)
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2. A two-dimensional lattice. Oscillations of a two-dimensional 
lattice may be considered on the basis of the analysis of oscilla
tions of a one-dimensional chain of atoms, but at passing to two 
dimensions there appears a new property of oscillations related 
to the possibility of two different polarizations.

In the lim iting case of long waves, the lattice is essentially an 
elastic continuum (continuous medium) whose internai structure 
is so fine that has no noticeable effect on the properties of oscilla
tions. In such a medium, both longitudinal and transverse acoustic 
waves can propagate. With longitudinal polarization, the vector 
of displacement of each atom is parallel with the direction of wave 
propagation. Oscillations of this type are 
similar to acoustic waves in a one-dimen
sional chain.

With transverse polarized waves, the vec
tor of displacement is perpendicular to the 
direction of wave propagation. The velocity 
Vson n of a longitudinally polarized wave usu- 
ally exceeds the velocity uSOnx of a wave of 
mode polarization. This circumstance is 
linked with that longitudinal oscillations are 
compression waves for which the elastic 
forces are greater than those for transverse 
shear waves.

Such a simple pattern of oscillations is 
only valid for a continuous isotropie medium.
In a discrète anisotropic medium, the velo
city of wave propagation dépends on the magnitude and direction 
of wave vector. Décomposition of oscillations into transverse and 
longitudinal ones becomes conditional, since the displacement 
vector in such a medium is not strictly parallel or perpendicular

Fig. 20

to the wave vector k. This can be shown on a simple example of 
a plane rectangular lattice in which the coefficients of quasi-elastic 
forces p* and py in the directions of the x and y axis are not equal 
to one another. An elementary cell of such a lattice is shown in 
Fig. 20.

Let p* >  pv and the force displacing the atom 1 in the cell be 
directed at an angle of 45 degrees to the x axis, so that its compo- 
nents along the x and y axis are equal to one another. Since 
P* >  Pv* atom 1 w ill be displaced along the y axis more than
along the oc axis. The displacement vector g of the atom w ill not
coïncide in direction with the force vector f  (see Fig. 20), the 
resuit being that a transverse wave w ill be formed simultaneously 
at excitation of a longitudinal wave. Exceptions are oscillations 
along the directions of symmetry in the lattice.
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The solution of the general problem of oscillations of atoms in 
a discrète anisotropic two-dimensional lattice gives an algebraic 
équation of the order 2y in terms of co2, where y is the number of 
atoms in a unit cell of the lattice. This équation détermines
dispersion relationships co* =  co* (k ) for each of 2y bands of the 
oscillation spectrum.

For instance, if a cell contains a single atom (y =  1), the spec
trum w ill consist of two acoustic bands. For the selected directions
of the wave vector k along the axes of symmetry of the lattice, one 
of the bands corresponds to longitudinally polarized, and the other,

to transversely polarized oscil
lations. The corresponding dis
persion relationships for such
directions of k w ill be denoted
as ©n=(0 || (£) and ©± =  ©x(fe).

For an arbitrary direction in 
the lattice, there are also two 
dispersion relationships, one of
which passes over into ©g (k)
and the other, into ©± (k) as
vector k is rotated toward the 
direction of the axis of sym

metry. Then it may be assumed that, for an arbitrary direction, 
one of the bands also corresponds to longitudinally polarized, and 
the other to transversely polarized oscillations, as has been found
for the selected directions of k. But with an arbitrary direction in 
the lattice, the displacement vector for each type of oscillation is 
no more strictly parallel or strictly perpendicular to the direction 
of wave propagation. One of the waves turn's to be “more or less” 
polarized transversely and the other, “ more or less”  polarized lon
gitudinally.
‘ For each acoustic band of the oscillational spectrum, the rela-
tionship © t( |^ |)  is linear in the vicinity of point |£| =  0 and its 
slope is equal to the corresponding sound velocity in that direction.
As |fc| is being increased, dispersion w ill be sooner or later formed 
depending on direction in the lattice. For each direction chosen, 
dispersion curves of “ longitudinally” and “ transversely”  polarized 
acoustic waves can be constructed (Fig. 21). But these dispersion 
curves can no more characterize the spectrum of oscillations, since 
their shape dépends on direction in the lattice. The spectrum of
oscillations can be described completely, if relationships ©<(&) are 
given for ail directions!. These relationships can be conveniently



1-7. Spécifie Heat of Lattice at Températures below 0 d 45

represented graphically by curves of constant frequency ©,•(&) =  
=  const.

For an isotropie medium and without account of dispersion, the 
curves of constant frequency for the two bands of the spectrum
hâve the form of concentric circles whose radii =  
for each value of co are determined by the sound velocity t>20re:

+  =

with longitudinal polarization

(1.37)
with transverse polarization

Sincet>20„n >  vlonx ^ en f° r same frequency of both trans- 
versely and longitudinally polarized waves, the circle of constant

frequency in the nrst case w ill be farther from the centre than in 
the second, as shbwn in Fig. 22a, where each type of polarization 
is represented by two circles corresponding to two values of fre
quency, coi and o)2 (coi <S cù2).

For oscillations of a.disçrete anisotropic lattice, the shape of 
(onstant-frequency c u rv^^à n  differ greatly from that of a circle. 
Two curves of constanTrfrèquency are also shown in Fig. 22b for 
each type of polarization corresponding to two values of frequen- 
cy, o)i and è>2 (ooi <  o)2).

Since sound velocity dépends both on the type of polarization 
of oscillations and the direction of their propagation, it is im
possible to introduce a unified Debye température by means of a 
relationship of a type of (1.30) . The physical parameter 0p, which
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has the meaning of Debye température in some or other physical 
process, is introduced as a certain averaged value and is dépen
dent on the method it has been found. (For instance, the para- 
meters 0 d introduced to describe the température dependence of

spécifie heat or electric con- 
ductivity, may differ notice- 
ably from one another.)

In order to estimate the 
energy of thermal oscilla
tions of a two-dimensional 
System, let us consider the 
simplest type of lattice, i.e. 
a monatomic square lattice 
with the dimensions Lx and 
Ly along the x and y axis 
respectively (Fig. 23). The 
spectrum of oscillations of 
this lattice consists of two 
acoustic bands with trans
verse and longitudinal pola- 
rization. With sufficiently
small values of

the velocity of sound is independent of the direction in the lattice 
and the constant-frequency curves are determined by expressions 
(1.37). The allowed values of vectors kx and kv for oscillations of 
each type form discrète sets similar to (1.10):

—  +  iu _ 2jt _ ^ ____ j_ j _,_0 a
K x J i a Qxi Qx  ̂> l t ^ > * * * >  2

L (1.38)
o — +  1, 2 n   , , , 0 , a

Ry — Ly a  ̂ * ‘ ' > 2
In a two-dimensional square lattice, only such oscillations can

propagate for which the projections of wave vectors k onto the x 
and y axis coïncide with vectors kx and kv from sets (1.38). The 
allowed values of wave vectors are shown in Fig. 24.

In the isotropie approximation, an acoustic spectrum can be cha- 
racterized by two different Debye tèmperatures, for longitudinal 
and transverse oscillations:

9z>i 2fi°son\)i
ka

0£»1 *HonX
ka

(1.39)
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Similar to the one-dimensional case at T <C min {0d h, 0d 1 } the 
frequency spectrum to the excitation boundary a/ ~  kT/h is nearly 
équidistant. Note that in a two-dimensional case the number of 
normal oscillations in a lattice, excited at a definite température 
7\ is determined not by the number of different frequencies a) sa-

k Ttisfying the condition © < -g - , but by the number of different
wave vectors whose projections onto the x and y axis are limited 
by the values &77fto°0nn and kT/hv°SOnX for waves of longitudinal 
and transverse polarization respectively. The same frequency w 
then has a greater number of corresponding normal oscillations 
whose wave vectors satisfy relationships (1.37).

The total number of normal oscillations of transverse polarization 
excited in a square lattice at température T, which is equal to the 
total number of different allowed wave vectors, can be found 
approximately as the ratio of the area of a square (2kT/ho]onty  
to an elementary area (&x)min(&,,)miit occupied by a single allowed

state (see Fig. 24). Similarly, the total number of normal oscil
lations of transverse polarization is determined by the ratio 
(îkTlhvPsonxy  : (^)min (fcÿ)min- The number of normal oscillations 
of both types of polarization can therefore be approximately found 
from the expression:

— i— r ^ y r r — Y + r - r L Y i ~ : r ! <i.4o>
- (*x)mln (*ÿ)mln '  ® '  L \  vson II /  \  asonX )  J

As in the one-dimensional case, for ail frequencies © of excited 
phonons, the inequality fi© <  kT holds true, and therefore, accord-
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ing to (1.29), the total energy of ail phonons of the given fre- 
quency, both transversely and laterally polarized, is equal to kT.

The thermal energy e/L of the lattice is found by multiplying 
kT by the number of different oscillations (1.40) and is proportion- 
al to T3. It then follows that the spécifie heat C»1 of a two-dimen- 
sional lattice is in quadratic dependence on température:

c "  =  - ^ - ~ r 2 ( i.4 i)

It may be concluded from the considération of simplest one- and 
two-dimensional structures that the température dependence for 
the spécifie heat of a lattice is determined by the number of dimen
sions of the lattice. This conclusion is true for lattices of any ar- 
bitrary type. Indeed, at intermediate températures, when only the 
low-frequency portion of a spectrum is excited, dispersion of oscil
lations has no essential effect. In that température région the 
mean energy per one normal mode is kT. Account of the aniso- 
tropy of a lattice cannot change the total number of normal 
oscillations excited at température T. For an arbitrary lattice, this 
number is proportional to V  in the case of one dimension, and 
to P, in that of two dimensions.

Structures that are sufficiently close to one-dimensional or two- 
dimensional ones, exist in the nature. Examples of the first are 
long polymer chains. The second include lamellar crystalline bo- 
dies in which the distances between the layers of molécules or 
atoms are substantially greater than the distances between parti- 
cles in a layer (an example of such lamellar structure is flaky 
graphite). For idéal two-dimensional and one-dimensional Systems, 
their spécifie heats must dépend on* température as T2 and T1 res- 
pectively.

Actually, in lamellar and fibrous structures, there may arise 
bending oscillations (for instance, oscillations of membrane type 
in layers) apart from oscillations of particles in the plane of a 
layer or along a fibre. Participation of additional degrees of free- 
dom of a System in the spectrum of oscillations results in an in- 
crease of the exponents a at T in the température law for spécifie 
heat C ~  Ta. The experimental value of a for real fibrous struc
tures turns to be greater than unity, and for lamellar structures, 
2 <  a <  3.

3. A three-dimensional lattice. The spectrum of oscillations in a 
three-dimensional lattice consists of 3y bands, each of which can
be descrîbed by the dispersion équation (o* =  (o(&), where i =  1, 
2, . . . ,  3y. In lattices having a single atom in a unit cell 
(y =  1), there are three acoustic bands of the spectrum, for which
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the dispersion laws, generally speaking, differ in ail directions of
vector k.

In the direction of the axes of symmetry of the lattice, for each 
frequency co there are one longitudinally polarized and two trans- 
versely polarized waves propagating with the velocities vson u, 
Vson -Li» and vson ±2  respectively. The directions of polarization of 
two last waves are mutually perpendicular. The velocities of propa
gation of latéral oscillations along an axis of symmetry of a fourth 
or higher order do not dépend on which of two mutually orthogo-
nal directions has the displacement vector £ in a plane perpendicu
lar to k. Two laterally polarized bands then become degenerated:
Vson xi =  Vson 1 2 - Along such directions of the wave vector ky the 
constant-frequency surfaces for the transversely polarized bands 
of the spectrum touch one another.

For an arbitrary direction in a three-dimensional anisotropic 
lattice, the displacement vector is not strictly parallel or strlctly 
perpendicular to the wave vector. As in a two-dimensional lattice, 
polarization of this band of the spectrum in an arbitrary direction 
can be conditionally determined by the polarization of that band
into which it passes to a continuous rotation of k in the direction 
of the axis of symmetry.

In an isotropie three-dimensional 
the constant-frequency surfaces for 
the spectrum are concentric spheres.

medium without dispersion, 
the three acoustic bands of 
For laterally polarized oscil

lations, the spheres are twice degenerated relative to two mutually
perpendicular polarizations (v son X I = Vson 12 )

t>2 I U2 l_ Wl __ __" ___
Kx ' K i/  ^  Kz  /  ,0 \ 2

V ’sonW)

K  +  k i +  ki-
O C x .)2

(1.42)

( ’ 2son 1 2 )

Sections through constant-frequency surfaces by various planes 
passing through the centre of symmetry are shown in Fig. 25 for 
the lattice of aluminium. The points of degeneration of two late
rally polarized branches of the spectrum are located on the direc
tions of the type (001). The figure shows constant-frequency sur
faces typical of face-centered cubic lattices.

The thermal energy of a three-dimensional lattice in the 
région of> intermediate températures can be estimated, similar to 
a two-clîmensional case, without accounting for the anisotropy and 
discreteness of the lattice. Under such an approximation, the bran
ches of transversely polarized oscillations are degenerated and the 
lattice is characterized by two parameters: 6D]\ and @d i ,  which
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are Debye températures corresponding to the longitudinal and 
transverse oscillations.

The région of intermediate températures is limited from above 
by the inequality T •< min {0/>n, 0d j.}. The procedure of calculat- 
ing thermal energy is similar to that considered in Secs. 1-1 
and 1-2.

It can be shown that the number of normal oscillations excited 
in the lattice at température T is proportional to T3 and the ther

mal energy of the lattice, —T 4. Hence, Debye’s law for the
spécifie heat capacity of a three-dimensional lattice is:

apmy o in  o a iat  ~ o  , ,
C» = ~ 3 f -----T d-43)

1-8. THE SPECTRAL DENSITY 
OF PHONONS

Heat capacity of a lattice at any température can be calculated 
from the general expression (1.31) for the thermal energy of latti- 
ces. Let us remind that summation must here be made over the 
allowed values of wave vectors in each band of the oscillation 
spectrum.

As has been shown in Secs. 1-5 and 1-7, the sets of allowed 
wave vectors along the Cartesian axes for lattices of the simplest 
type in cases of one, two and three dimensions are équidistant,
and the wave vectors themselves are distributed in the &-space 
with a constant density. In particular, for a three-dimensional

. . .  c i  . . . 2n 2n 2ji 8n3case, the volume of R-space per one state is -,-------,------r~  — ~v~<
L x L y L z v

where V is the total volume of the crystal. It then follows that 
the number of allowed states in a unit volume of 6-space (the
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/ 8jt3
- y - -  This quantity is determined

only by the number of dimensions of the lattice and is independent 
of the type of lattice and shape of crystal.

The set of allowed wave vectors is practically quasi-continuous, 
since the number of atoms Na in a lattice is enormous. Thus, we
ean use intégration instead of summation with respect to k within 
each band of the spectrum in formula (1.31), so that elat w ill be 
written in the following form

_  y  ha(t) y  / V _  r (*) * \
E‘at Y  e*» t t m  _  , J

■V
Calculation of elat is possible if the law of dispersion ©* =  ©,(£) 
is known for each band of the spectrum. Dispersion law is usually 
calculated theoretically for a simplest model of lattice.

It is advisable to pass over from the intégration with respect
to k to that with respect to frequency © in formula (1.44) by in- 
troducing a new unknown function D(©) by means of the rela-
tionship

3v
dkt =  D (©) d(ù (1-44)

i= l

D(©) is termed the distribution function, or the spectral density 
of phonons. The quantity D(©)rf© détermines the total number of 
oscillations per a frequency interval from © to © +  d<o and
oo

 ̂ D (a) d© is equal to the total number of normal oscillations or
ü
the number of degrees of freedom of the lattice. The thermal ener- 
gy of the lattice can then be written as follows:

oo

e,o<=5 T i s J r i r f D (®)d<s> ü -*5)
0

Various experimental methods hâve been developed for deter- 
mining the spectral density of phonons (for instance, by scattering 
of slow neutrons or À-rays in a lattice).

Thus, D(©) being known, état can be calculated for the given 
temperatufe by formula (1.45) by numerical intégration. An ana- 
lytical expression for D (a) can only be obtained for the simplest 
models of phonon spectrum, i.e. Einstein’s and Debye’s models.

In Einstein’s model, which has been introduced in Sec. 1*6, the 
whole spectrum of oscillations of a lattice is approximately des-
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cribed by oscillations with a single chjpacteristic frequency ©e- 
The spectral density of phonons DE(&W\n this model is obviously 
proportional to the ô-function of arg^pent co — o)e-

DE(<ù) =  B à $ ~ (ù E) (1.46)

The proportionality factor B isT determined by the number of 
degrees of freedom of the lattice. For instance, for a crystal with 
two atoms in a cell

oo

$ DE(<ù)d(ù =  B =  QMa (1.47)
o

In the Debye model of phonon spectrum, a real crystal is 
approximated by an isotropie dispersionless medium in which the 
spectrum of oscillations is limited by the magnitude of the wave
vector within the région \k kD. Debye’s wave number kD is a 
characteristic parameter of the model and is found from the con
dition that the total number of allowed states within a sphere of 
radius ko must be equal to the number of normal oscillations in 
one of the bands of the spectrum. With the assumptions underlying 
Debye’s model, we can write

^ r - | n 4 i = 3 A f .  (1.48)

'=  2* ( is f  )'" 0-4®>
where na is the concentration of atoms in the lattice. The spectral 
density Z)d(cd) in Debye’s |nodel is determined, according to (1.44), 
by the following function/

DD(co)

3<ù*V
2 j i 2 ü q

at
(1.50)

where <aD =  v0kD and
at a> >  (ùd

3 __ 1 . ’ 2r t u  (O3
A diagram of Debye’s function DB(to) is shown in Fig. 26. Its 

shape differs substantially from that of the spectral density of 
phonons in real solids. For comparisony Fig. 27 shows the func- 
tjon D((ù) for aluminium obtained by Walker [46] in 1956.

Debye’s theory of heat capacity based on the moduiar spectral 
function ( f .50) enjoys large success, possibly owing to that heat 
capacity dépends only weakly on the spécifie kind of phonon dis
tribution function, since this function enters only the integrand;
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The exact form of the spectral density and especially the position 
of peaks of Z) (a) is of great importance in determining many 
other physical characteristics of solids (for instance, when study- 
ing superconductivity of metals, interpreting magneto-acoustic 
effects, experimenting in tunnel spectroscopy, etc.). In this connec
tion, it is of interest to study what qualitative peculiarities of the 
phonon spectrum of a real crystal are not reflected in the modular 
function DD(io) (1.50). For that purpose, let us analyse the as- 
sumptions used in Debye’s model.

To begin with, we hâve to take into account that sound velocities 
in a real crystal are different for each band of the spectrum of 
acoustic oscillations. Therefore, the spectral densities of phonons 
in various bands of the spectrum must differ from each other.

The total spectral density DD(a) of acoustic oscillations of a 
crystal with a single atom in a unit cell should be represented 
as the sum of three partial functions of the fôrm

D/ (û))= 2ji2(«y)3 ' / = 1 ’ 2’ 3

which include the velocities of propagation of oscillations, 
ü°0/iX,, and v°SOnl2 corresponding to each band of the spectrum.

The boundary frequencies aoj which lim it each of the partial 
functions Dÿ (to) are found from the condition

aDj

 ̂ Z)f (a) d(ù =  Na 
o

Thus, the areas under each of the curves Df  (a) are equal, and 
therefore, a greater value of sound velocity v / has a corresponding
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greater boundary frequency (ùdj (sèe Fig. 28a)

Without account of anisotropy 
a <  ®max the relationships a

and dispersion of the medium at 
=  v) \ k \  and <*DI =  t fk max hold

true. Under such an assumption, 
the height of a peak of the 
function D f (a) at a =  ©£>/ is 
inversely proportional to velo- 
city ü/- The sum of three par
tial functions of the form D f(a) 
is shown in Fig. 286.

To account for dispersion of 
sound, let us use expression 
(1.44) by means of which the 
spectral density of phonons can

U)

Fig. 29

be introduced. As can be seen from this expression, with a fixed 
direction of wave vector k, ZT,(a) is proportional to the dérivative 

d I k I or inversely proportional to the group velocity of propa-
d(ù

gation of oscillations. Thus, a réduction of sound velocity must 
resuit in a departure of the function D; (a) from the parabolic 
form D f(a).

Dispersion curves for a as a function of |&| corresponding to a
fixed direction of k for each band of the acoustic spectrum in a 
three-dimensional lattice hâve a more complex shape than the 
simplest dispersion curve for a monatomic chain (see Fig. 29).
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In particular, the group velocity of oscillations in sonie or other 
band may not turn to zéro in one case, whereas in anothér case

turns to zéro at the boundary value of wave vector or its
d | k I
smaller values. With — s- turning to zéro at a definite frequency

o) =  to', this causes a sharp in- 
crease of D(co) near this frequen
cy and an infinité singularity at 
o =  <o'. In the simplest case, co' 
coïncides with the boundary fre- 
quency (Omax ;•

The shape of the function £>j(o>) 
under such conditions is shown 
qualitatively by the dotted line in 
Fig. 30a, where the solid line is
the function D/ (to) without ac- 
ccunt of dispersion. Let us recall 
that the areas under both curves 
must be equal. In a real case, the 
infinité singularity of £,(<») in 
point co =  o/ transforms into a more or less pronounced peak 
(Fig. 306),

Finalïÿ, it must be taken into account that the surfaces of cons
tant frequency in 6-space in an anisotropic lattice can differ 
strongly from the spherical shape and, as a conséquence, the
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boundary wave vector w ill hâve different values for different di
rections in the crystal. This circumstance results in that the func- 
tion D j(co) does not end abruptly at a fixed frequency, but droops 
more or less smoothly within a certain frequency interval (Fig. 31).

The qualitative shape of the partial spectral function Dj (co) ob- 
tained under account of dispersion and anisotropy (Fig. 31) can 
be correlated with the shape of the spectral functions of longitu-

dinally and transversely 
polarized phonons of a 
real lattice. Figure 32 
shows such functions for 
aluminium. The graphical 
sum of the three functions

Fig. 33

in Fig. 32 is the total spectral density of phonons for aluminium, 
shown in Fig. 27.

These qualitative changes of Debye’s function can help in under- 
standing the form of spectral density of the acoustical portion of 
oscillations of a lattice. To construct the total spectral density of 
phonons, we hâve to consider the composition of the spectrum of 
optical phonons.

Optical oscillations of a lattice occupy a relatively narrow range 
of frequencies and are usually separated from the frequency of 
spectrum of acoustic oscillations. Ln a three-dimensional crystal, 
optical phonons can be either longitudinally or transversely pola
rized. As has been indicated, the spectral density of an optical 
band of oscillations can be approximated in Einstein’s model with 
a spectral function of a certain characteristic frequency coe. A par
tial spectral density of optical phonons of one kind of polarization 
in a real crystal can be represented by a curve with a sharp maxi
mum at the characteristic frequency o)ej, the area below the curve 
being equal to Na. The total spectral density of optical phonons
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in the general case (Fig. 33) is the sum of three curves (dotted 
lines) with the maxima at characteristic frequencies cûEi, ©E2> 
and (ûe3.

Acoustical and optical phonons play different parts in a solid. 
At low or intermediate températures only acoustical oscillations 
are mainly excited in the lattice. They are responsible for thermal 
cnergy of the body. Optical phonons are excited only at tempéra
tures T 0 D. It is usual to say that optical phonons “ freeze out” 
at a decrease of température.

1-9. INTERACTION OF PHONONS

Monochromatic phonons of different frequencies that were con- 
sidered in Sec. 1-5 do not interact with each other and form a 
perfect gas of quasi-particles. But this concept of phonons is only 
valid for harmonie oscillations of atoms in a lattice. Actually, 
atoms are not harmonie oscillators, the degree of departure from 
harmonicity (anharmonism) determining the efîectiveness of in
teraction of phonons.

Anharmonism of oscillations of atoms can also be related to the 
expansion of bodies at heating. The coefficient of linear expansion 
inay be a measure of anharmonism of oscillations. Let us study 
this phenomenon in more detail.

The potential energy U of a harmonie oscillator is a parabolic 
function of displacement g of an atom from its equilibrium posi
tion at r =  r0 (g =  r — r0) :

£/(g)=$pzd*  =  -Sf- (1.51)
o

where p is the coefficient of quasi-elastic restoring force. Relation- 
ship (1.51) is a symmetrical function of g (Fig. 34).

At T =  0° K the oscillator occupies the lowest energy level in 
the parabolic potential pit, which corresponds to the energy of 
zéro oscillations. With an increase of température, the oscillator 
passes onto the higher and higher energy levels. On each level, 
the distance between the bands of the parabola détermines the 
doubled amplitude of oscillations (in Fig. 34, WT dénotés the total 
energy of oscillator at température T). But this increase of the 
amplitude of oscillations cannot cause an atom to be displaced 
from its equilibrium position r =  r0 (which détermines its time- 
average position), and therefore, cannot change the mean distan
ces r0 betweèn atoms. This means that under harmonie approxima
tion no thermal expansion of bodies exists.

A real curve of potential energy is assymmetrical. It can be 
approximated by a parabola only near the bottom of the potential 
pit (Fig. 35). With an increase of intçratomic distance the energy
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of interaction varies more slowly than would be expected from 
the parabolic law, while with a decrease of that distance it chan
ges more rapidly than by that law. The nature of déviation of 
potential energy from the parabolic relationship can be described 
by a correction proportional to g3:

t/(?) =  -|}g2- - g g 3 (1-52)

The coefficient g characterizes the degree of anharmonicity of 
oscillations of atoms.

As can be seen from Fig. 35, an increase of température results 
now not only in an increase of the amplitude of oscillations, but

O

also in a displacement of the equilibrium position in the direction 
of higher values of r0. This causes thermal expansion of bodies. 
Let the coefficient of linear expansion a in the known relationship 
l  =  l0( 1 +  «T) (where / and k  are linear dimensions of a body 
at a température T and at T =  0° K respectively) be correlated 
with the anharmonicity coefficient g. The mean displacement |  
from the equilibrium position r  =  r0 at température T can be cal- 
culated by means of Gibbs’ distribution function for physical para

it i h
meters of oscillator, / =  De kr , where D is a constant:

+ o o  U (£ )

D   ̂ te  kT d l

"•99

U (t) 
kT dl

~  4 ‘

( 2 k T \ ' h  g
U  J tr

(  2 n k T  \ 'h

V P )
=  8 P2 (1.53)

D
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[the approximate expression (1.52) for U( l )  being used here]. The 
relative élongation of the body at température T is:

Hence

l —l o _  ÎNa _  gkT _  nT 
lo ~  r0N a ~~ rop2

a =  W ' 8

(1-54)

(1.55)

The coefficient of linear expansion of bodies is directly propor- 
tional to the anharmonicity coefficient and can be used to find 
the latter.

A quantum-mechanical analogue of expression (1.53) can be 
obtained by the correspondance principle by replacîng the mean 
energy of a çlassic oscillator with frequency to, which is equal to 
kT, by the mean energy of a quantum oscillator (1.26) ë =

=  • Thus
e kT — 1

<I5 6 >
e kT - 1

We can expect from expression (1.56) that the coefficient of 
linear expansion must decrease abruptly as soon as the tempéra
ture drops below the excitation température T »  hut/k of the given 
oscillatof. At 7 '-»0°K , a w ill tend to zéro. This pattern of varia
tion of the coefficient of linear expansion has actually been ob- 
served in experiments.
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A linear pattern of variation of the length of a rod with tempe- 
rature should only take place within a certain range of medium 
températures (Fig. 36). At low températures, a tends to zéro and 
thermal expansion is practically absent. On the other hand, higher 
anharmonic terms proportional to g5, g7, etc. become more essen- 
tial in the dependence of U on g at températures near the melting 
point Tmeit■ Account of these terms gives a déviation from the l i 
near law of thermal expansion.

Let us now consider how the interaction of phonons is related 
to anharmonism. Appearance of anharmonism results in that the 
frequency spectrum of each phonon becomes continuous within a 
definite frequency range near the base frequency ©,-. An envelope 
to this spectrum, apart from the maximum at © =  ©,-, has side 
“ tails”  in the région © <  ©* and © >  ©< which droop more or less 
rapidly depending on the degree of anharmonism, as shown sche- 
matically in Fig. 37.

With frequencies of neighbouring phonons being overlapped, the 
possibility is formed for energy exchange between them. The in
teraction between phonons is the higher, the greater are the degree 
of anharmonicity of oscillations and overlapping of their frequen
cies.

Since the interactioh between phonons is determined by anhar
monism of oscillations, it is not large compared with the mean 
energy of a phonon. For that reason, when taking anharmonism 
into account, the model of a perfect phonon gas should be used as 
the basis, as before, with a correction made for the size of parti- 
cles. If non-interacting harmonie phonons are regarded as par- 
ticles of infinitely small scattering cross-section, then an anhar
monic phonon must be assigned a finite value of the effective ra
dius of scattering reff . It is usually assumed that this value is 
proportional to the first power of g. By analogy with scattering of 
particles in a weakly non-perfect gas, the constant of phonon- 
phonon interaction, p.P/,.ph, is taken to be

Vph.ph =  nrî i f np k ~ ns \ h

where nph is the density of phonons. The free-path length of phon
ons lph is inversely proportional to p̂ h-ph. With a decrease of tem
pérature, Iph increases sharply owing to a strong réduction of nph 
(the “ freezing-out”  efîect).



,-^CHAPTER TWO

OF VALENCE ELECTRONS

2-1. T H E ^ H A V IO U R  OF THE ELECTRON 
SYSTEM IN A METAL

As has been mentioned in the Introduction, the most characteris- 
tic properties of metals are connected i with the presence of free 
électrons in them. But the term “ free électrons in métal” is in
correct and only implies that valence électrons are not bonded with 
individual atoms and can travel over the whole volume ol the mé
tal. The behaviour of an individual électron in the métal can then 
differ substantially from that of a free isolated électron in vacuum.

The adiabatic approximation makes it possible to consider the 
system of valence électrons in a crystalline lattice by neglecting 
the motion of ion-cores. The concept of a perfect (or weakly im- 
perfect) phonon gas, in turn, makes it possible to assume that 
the crystalline lattice is strictly periodical. Thus the System of 
valence électrons can be regarded as a system of nN quasi-freç 
charged particles in an idéal crystalline lattice. This électron 
system, in addition, is confined within a potential box formed by 
the surface of the crystal.

Let us see what are the peculiarities of the behaviour of the 
system of électrons in a métal.

The first peculiarity is connected with that an électron is an 
elementary particle with a spin equal to V2, because of which the 
system of électrons obeys Pauli’s exclusion principle and is des- 
cribed by Fermi-Dirac statistics. In a System of fermions, each 
energy level can only be occupied by two particles with opposite 
spins. Thus, the system of quasi-free électrons filling the lattice 
can be eithér a Fermi gas or a Fermi liquid. The liquid and gase- 
ous models are treated in more detail in the next section.

The second peculiarity of behaviour of the électron system in a 
métal is related to the wave nature of électrons. It consists in that; 
with any small interaction of an électron with each ion of the 
lattice sepqrately, its interaction with the whole lattice at a cer
tain value of the momentum may become critical for the dynamics 
of its motion, because of interférence of the électron waves reflected 
from individual ions. At these values of momentum, an électron 
wave cannot propagate in the lattice, the results being the
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appearance of bands of allowed and forbidden energy levels and 
formation of a band energy spectrum of électrons. Construction 
and study of band spectra is the main topic of most chapters in 
this book.

Finally, in order to describe the System of électrons in a métal, 
we hàvè 'to consider the interaction of électrons with each other 
and with external fields.

The first problem w ill be solved within the limits of the one- 
electron approximation. Transition from the description of the 
électron System in a métal to that of an individual électron is 
made by introducing the çdncept of self-consistent field (the Har
tree approximation) in which the given électron is présent. The 
substantiation of this procedure is beyond the scope of the book. 
We hâve only to note that each électron in a métal is in- a field of
periodic potencial V(r) whose period coïncides with that of the 
crystal lattice.

The interaction of conduction électrons with the fields external 
relative to the métal (electric, magnetic, etc.) w ill be considered 
under the quasi-classical approach, which is applicable when the 
characteristic dimensions of the path of an électron exceed sub- 
stantially its de Broglie wavelength XB.

Let us discuss it in more detail. When speaking of the motion 
pf électrons in external fields, it is natural to assume these fields 
such that do not alter substantially the structure of the crystal 
proper. The latter means that the forces set up by the fields are 
small compared with the interatomic or intercrystalline forces. 
Such fields should vary only slightly at distances of the order of 
the lattice constant a, i.e. should be sufficiently smooth and uni- 
form. With such assumptions, the path of an électron usually ex- 
ceeds substantially the dimensions of the atom.

On the other hand, as w ill be shown later, interaction with ex
ternal fields is mainly due to électrons havinga wavelength A,B~ a .

Thus, the quasi-classical approach holds true for external fields, 
which are of interest for us.

2-2. THE CONCEPT OF FERMI SURFACE

According to Fermi-Dirac statistics, the distribution of électrons 
over energy levels e„ in a métal is described by the function of the 
form

f« — — j ---------------------- . "=  1.2,... (2.1)
e~ kT + 1

This distribution means that in a System consisting of N élec
trons, Nj2 of the lowest energy levels are occupied at the tempe-
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rature of absolute zéro and the absence of external excitation, with 
two électrons being présent on each level. The energy boundary 
of filling is the energy level e — eF corresponding to the Fermi 
boundary energy; this level enters as a parameter into thè distri
bution function (2 .1). At T =  0P K, ail the energy levels below eF 
are filled and those higher than eF, empty.

The Fermi energy eF in a system consisting of N électrons coïn
cides with the energy level having the number n — N 12. There- 
fore, an increase of the number of électrons N in the System, ail 
other conditions being equal, résulté in an incfease of eF. The dis
tribution of électrons over levels (2 .1 ) is only related to the obser
vance of the Pauli principle and is independertt of the interaction 
between électrons and the dimensions of the potential box within 
which the system is confined. The latter factors détermine the mag
nitude of the energy levels en proper.

According to the Pauli principle, an électron can only interact 
with an external perturbation (electric, magnetic, or thermal) 
when the energy state into which it w ill pass upon this interactioij 
is free. Otherwise the external field w ill be unable to change the 
energy of the électron.

Let the change of energy of an électron in an external field be 
Ae. Since ail the levels below Fermi energy are occupied at 
T =  0° K, only those électrons can pass to the free level at in
teraction with the external field that are located at a depth not 
greater than Ae from eF. At Ae ■< eF, the proportion of such élec
trons is of the order of magnitude of Ae/eF.

In real metals, the magnitude of Fermi energy eF can reach 
5-10 eV. Let us estimate the variation Ae of the energy of électrons 
at their interaction with external fields.

An incrément of the energy of électron, Ae, in an electric field E 
along the free-path length / is \e\El, which is practically equal 
numerically to 1 0~M 0 ~ 6 eV.

With the classical motion of a charged particle in a magnetic
field H its energy does not change, since the Lorentz force FH =  
=  — \ vH \  acting on the charge is always directed perpendiculai

to the velocity v of motion. The energy variation Ae of an électron 
in a magnetic field can be explained by the quantum nature of its

\ b \ Hmotion and is equal to hou, where g>= m c (m0 being the mass
of free électron) is termed the cyclotron, or Larmor, frequency.

Experimentally attainable magnetic fields are of the order of 
magnitude of approximately 106 oersteds. The energy variation in 
such fields for most metals does not exceed 10~3 eF. At interaction 
with the oscillations of the lattice at a température T the energy
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of an électron varies by a magnitude of the order of kT (kT ~  
~0.03 eV at room température). Therefore, the ratio kT/eF does 
not exceed 0.05 even at the maximum températures at which a mé
tal is still solid (T ~  2000° K). In that connection the System of 
électrons in a métal is degenerated.

These estimations show that from the total number of N élec
trons in a System, only a small portion of particles which are 
located within a narrow energy layer near the Fermi level parti- 
cipate in interaction with external fields. In other words, when 
considering the interaction of électrons with external perturba
tions, we can neglect the majority of électrons which are in states 
sufficiently distant from Fermi energy. This assumption is incor

rect only for such external actions 
as interaction of électrons with 
émissions or fast particles when 
the energy of interaction may sub- 
stantially exceed eF. Not only ail 
valence électrons, but also the 
électrons of atomic structures can 
participate in these processes.

With a température other than 
absolute zéro, the boundary of 
Fermi distribution becomes 
“blurred” by a magnitude of an 
order of kT. The function of Fer- 

mi-Dirac distribution for a finite température is shown in Fig. 38, 
where. the dotted Unes dénoté the Fermi step at 
T =  0° K.

Fig. 38

In a system consisting of N électrons (N ~  1023 cm-3), the 
distances between energy levels are of the order of e f / N  æ  

«  10~ 22 eV, i.e. negligible compared with eF. For that reason the 
energy spectrum of électrons in a métal is usually said to be 
quasi-continuous.

Let us now consider the peculiarities of the models of a perfect 
Fermi gas and Fermi liquid for the électron System in a métal. 
As has been indicated, the différence between these models is con- 
nected with positions of the energy levels en. In a model of non- 
interacting particles (the model of a perfect Fermi gas), the 
total energy of the System is composed of the energies of indivi- 
dual électrons, while the energy levels en are independent of the 
number of particles and coincide with the energy levels of an, 
individual électron which is confined within the potential box 
formed by the faces of the crystal.

When a number of particles with energies close to &F are added 
to or removed from the System, the energy states of other particles 
pf a perfect Fermi gas do not change. In other words, the loss of
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a particle remains “unnoticed” by the gas System from the stand- 
point of its energy spectrum.

In a case of strongly interacting particles (a Fermi liquid) ') , 
the addition or removal of a number of particles changes not only 
the total energy of the whole System by the energy of those par
ticles, but also the energy states of the remaining particles. Thus, 
at a variation of the number of particles a liquid System undergoes 
a complété energy recombination. Let it be emphasized once more 
that the distribution of électrons over energy levels is independent 
of the model, and therefore, both for a perfect gas or a perfect 
liquid, only a small portion of particles of a System, of the order 
of Ae/ejr can respond to external perturbations. For the System of 
électrons in a métal considered as an intégral whole, only the 
model of Fermi liquid is applicable, since the energy of Coulomb 
interaction between électrons is of the order of e*-.

Landau’s theory of Fermi liquids is based on that the energy 
of strongly bonded particles at a small déviation from the equilib- 
rium (main) state of a System can be represented as a sum of 
energies of certain interacting fictitious particles termed quasi- 
particles.

The concept of quasi-particles introduced to describe the System 
of électrons in a métal is quite similar to that of quasi-particles, 
phonons, which is used to describe the oscillations of a System of 
strongly bonded atoms in a lattice.

Let us recall that transition to phonons is based on expanding 
the energy of interaction of atoms in a lattice into degrees of 
displacement of atoms from equilibrium with an accuracy to se- 
cond-order terms. Since first-order terms are absent in this ex
pansion (the energy of the main state corresponds to the minimum 
of energy of interaction), the quadratic form obtained is the energy 
of a System of connected oscillators. A linear transformation of 
coordinates which makes it possible to diagonalize the quadratic 
form leads to a System of non-interacting oscillators (phonons), 
the energy of the System being the sum of the energies of indivi- 
dual oscillators.

Landau’s idea consists in that a homogeneous System, composed 
of a large number of particles, has excited states of the same type 
as an oscillating lattice. In other words, the properties of any 
System can be described by means of the model of quasi-particles.

Statistics of quasi-particles is not related uniquely to the stati- 
stics of the particles of a System. For instance, phonons can be 
described t/y Bose-Einstein statistics irrespective of the spin of 
the atoms'constituting the lattice. Quasi-particles introduced to 
describe the System of électrons in a métal hâve a half-integral

*) The theory of Fermi liquid was developed by L, D, Landau.



66 Ch. Two. The System of Valence Electrons

spin and obey Fermi-Dirac statistics. Thus, according to Landau’s 
theory, quasi-particles in a métal behave like a perfect Fermi gas.

The physical properties of a métal (i.e. the nature of its behav- 
iour relative to external actions) is determined by the quasi-par
ticles located near the Fermi level. With each exciting action in 
such a System, a quasi-particle appears above the Fermi level and 
simultaneously a free energy level (hole) is formed below that 
level.

The behaviour of elementary excitations may in general differ 
substantially from that of free électrons. The main peculiarity of 
elementary excitations is that their lifetime t  (which is determined 
by the probability of scattering co ~  1/t)  decreases rapidly at 
moving further from the Fermi level. If pF is the momentum of 
a quasi-particle at the Fermi level and p is an arbitrary value of
momentum, then t  ~  -7-----  — -5-. It then follovvs that quasi-par-

(P  -  P F f
ticles having a sufficiently long lifetime are located at energy 
levels near e =  ef-

For simplicity, quasi-particles in a métal w ill be further called 
simply “ électrons” , this term taking into account ail the peculiari- 
ties connected with the quasi-particular description of the électron 
System.

By considering the elementary excitations only in direct vicinity 
of Fermi energy we can largely simplify the description of the 
System of électrons in a métal. Instead of determining the disper-
sion law e =  e(p) in the general case for the whole momentum 
space, it is now sufficient to détermine the relationship between 
the energy and momentum at a constant value of energy e =  
=  const =  ejr.

The équation e ( p ) =  const =  eF in momentum space détermines 
the surface of constant energy which is termed the Fermi surface. 
This may be visualized as a rigid structure on which (or in direct 
vicinity of which) a gas of elementary excitations is located. The 
properties of the électrons with the energy e =  ef are fully deter
mined by the kind (shape) of Fermi surface and the nature of 
its variation at small variations of Fermi energy.

Let us remind that in order to use the Fermi surface for descrip
tion of the électron System in a métal, it is only needed that the 
Pauli principle be obeyed and the density of électrons be high (of 
an order of 1/a3), which ensures that the condition eF Ae is 
fulfilled at an interaction with external fields.

Since in the absence of external fields the total energy of a non-
j n2

relativistic électron is e = - ^ j - ,  the Fermi surface for a System 

of free électrons is a sphere of radius pF =  ■y/2tn0eF. Such a rao-
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del oî the System of free électrons is convenient for illustration of 
various properties of degenerated Fermi Systems and w ill be 
employed more than once in this book.

2-3. THE EFFECT OF CRYSTAL LATTICE 
ON THE MOTION OF AN ELECTRON

Let us now consider the interaction of électrons with a crystal 
lattice. Note, first of ail, that the potential of an individual ion 
of a métal lattice is more short-acting than the Coulomb potential
cp =  — of an équivalent isolated ion (here x\e\ is the charge

Fig. 39

of the ion). Screening of the potential of individual ions is ob- 
served owing to the presence of collective valence électrons filling 
the lattice. The formula to describe the screened potential of an 
ion, proposed in itia lly  by Debye, is as follows:

<P  ̂=  — ~ e“ r/r° (2 -2 )

where rD is a certain effective radius of interaction between an 
électron and an ion.

By modem views, screening with électrons having an energy 
close to the Fermi energy results in that the potential qjf of an ion 
is not only short-acting, but also oscillating. Curves of these three 
potentials, cp, qw, and q)t-, are shown in Fig. 39.

Owing to the screening effect, the potential energy of an élec
tron can be taken constant over a substantial portion of the lattice 
space, and the motion of the électron in that part of space regarded 
as that of, a free particle. At distances from the centres of ions 
exceeding* the effective radius of screening, the wave function tp 
of an électron is close to the wave function tp0 of a free électron,
which is a plane wave function of the form i|)° =  const eihT (where
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k is the wave vector of a free électron). This namely is the main 
principle underlying the quasi-free électron approximation that 
makes it possible to describe many properties of conduction élec
trons in metals.

The state of an électron in direct vicinity of the centre of an ion 
is similar to its bound state, i.e. its wave function oscillâtes strong- 
ly and is close in its shape to the atomic wave function \|>a.

Thus, the wave function of an électron in the lattice can be 
regarded as a combination of a plane wave and quickly oscillating 
wave functions of bound states inside ion-cores.

The real part of the wave function of an électron in the lattice 
is shown diagrammatically in Fig. 40, where the dotted line repre-

sents the plane wave and solid circles, the centres of ions. A cor
rect wave function of an électron must reflect the fact that 
valence électrons form no bound states near individual ions. In 
accordance with the Pauli principle, the function ^  must then be 
orthogonal with the wave functions of bound states \|)a. This con
dition is satisfied by the following combination of a plane wave 
and functions \f>a:

A function of the form (2.3) is termed an orthogonalized plane 
wave (OPW). We hâve actually described the idea behind the 
OPW method which was proposed in its in itia l form by Herring 
in 1939 and has become one of the most widely used methods to 
describe blectrons in metals. Apart from being visual physically, 
this method is also convenient in that an orthogonalized plane 
wave is in itself a sufficiently close approximation of the wave

X

Fig. 40

(2.3)
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function of an électron. In other words, expansion of a wave 
function into OPW functions gives a rapidly converging sériés.

The OPW method is the basis of another method, that of pseudo
potential, which makes it possible to describe and analyse the 
pattern of motion of valence électrons in a métal.

Let us consider in more detail the physical aspect of pseudo-po- 
lential. A strong increase of the kinetic energy of a conduction 
électron inside an ion compensâtes almost completely the négative 
potential energy of the électron in the electric field of an atomic 
nucléus.

The total energy of the électron inside the ion turns to be 
équivalent to the total energy of an almost free électron in a field 
of a weak potential which cannot form a bound state. For that 
reason, instead of describing the motion of an électron with a 
complex wave function shown in Fig. 40 through deep potential 
pits of nuclei (Fig. 39), we can sufficiently accurately describe the 
motion of the électron through the whole volume of the crystal by 
a wave function which is close to a plane wave propagating in 
the field of a weak effective potential (pseudo-potential).

Pseudo-potential also has the periodicity of the crystalline lat
tice. Let us emphasize that the concept of pseudo-potential has 
been introduced only as a means to describe the motion of an 
électron from the standpoint of physical conséquences. The motion 
of a real électron in a lattice is complicated and therefore cannot 
be reduced to a weakly excited motion of an almost free électron, 
since excitation inside atomic structures are quite strong. But, 
because of conservation of energy and momentum at intersections 
of ion-cores, the électron passes beyond the screening radius 
practically in the same state as at the entry to the field of ion.

If we disregard the processes occurring inside an ion, then the 
motion of an électron in a métal lattice w ill be équivalent to the 
motion of a weakly excited quasi-free particle with what is called 
the pseudo-wave function (which is close to a plane wave weakly 
modulated with the period of the lattice).

The true potential V(r) in which an électron moves in the 
crystal lattice is a periodic (with the period of the lattice) répéti
tion of screened potentials of individual ions having the form q>i
(Fig. 39). The motion of an électron in a field of V{r) is described 
by Schrôdinger’s équation:

[— V( r ) ] *  =  e„* (2.4)

vvhose solution is the wave function of an électron shown in 
Fig. 40. (Here en are eigenvalues of the energy of électron, dépen
dent on quantum number n.)
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Substitution of an expansion of the wave function into a sériés 
of OPW functions into Eq. (2.4) after certain transformation gives
Schrôdinger’s équation with a new potential Ve„ (r) for a wave 
function tjj, which is a combination of only plane waves of the

type ettk+& r ( where g is a vector multiple of a being
V | a |

the period of the lattice in a definite direction).
This circumstance was first noticed by Phillips and Kleinman

[50], who not only found the form of pseudo-potential Veff(r), but 
also showed its matrix éléments calculated for the wave functions 
of a free électron are small compared with the corresponding 
energy levels of a free électron.

Thus, solution of the équation of pseudo-potential can be carried 
out by means of the perturbation theory using the wave functions 
of a free électron as a zéro approximation.

We hâve described the method of pseudo-potential purely sche- 
matically, without touching its drawbacks. The actual situation 
is far from being so simple. The introduction of pseudo-potential 
is, on the one hand, not a single-valued operation, the final solution 
being substantially dépendent on the selected form of pseudo
potential. On the other hand, the pseudo-potential itself is a non-
local operator [it dépends not only on the coordinate r as a real
periodic potential K(r) of the lattice, but is a functional of atomic 
wave functions t|)a]:

Veff (r) ij) (r) =  V (r) ÿ ( r)  +  VR (r) (r)
where

VR (r) t  (r) =  Y,  (®« “  e a )  (*) S IC (r ‘' ) e^ '
a

ea being the eigenvalue of the energy of atomic électrons.
A number of more or less substantiated forms of pseudo-poten

tial, convenient for calculations, hâve been proposed (pseudo-po- 
tentials of Animalu [51], Heine-Abarenkov [52], etc.). Various 
aspects of the method of pseudo-potential were discussed by one 
of its authors, W. Harrison [53].

The introduction of pseudo-potential is a substantial mathemati- 
cal simplification based on a certain approximate picture of the 
motion of électrons in the lattice. The smallness of pseudo-poten
tial may explain why the électron in a métal can in many cases 
be regarded as a quasi-free particle. It is essential to emphasize 
here that the conséquences obtained from the theory of pseudo
potential agréé well with the known experimental data. The
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pseudopotential of some or other métal cannot be calculated 
purely analytically or, as one says, from the first principles, but 
this is not necessary.

The theory of pseudo-potential is a powerful tool for determining 
some physical parameters of the energy spectrum of électrons (for 
instance, energy levels in various points of a crystal) in terms 
of other parameters which hâve been measured experimentally 
(for instance, zone overlapping, energy gaps, etc.), the shape 
and parameters of the pseudo-potential being then matched with 
the experimental data available.

In tins way thcre wcre calculated the main levels of the energy 
spectrum of électrons for many metals and alloys, for instance, the 
metals of groups I, II, III, and IV of the Periodic System, semi- 
metals Bi, Sb, As, alloys Bi-Sb, Pb-Sn, etc.

Let us consider the peculiarities of the wave function of électrons
in a métal. The periodic nature of the potential V (r), which fol- 
lows from the periodic structure of the crystal, gives the condition 
of translational invariance for the wave function of an électron

I *(r) P =  |i|>(r+ a) P (2.5)
->

where a =  n{ax +  n2^2 +  ^ 3; ai, a2y az =  vectors of the main 
translations in the lattice; nu n2, n3 — whole numbers.

Condition (2.5) corresponds to that the density of probability 
of finding an électron is a periodic function with the period of the 
lattice. In other words, it implies that the behaviour of an électron 
in the given cell of a crystal does not differ in any respect from 
its behaviour in any other cell.

As earlier, the influence of the boundaries of the crystal can be 
eliminated by introducing cyclic boundary conditions, which resuit 
in a periodic répétition of the crystal in ail directions.

It follows from expression (2.5) that with the argument of the
wave function shifted by a vector a, the wave function itself is
multiplied by a phase multiplier C(a):

\|> (r +  a) =  C (a) ÿ  (r) (2.6)

where C(a) satisfies the condition

| C ( a ) p = l  (2.7)
We make a shift by ti\ periods in the direction, say, of vector 

av Let '7i,== n\ - f  n", where n\ and n'' are integers. The transi-

tion from point r  to point r +  ti\ax can be made either directly or■>
consequently through an intermediate point r -j- n[ar  In such
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cases the wave function (r +  ri\a\) can be given either as 

ÿ( r  +  « îû î) =  C (n,a,) (O
or as

i|) ( r - f  n,a,) =  C (n"a,) i|) ( r +  n[a{ ) =  C (n"at ) C («[a, ) i|3 (r) 

Hence
C (0 ,0 ,) =  C (o"a,) C (o'o,)

->
Therefore, the logarithm of the phase multiplier C(oiOi) is an 
additive function:

lnC(o,a,) =  in C (nfa,) +  in C (o"a,)

Comparing the last expression with the sum o,a, — n'al - f  o "a ,, 

we can conclude that in Cfrtiûq) is proportional to |o iû i|. With
condition (2.7) taken into account, the multiplier C(oiOi) must be 
written in the form

C (o,a [) = e ln'ka> (2 .8 )

where k is a real vector. Thus, with the argument being shifted 
by a vector a, the wave function is transformed as follows:

(r +  a) =  eik (r) (2.9)

Let us consider the function u(r), equal to e~lkrty(r), and shift
*>

the argument by a vector a:

u(r  +  a ) =  e~lk{k+a)^ ( r  a) =  e~ik r \|i(r) — u (r)

As can be seen, the function u(r) =  e~ikr \jp(r) is a periodic 
function, its period being equal to that of the lattice.

Thus, the wave function of an électron in a lattice in the most 
general case can be given in the form

ip(r) =  u(r)eikr (2 .1 0 )

where the function u(r) satisfies the condition of periodicity:

u(r +  a) — u(r) (2 .1 1)

and vector k is a real vector.
The fact that the wave function of an électron in a crystal can 

be written in the form (2 .1 0 ) is a general conséquence of the
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translations! symmetry of a lattice and constitutes the content of 
Bloch’s theorem.

Expression (2.10) implies that the wave function has the form 
of a plane wave modulated with the lattice period. Obviously, the 
same form must hâve the pseudo-wave function ÿ  which satisfies 
Schrôdinger’s équation with a pseudo-potential Vefj ( r ) .  This fol- 
lows from the periodicity of the pseudo-potential, its period being 
that of the lattice.

Since the pseudo-potential is small, it then follows additionally
that the periodic function u(r) must only slightly differ from a-y
constant and must only weakly modulate the plane wave eihrl). 
This makes it possible, when analysing the motion of an électron 
in a lattice, to use the model of almost free électrons as the first 
approximation. For this purpose it is sufficient to consider the 
motion of an électron in the field of an arbitrarily low effective
periodic potential Veff(r).

Construction of Fermi surfaces for électrons in metals can be 
successfully made by using Harrison’s method (described later 
in the book), which is based on the assumption that it is possible 
to pass over continuously from the behaviour of an électron in 
a lattice to that of a free électron, if the pseudo-potential is made
to tend to zéro. With a transition Vejf { r ) —* 0, vector k, which 
enters the wave function (2 .1 0 ) as a parameter, must transform 
into the wave vector of a free électron, which is referred to its.
momentum p by the relationship p =  hk. When Veff(r) =̂= 0, vec-
tor p is termed the quasi-momentum of an électron in a lattice
and is connected with k (2 .1 0 ) by a similar relationship.

Let us consider the properties of the quasi-momentum that dis- 
tinguish it from the momentum of a free électron. For this, we
take a certain direction in the crystal structure which is given -> -> 
by a unit vector tij. Accordingly, let a} and Lj be the minimum 
period of the crystal structure and its dimension in that direction. 
Because of the cyclic boundary conditions posed, the wave func-
tions in points r and r +  Ljti j are identical:

$ (r) =  ^ ( î +  Ljn])
or

U (r) efir  = u ( r  +  L,n,) e 'M '+V /)

*) The condition at which the perturbation introduced by an arbitrarily 
weak pseudo-potential ceases to be low coïncides with the Wulff-Bragg con
dition for diffraction of électron waves on a crystal lattice. It détermines the 
boundaries of energy bands and is considered in detail later in this book.
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Hence, the relationship for vector k is:

(2.12)
-> -> 

which implies that the projection of k onto the direction nj must
be multiple of

(érty) =  —  n 1 , 2 , 3 , . . .  (2.13)
Li

Therefore, the projection of the quasi-momentum p of an elec- 
tron onto a certain direction n7- in the crystal can take a discrète

J  ̂ 2jï f)set of values, of which the minimum one is equal to - 7— . That
LJ

the quasi-momentum of an électron in a crystal is a discrète
quantity is connected only with that the électron is confined within
the potential box of finite dimensions, i.e. with the presence of
boundaries in the crystal ‘ ).

From another property of a crystal, i.e. the translational sym-
metry of its lattice, there follows the multivaluedness of the quasi-
momentum of an électron. The quasi-momentum in a definite 

->
direction n 7 is a vector which can be determined with an accuracy

2 jtto a whole number of vectors — Thi s already follows from

expression (2 .1 2 ) which détermines the projection k onto the 
direction rc7*.

2ji
Expression (2.12) w ill not change if a vector ± —  ti/tn with 

any integer m is added to vector k. In other words, vectors
-> 2 TC ^
k and k' =  k z t — ttjfîi are équivalent to one another in their

-> -> 
définition. With k being replaced by k \  the wave function i|) of 
an électron retains the form of Bloch’s function (2.10).

-> ->->
Indeed, let a|>> (r) =  u(r) el k r . We are to find the functionk

ccrresponding to vector k'\
2ji ->->•

-> -> -> ^  -> ± l —— ( nj r ) m  ->->
typ (r ) =  u (r) eik'r — u(r)e t eik r

!) This is an extra proof that the cyclic boundary conditions only remove 
the non-equjvalence of the positions of various ions in a crystal, but cannot 
exclude the principal presence of boundaries. In particular, they do not imply 
the transition from a finiie-size crystal to an infinité space filled with a crystal 
lattice.
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2ji -> ->r )m
The multiplier e ’ is periodical with the period ajt

and therefore, can be included into the modulating function u(r). 
Substituting the functions t|)j» and into Schrôdinger’s équation
we can show that they are the solutions corresponding to the 
same values of the energy of an électron.

2jt ^Thus, the wave vectors k and k ± — «ym, as also the quasi-mo- 
■> 2nh ^

menta p and p ±  —  njtn are physically équivalent, i.e. correspond
Q, j

to the same physical state of the électron in the lattice. Hence il 
follows that the physically different values of the wave vector ir

2nthe direction are confined within an interval of the width — ,
1 ai
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1

*2
| 1

K, 
i

«2
1

«3
1

K, 
1 -

1
\

1 1 1
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1 1 1
y
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Fig. 41

For instance, vectors k2 and fe3 in Fig. 41 are not équivalent to one-> ■> ■> -v
another, whereas k2 is équivalent to k2 and is équivalent to ky

Since there is no current in the crystal in the absence of electric
field, the values of wave vectors k and —k are équivalent. 
In this connection the interval including the physically different
values of k must be symmetrical relative to the origin of coordina-
tes in fc-space, for instance, it may extend from — to

This interval (in the case of a one-dimensional lattice) is termed 
the first Brillouin zone. The second Brillouin zone is located sym- 
metrically with respect to the first zone and to the origin of coor-

2ji Tldinates and includes two intervals: f r o m --------t o ----------- and
2 al al

from H----- to ; the third Brillouin zone includes theal al
intervals >from — —  to — —  and from +  —  to , etc., - ' aj a/ a! al

The total interval corresponding to a Brillouin zone of any 

number is always equal to (Fig. 42).
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In the case of a two-dimensional plane lattice with two main 
translational vectors ax and ay and the dimensions Lx and Ly of 
the crystal, the components of the wave vector along the axes kx 
and ky can acquire only discrète values from the sets:

2 jt 2 jtkx =  - j— nx, ky =  - ^ - n y (where nx and ny are integers)

The physically different values of the components kx are located 
within the interval from — — to , and those of the compo-

a X a x

nents ky, within the interval from ---- — to +  — . These conditions
J ay a y

détermine the set of vectors plotted from the origin of coordinates

2nd zone Ist zone 2net zone

Fig. 42

to the vertices of the cells constructed within a rectangle of the 
dimensions —  and —  along the axes k x and k y respectively

ax üy
and located symmetrically relative to the origin of coordinates 
(Fig. 43).

Each cell corresponding to one allowed wave vector k lias the 
dimensions and along the axes kx and ky.Lx Ly

Ail physically different values of a wave vector are located 
within a rectangle, such as shown in Fig. 43. This rectangle is 
called the first Brillouin zone for a plane two-dimensional lattice.

For a simple rectangular three-dimensional lattice, the first 
Brillouin zone can be constructed in the form of a parallelepiped 
bounded by plane surfaces (Fig. 44):

The volume of an elementary cell corresponding to a single 

value of the wave vector in &-space is equal to
j 2n 2n 2n (2j i )3

vt ~ T 7 ‘ T 7 ' 1 7 ~  v 

where V is the volume of the crystal.
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The corresponding volume u>of an elementary cell in the space 

of quasi-momenta (p-space) is

It is the volume of phase space relating to a single électron 
state in a crystal of volume V (the state is twice degenerated, 
since two électrons with oppositely directed spins can be présent 
in it according to the Pauli principle).

It follows from expression (2.14) that électrons are distributed 
with a constant density in the space of quasi-momenta. The mag
nitude of volume v* is independent of the shape of crystal. Expres
sion (2.14) obtained for a crystal in the form of a parallelepiped 
is the general one. This statement requires no strict proof and 
actually follows from that the conditions at the boundaries in a 
crystal of macroscopie dimensions (i.e. having a large number 
of elementary cells) must hâve no effect on the motion of électrons 
in its volume. The larger the crystal, the greater its volume-to-sur- 
face ratio and the greater part of the électrons do not “sense” 
the size and shape of the crystal. Within a sufficiently large crystal 
of any shape, we can always mentally separate a parallelepiped 
and rerîiôve the remaining parts. The States of électrons within 
this parallelepiped w ill not change noticeably (to an accuracy of 
the fraction of surface électrons). In order not to adhéré to a par- 
ticular crystal of a definite volume, ail relationships are usually
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written for a crystal of a unit volume V =  1. In that case a volume
->

equal to (2nh)3 corresponds to one state in p-space.
Thus, if the électrons occupy a volume A in the space of quasi- 

momenta, their concentration n in the real space is

" “ 2 W  ,2 I5 )
Formula (2.15) takes into account that the spin of each électron 
state undergoes double degeneration.

Having thus elucidated the peculiarities of the quasi-momentum 
of an électron in a crystal, the quasi-momentum w ill be further 
simply called momentum.

Finally, let us dwell on the conditions at which the interaction 
of électrons with the lattice cannot be considered small.

Let an électron with wave vector k move in the direction of
vector tij in the lattice. The period of the lattice in that direction 
is dj. Suppose that the interaction of the électron with every 
separate ion is very small. This means that for an électron wave 
propagating in the periodic System, the amplitude of the wave 
reflected from each ion is smaller than that of the incident wave. 
But, since the lattice contains a great number of ions and the 
reflections are multiple, phase relationships between reflected 
waves also play a substantial part.

When the de Broglie wavelength exceeds the distance between 
ions, then the phase différences between the waves reflected from 
neighbouring ions are small. In that case the interaction of the 
électron wave with the lattice as a whole remains small, of the 
order of the interaction with a separate ion, and the électron 
behaves as a quasi-free one.

With rriKs =  2üj (where m is a whole number), the phase 
différence of reflected waves w ill be a number multiple of 2jc. The 
waves reflected from various ions are then in phase with each 
other and their amplitudes add together. As a resuit, total reflec- 
tion of the électron from the lattice w ill occur even with a small 
amplitude of the wave reflected from one ion. In other words, 
with m \B =  2ajy an électron wave cannot propagate in the la t
tice.

The condition of total reflection coïncides with the well-known 
Wulff-Bragg relationship for diffraction of électron waves in cry- 
stals. If the latter is written for the wave vector of an électron
\ k \= 2 n / X B, we obtain an équation defining the boundaries of
Brillouin zones in 6-space
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Thus, the boundaries of Brillouin zones correspond to such va
lues of the wave vectors (or momenta) of an électron at which 
the électron wave cannot propagate in the lattice. At approaching 
the boundary of a Brillouin zone (i.e. at an increase of \k\)  a 
running électron wave is more and more decelerated by the lattice
and becomes a standing wave at the boundary values of k. This 
peculiarity of the interaction of an électron and lattice constitutes 
the principal distinction between the dynamics of an électron in 
a métal and that of a free électron.

2-4. THE DYNAMICS OF AN ELECTRON 
IN THE CRYSTAL LATTICE

The quasi-classical approximation for the description of the
motion of an électron uses the common Hamilton function 2fé(p, r) 
with the classical momentum being replaced by quasi-momentum. 
Hamilton’s équations are then written in the common manner1):

->
v dr

Ht
dZê

->
dp

dp
dt

dZê
->

dr
(2.16)

The first of them détermines the velocity. The Hamilton function 
3fé(p, r) is the sum of kinetic and potential energies:

î) =  e(p) ’+ V ( î )

This makes it possible to express the velocity of an électron 
through the dispersion law:

v =  or v =  gradue (2.17)
dp p

Expression (2.17) coïncides with the relationship for the group 
velocity vg of a wave packet in quantum mechanics. Indeed, for
a quantum particle, e =  ha and h =  tik. Therefore, the group

d(ù develocity ve =  —^  =  v .
dk dp

') Here .and further, différentiation of a scalar quantity over a vector
'*'■ dJê ( d7S

implies the following operation: — is a vector with the components < —— ,
dp " aP*

dTê dZê 1
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Hamilton’s second équation (2.16) is an équation of motion and 

describes the variation of the momentum of an électron 4 £- underat

the action of a force F — — =  — —  :
ûr dr

dp t  
dt F (2.18)

Dynamics of an électron in the lattice has a spécifie feature

consisting in that the variation of the momentum of the

électron is only determined by the action of the force Fext which 
is external relative to the lattice.

Let us show this for a particular example when an external
electric field E acts on the électron. We shall calculate the work•>
ôe done by the external force Fext =  — \e\E during time ôt to an

dsélectron located on the Fermi surface. Since the velocity v =  —
dp

of the électron on the Fermi surface is very great, then the path 
travelled by the électron during the time ôt can be calculated by 
neglecting the variation of this velocity.

The work ôe is equal to \e\ Evôt. On the other hand, since e
is a function of the momentum p, then ôe =  -|^-ôp (for simplicity,

we consider a case when ail the vectors, i.e. v, p, E, and ôp, are 
collinear).

Equating the expressions for ôe, we get

ôp =  v ôp =  \ e \ Ev ô*

whence

l - i ^ i E

Thus, the variation of the momentum is related to the action 
of only an external force — |e|£ and is independent of the internai 
forces acting on the électron from the lattice. But the variation

of the group velocity v ^kinematic accélération of the électron -jpJ

is naturally determined by the sum of ail external Fexi and inter
nai Fint forces acting on the électron.
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The équation of the Newton second law for the kinematic acce  ̂
leration of the électron in the lattice can be written as

The équation for the variation of the momentum, determining

the velocity of the électron in the momentum space, has
then the form

4 r ~ E ^ « *  (2-20)
By comparing équations (2.19) and (2.20), we can see that 

the momentum p of an électron in the lattice and its velocity v 
are not related together by the common équation p — m0v which 
holds for a free électron. The velocity vector v is only determined 
by the dispersion law e(p) through équation (2.17) and in the 
general case is even not collinear with vector p.

The kinematic accélération of the électron can be formally 
expressed solely through the external forces. Indeed, for the /-th

component of we hâve:

( d p ~ \  d (  de ̂  <52e âp(
V dt ) j  dt \  dPf )  2-i dpj dpt dt

But according to (2.20) . The dérivatives ^  dp-

form a symmetrical second-rank tensor. Denoting the inverse 
tensor by m'tl we can write ')

(2.21)
/=!

The tensor d2e
dpî dpt is called the tensor of inverse effective masses

of électrons in a crystal. The effective masses mn determined by

!) Note that if the déterminant of the matrix
d2e 

dpf dp t }in a certain

point is equal to zéro, then the inverse tensor t t l j .  in that point is non-existent.
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it, as distinct from the mass of a free électron, dépend in general
on the momentum and are not constant quantities. Therefore, this
tensor of effective masses describes the motion of an électron in •>
the given point of p-space under the action of the external force 
applied.

The transition from équation (2.19) to équation (2.21) consists 
in that the unknown term £ f {ni in (2.19) is transferred to the

left-hand part and the différence vector m0 ^  Fint is for-

mally expressed through the vector by means of the second- 
rank tensor m*r

The unknown internai forces acting on the électron from the 
lattice are included by this technique into the définition of the ten
sor of effective mass (which then also remains unknown). But 
introduction of the effective mass tensor has not only the formai 
meaning which shows the différence in the laws of motion of a 
free électron and an électron in the lattice.

The inclusion of the internai forces into the définition of the 
effective mass tensor has also the physical meaning, since under 
certain conditions the components of tensor m*t become constant 
quantities having like signs (in the System of the main axes of ten
sor in which its matrix is diagonal). The three main components 
of tensor tnjt in such cases become the important dynamic charac- 
teristics of the électron in the crystal and détermine the nature of 
motion of the électron in external electric and magnetic fields.

Measurements of the components of tnjt by different independent 
experimental methods hâve shown their good coincidence. This 
proves that the components of m*, are physical parameters of an 
électron in the crystal, similarly as m0 is a physical parameter 
of a free électron.

Knowledge of the components of the effective mass tensor makes 
it possible to describe the motion of an électron under an assump- 
tion that it is acted upon only by external forces. Many formulae 
derived for an électron in free space are used in the lattice, with 
replacing the mass of the free électron by the respective compo- 
nent (or combination of components) of the effective mass tensor. 
When using the effective mass, one has, however, to take into 
account that the analogy between the behaviour of an électron in 
the lattice and that of an électron in free space, which is useful 
owing to its clear evidence, has only a restricted field of applicabi- 
lity. The use of the effective mass tensor in various formulae every 
time requires proper preliminary substantiation.
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By the method of its introduction, the effective mass tensor in 
the given point of the momentum space is determined by the law
of dispersion of électrons in métal e =  e(p). The question of the 
magnitude of the effective mass in some or other métal, as also 
the question of calculation of the effective mass under account of 
the characteristics of the métal, w ill be considered after description 
of the Harrison method of constructing the Fermi surfaces. We 
shall consider in the same section the influence of electron-phonon 
interaction on the magnitude of the effective mass of the électrons 
located at the Fermi level.

The use of the effective masses as physical parameters charac- 
terizing the électron in the métal is evidently expédient for those
régions of p-space in which the main components of tensor m*fi are

practically independent of p and are constant (or nearly constant) 
quantities. Such conditions are observed, for instance, in the
vicinity of points p0 in which the energy e of an électron attains 
a relative maximum or minimum. These points of extrema of 
the energy play a substantial part in the description of the energy 
spectrum of électrons, since they correspond to the boundaries of 
the energy régions.

Let £o be the energy of the électron in an extremum point. In-y
the vicinity of this point, e(p) may be expanded into a sériés of 

powers of (p — Po)j• Since -r—- =  0 in extremum points, the termsOpj

of the first power of (p — po)j w ill be absent in the expansion. 
To an accuracy of quadratic terms, the expansion w ill then hâve 
the form:

e (p) =  e(p0) +  - £  a,/ (pi -  p0i) {p, — pol)
U

02g -> ->
where at, =  atp =  p,.

Passing over to a System of coordinates related to the main 
axes of the tensor a ih we hâve

3

e (p) =  e0 +  y  £  «n (Pi ~  Poif
i=î

(2.22)

In the vicinity of point po> where we can lim it ourselves to the 
quadratic terms in (p — p0)i, the components of the effective mass
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tensor are constant and equal to

(2.23)

The values of m*[t are positive near a point of minimum energy 
and négative near a point of maximum. In the first case an élec
tron in the lattice behaves qualitatively like a free électron: its
kinematic velocity in an electric field increases in the direction of ->
the actirig force — \e\E. In the second case the électron is accele- 
rated in the direction opposite to that of the external force, i.e. 
behaves as a négative mass particle.

The behaviour of a charged particle in electric and magnetic 
fields is determined by the sign of its charge-to-mass ratio, rather 
than by that of its mass. For that reason, an électron of a négative 
mass behaves dynamically as a particle of a positive charge and 
positive mass in the vicinity of points of maximum energy.

If the origin of coordinates of p-space is placed into a point of
an extremum of energy p<> and the energy e is calculated from e<j 
then équation (2 .2 2 ) can be written as:

where

f2
Pi

<=. 2mn

e' =  e — 8 j and p'i =  pi — p.ü i

(2.24)

Expression (2.24) is an équation of a three-axial ellipsoid
,2 /2 /2 

Pi - Pi . P3
_ * ; T  . * / ”T” + /2m, je 2mJ2e 2m w8

(2.25)

whose semi-axes are respectively equal to ^ / 2 m*1e ', ^J2tn22t ' , and

V 2 (Fig- 45).
Thus, the surfaces of constant energy e =  const near the extre

mum points for électrons in a crystal are ellipsoidal surfaces. In 
a particular case, when m|, =  m22 =  the ellipsoid dégénérâ
tes into a sphere. The components m\v tn22, and m*3 détermine 
the effective masses of the électron at its motion along the axes 
p\, p\, and pi respectively.

If the momentum p of the électron is directed along the unit
vector rij, then its effective mass m \  is proportional to the square

"J
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of the segment of the straight line OA from the origin of coordina- 
tes O to the surface of the ellipsoid in the direction tij (Fig. 45).
The magnitude of tn \  is equal to

nl 8
Let us see what is the physical meaning of the effective mass.

The différence between the effective mass m*( and the mass of
a free électron is evidëntly caused by the interaction of the électron

p 2
with the crystal lattice (note that for a free électron z =  — ~ and

z /?/0
the main values of the tensor * i / d2g

m“ = l l T p■
simply coïncide

/ nn~.
with m0).

As has been shown in the previous section, the strongest pertur
bation of the motion of an électron is observed when its wave 
vector passes to the boundary 
of the Brillouin zone. In that 
case the électron wave in the 
direction of the normal to the 
zone boundary is completely 
braked by the lattice and be- 
comes a standing wave, while 
the normal component of the

Ô 8wave group velocity °g = dp
becomes zéro.

The physical meaning of the 
effective mass can be under- 
stood by considering the process
of accélération of an électron in an external electric field at 
various values of its momentum.

If the momentum of the électron is in itia lly  small (the électron 
is near the centre of the first Brillouin zone), it behaves practically 
as a free électron: in an electric field the électron undergoes a 
common accélération at which its velocity v increases in the 
direction of the external force. But at the same time, its momen
tum p increases continuously [see (2.20)] and de Broglie wave- 
length Kb decreases. The électron is not only accelerated kinema- 
tically, but also approaches the boundary of the Brillouin zone 
in the momentum (phase) space.

This approach to the boundary results in that the reaction of the 
lattice to the électron wave becomes stronger, or in other words, 
the amplitude of the wave reflected from the lattice increases.
The velocity of the électron placed into an external field E 
then increases not so rapidly as would the velocity of a free élec
tron, since part of the accelerating external force is spent to
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withstand the reaction of the lattice. This means that as the 
momentum is being increased, the effective mass of the électron 
becomes greater than that of a free électron.

If the action of the electric field E lasts longer and no scatte- 
ring of the électron still occurs, the momentum of the électron 
increases continuously in time [see (2.20)]. Since the reaction of 
the lattice also increases, the growth of the group velocity of the

électron is decelerated more 
and more and is stopped at 
a certain value p' (Fig. 46a).

The effective mass of the 
électron in this point inside 
the Brillouin zone turns to 
infinity (Fig. 466) and its 
velocity attains a maximum. 
The sum of external and in
ternai forces in équation 
(2.19) actually turns to zéro 
at that moment and 
do
dt =  0.

p=p

(b) 
Fig. 45

The infinité magnitude of 
m* shows that in équation 
(2 .2 1 ) a finite external force 
+  |e|£ causes no further 
growth of the velocity v in 
the positive direction of the 
axis p (m* tends to infinity

as 1
dv

~df
dvso that the product remains equal to a finite

value + \e \E ) .  Note that the external field E in Fig. 46a and b 
has the direction —py so that the projection of the external force 
onto the -\-p axis is equal to + \e \  Ey where E is the magnitude 
of E.

A further increase of the momentum at p >  p' results in the 
reaction of the lattice becoming greater than the external force. 
At this stage of accélération of the électron in the external field 
the component of the électron wave reflected from the lattice 
increases most effectively. Under the action of the reaction of the 
lattice, the kinematic velocity of the électron begins to decrease 
and the sum of forces in équation (2.19) changes sign. In this 
région, thè électron continues to move by inertia in the former 
direction and is braked in the external field (actually, it is braked 
by the reaction of the lattice). With respect to the external elec-
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trie field, the électron behaves like a negative-mass particle 
(Fig. 46b).

At the boundary of the Brillouin zone (point A in Fig. 46a) 
the momentum acquires the magnitude p =  ~ ,  and the kine-

ÔGmatic velocity turns to zéro: ü =  -^ -  =  0. If the action of the
electric field continues more, the électron begins to be accelera- 
ted in the opposite direction. The point A in Fig. 46a is équivalent 
to point A'. The motion of the imaging point in phase space is 
now continued from point A'  in the former direction. It is common 
to say that the électron is reflected from the boundary of the 
Brillouin zone, since its momentum at point A changes stepwise 
to a reverse one. The growth of 
velocity v in the inverse direction 
occurs up to the point p =  p"  in
which —  again becomes zéro
and the effective mass turns to 
minus infinity. Further, the mass 
of the électron changes sign and 
the électron begins again to be 
accelerated “ normally” (as a po- 
sitive-mass particle) up to the 
point p'.

Thus, under the action of a con
stant electric field E, the électron
in the crystal lattice performs a periodic motion in p-space, each 
time passing the Brillouin zone in the same direction which coïn
cides with the direction of the force — \e\E acting on it. The 
électron is also in a periodic motion in the real coordinate 
space.

Indeed, having begun its motion in a definite point O in the 
crystal (Fig. 47) which corresponds to the point O in the phase 
space of Fig. 46a, the électron first moves in the positive direction 
of the x axis (in the forward direction) up to the point of stop O' 
which corresponds to the point A (or A') in the phase space, in 
which its velocity becomes zéro. Then the électron moves in the 
reverse direction up to the next stop, when in the point O of the 
phase space its velocity again becomes zéro.

When moving in the reverse direction, the électron is first acce-
-V

lerated against the action of the force — |e|E as a particle of a 
négative charge and négative mass, and is then braked by the
same force — \e\E. As a resuit of the reverse motion, it stops in 
the initial point O in the crystal. After that, the whole cycle of
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motion is repeated again from points O in the coordinate and 
phase spaces.

Thus, the motion of an électron in the coordinate space is an 
oscillatory motion in the direction collinear with the electric field 
vector between the two points O and O' in the crystal. The time 
pattern of this motion is shown in Fig. 47.

Thus, we hâve corne to a paradoxical conclusion that the motion 
of an électron in a constant electric field is finite (i.e. cyclic). The 
électron in the lattice periodically passes through one and the 
same point of the crystal. Such a motion differs qualitatively from 
the motion of a free électron in a constant electric field. The motion 
of the free électron in the field is uniformly accelerated and infinité 
and the électron never returns to its in itia l point. The periodic 
nature of the motion of an électron in a lattice under the action 
of a constant electric field was first mentioned by I. M. Lifshits.

It should be noted however that the paradoxical cyclic motion 
of an électron in an electric field is practically not observed. This 
may be explained by that the free-path length of an électron in a 
métal is many orders smaller than the amplitude of oscillations of 
the électron in the field. To demonstrate it, let us détermine the 
frequency of the finite motion and the distance between the points 
of stop O and O' in a crystal. The period of oscillations is deter- 
mined by the time t  during which the imaging point in Fig. 46a 
passes the length AA'. As follows from équation (2.20) the time t  is

f  d p  2nh
)  J ë \ T ~  a \ e \ EJlh
a

The frequency of oscillations ve in an electric field is

g _ 6
The amplitude of oscillations X is then equal to - j4̂  | E° where ea

and eo are the values of the energy of the électron in points A and 
0 of phase space. The différence ea — eo is the width of the energy 
band and is of an order of several electron-volts in metals. At 
feasible values of the electric field E ~  10~6 V/cm, the amplitude X 
attains approximately 1 0 6 cm, that is hundreds of millions times 
greater than the free-path length of an électron1). Oscillations

!) An electric field of E ~  10-6 V/cm corresponds to the current density 
in métal / ~  tO2 A/cm2 at unit résistance p ~  10~8 ohm-cm. The numerical 
example lias been taken from the book: Lifshits I. M., Azbel M. Ya., Kaga- 
nov Al, I., Electron  Theory o( M eta ls  (in Russian). Mpscow, “Nauka”, 1971.



2-5. Ùependence of Électron Energy on Quasi-mohientum 89

of such a gigantic amplitude would occur with an extremely low 
frequency

2nÜ ' 50 Hz

With each act scattering, the momentum of the électron changes 
irregularly. For that reason a finite motion along a path exceeding 
the free-path length is impossible. At small sections of the path 
between successive acts of scattering, the électron naturally moves 
progressively. We hâve corne to another paradoxical conclusion 
that the flow of a direct current in metals is caused by scattering 
of électrons. With no scattering, an electric current would not 
grow infinitely, as in free space, but an alternating current would 
be formed with a frequency depending on the magnitude of the 
electric field applied (close to the industrial frequency of 50 Hz).

2-5. DEPENDENCE OF THE ENERGY 
OF AN ELECTRON IN THE LATTICE 

ON QUASI-MOMENTUM

The dependence of the energy on the momentum of an électron at 
application of a weakperiodic potential Veff(r) may be considered 
in the simplest way on a one-dimensional model in which the
energy e dépends only on one component of the momentum p. We 
shall proceed from the law of dispersion for a free électron:

An application of a weak periodic potential Veff(x) cannot 
change substantially the law of dispersion at small momenta at 
large distances from the boundaries of the Brillouin zone. An élec
tron then moves as a free particle and its law of dispersion prac- 
tically does not differ from the parabolic relationship e =  p2/2 m0.

As the momentum approaches the boundary values ± — , the

électron wave is braked by the lattice, its velocity — de-
creases, and the effective mass of the électron increases. This re- 
sults in that the relationship e(p) deviates from the parabola 
p2l2m0 towards smaller values of e (Fig. 48).

At p =  p' (see Fig. 46a and b) where the effective mass turns
to infinity, tlie curve e(p) has a bend point ^_ , =  0 .

The relationship e(p) undergoes the greatest perturbation in
the vicinity of the boundary momentum. Since at p =  ±  — - the
velocity of the électron becomes zéro, the curve e(p) must appro-
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ach the boundary with the zéro slope of the tangent (Fig. 48):de
l p =  0

Let us consider in more detail the behaviour of the energy of an
électron near the boundary of the Brillouin zone.

The energy levels of an électron in a crystal at the momenta
sufficiently distant from the boundary of the Brillouin zone can be
calcul ated by the theory of perturbations; with the motion of a

free électron taken as the
motion not disturbed by a ->
periodic potential Ven (r ). The 
theory of perturbations 
makes it possible to détermine 
qualitatively the dependence 
of energy on momentum also 
in direct vicinity of the boun
dary of the Brillouin zone. 
We shall make a brief cal
culation by the theory of per
turbations for the one-dimen- 
sional model selected.

With a zéro approximation, 
the perturbation Veff (x) =  0 . 
The wave functions of the 
zéro approximation ^ ( x )  

obey Schrôdinger’s équation for a free particle:

<  (x) =  e<0)<> (x) (2.26)

and are plane waves: (x) =  Aeikx. The constant A is found
from the normalization condition

L L
5 1$»* (x) o|5<°> (x) dx =  A * \ d x = \
0 0

e

where L is the length of the “ crystal” in the selected one-dimen- 
sional model. The wave function i|40) (x) is of the form:

< 0) (x) =  - j j -  eikx (2.27)

With the,zéro approximation, the energy spectrum is quasi-con- 
tinuous:

e(0) h2k2 _  p2 2 m0 2m0 (2.28)
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Let us recall that k  can take a discrète set of values [see (2.7)]: 

k  =  —  n, where n =  ±  1 , ±  2 , . . .

According to the theory of perturbations, in order to find the 
energy and eigenfunctions in the first approximation, we hâve to 
calculate the matrix éléments of the pseudo-potential:

L

( V eif)k' k =  S ** '*  W  V en <*> « dx (2.29)
o

It can be demonstrated that the matrix éléments (Yeff)k,k are
other than zéro only at definite values of k '  and k.  Since Veff(x) 
is a periodic function with the lattice period a, it can be expanded 
into a Fourier sériés of the form

i 2n
Ve/f(x) =  E C ne ° nX (2.30)

n

Substituting (2.30) into (2.29) gives:

l e l 2n
(Veffh 'A  =  T \  e ~ ik' X Z C "e a ^  etkX d X =

0  at V =£k +  —  n 

Cn> at k' =  k +  —  n'

Thus, the matrix éléments differ from zéro only at k' =
O jr

=  é +  —  n ' . The correction eW(k) to the energy e<°)(é) in the 
first approximation is equal to the diagonal matrix element:

L
en> (k) =  (Veifhk =  v °a W  dx =  Ÿ°ff (2-32)

i.e. to the magnitude of the pseudo-potential averaged over the 
crystal. This correction is independent of wave vector. The energy 
spectrum of the électron in the first approximation of the theory of 
perturbations changes by a constant value Veff. This variation is 
not a principal one, since the constant shift of the energy levels 
Vefi can be accounted for by varying the origin of calculation of 
the energy.
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According to the theory of perturbations, the value of energy at 
the second approximation can be written in the form

e2 (k) =  8 ,0> (k) +  e"> (k) +  e"" (k) =

=  ^ ( k )  +  Veff +  Y jw

- e ^ W  +  V e f f+ Y ,
n

e<°i(fe)_e'°i (*')

_______ \ÇnV_______
e,0) (k) -  e,0) n)

(2.33)

The use of the theory of perturbations is only feasible when the 
disturbing potential Veff (x) is sufficiently low. The values |Cn | 2 
then are of the second order of smallness, so that the correction 
to the energy in the second approximation is inessential, provided
that the différence e{0](k) — e(0)(& +  -^ - n)  *s substantially greater
than |C „ |2.

Under the same condition, the wave function in the first approxi
mation ^ " (x )  differs only slightly from tf*’’ (a:):

< , ) w = < o,w  +  2
n

________ Ç_n________
e«°)(ik) - e(0> ( * + - ^ -  «)

(*) (2.34)

The states are of interest for which the différence e<°)(&) — 
— is comparable with |Cn |2. Namely these states cor
respond to the wave vectors which are close to the boundaries of 
the Brillouin zone.

Indeed, let e(0) (k) =  e(0) (k  - f  n ) . This equality implies that
fi2&2 fi2 / 2n \ 2 , , 2 , 2 i 4ji , . 4n%2 ,——  =  -s—  I k A------ n ) , whence k2 =  k2 A-------nk -)------ *— or k —
2 m B 2 m 0 \  a  J  ' a  ' a2

=  — -2-n. Thus, since n =  ±1 , ± 2 , . . . .  the equality of the éner

gies e(°)(fe) and e(0) {k  is observed for the momenta cor-
responding to the boundaries of the Brillouin zone. With a small 
différence between these energies the correction to the wave func
tion ^ ' ( x )  in équation (2.34) sharply increases. The free motion 
of the électron then undergoes a strong perturbation.

The maximum perturbation is observed when the denominator 
of the correction to the wave function ^ • (x )  becomes zéro. Ex
pressions (2.33) and (2.34) then become meaningless, since the 
condition of the applicability of the theory of perturbations is 
violated.
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With em)(k)->-s{0)(k  +  —  n),  the coefficient at ^ 0,+ ifL „ (#)
\  CL /  a

in (2.34) increases. This implies that the state ^ " (x )  becomes 
a mixed one, the proportion of the state \|)(31 2jl (x) in it being

k -\— —  n' a
not less than the proportion of the state (jc).

With the exact equality e,0) (k) =  e,0) n ') which corres

ponds to k =  — the level e<0)(Æ) is degenerated, since two 
different functions: ^  (x) and 2jl (x) correspond to one and

k + — - n' a
the same energy. Therefore, near the boundaries of the Brillouin 
zone, degeneration must be already taken into account in the zéro 
approximation, and the wave function t|)<°>(.x) must hâve the form:

f 0) (*) =  a<> (*) +  M>‘°> 2„ (x) (2.35)
k + —— n ' a

where a and p are unknown coefficients.
With no degeneration, p ■< a; for degenerated states, a and p 

are values of the same order.
Let the wave function (2.35) be substituted into Schrôdinger’s 

équation for a disturbed System

< 2 - 3 6 >

We also take into account that ^  (x) and t|>,0) 2n (x) are the
k + ------nfa

solutions of the équation for a free électron (2.26). This gives the 
following relationship:

ae<°> (k) (x) +  Pe<°> (k +  —  n') ^  ^  (x) +
a

+  y effWiJ)«0'W  =  e r ,W  (2.37)

Let us dénoté for convenience:

< '( * )  =  V 0) 2n (*) =  %
k-\-------n'a

e,0) (k) =  et, e,0) ( k - f  —-̂ n ') =  e2

Equation (2.37) w ill then take the form

a e ,^  +  pe2a|)2 +  V eff (av^ +  pi|)2)  =  e (cn|), +  p*|)2)



94 Ch. Two. The System of Valence Electrons

Multiplying it from the left-hand side by and respectively 
and integrating by xy we get

or

+ P ( V *ff)l2==eCt
pe2 +  a (Velf)2l +  p ( V , ^  =  ep

( ^ ) 2,«  +  K  +  ( ^ ff)2 2 - e ]P  =  0
(2.38)

The System of linear homogeneous équations (2.38) relative to 
a  and p has a non-trivial solution only when the déterminant of 
the System turns to zéro:

O'*),.
O'.»).,' h + =  0 (2.39)

This, in turn, gives an équation for determining the energy. Noting 
that

and

(V e ff ) l2  ( V e l f ) 2 l= \  C n ' P =

we hâve

8<°>(*) +  .<0> (*+ -Ç -» ')
e = ----------------ô---------------

( V  efî) Il — (V eff) 22 — V  eff 

L

X  J Velf W
2JI ,
"7“ n x ja d* (Ven) 2 n

Ven ±

(Ven) 2m , 2 (2.40)

It can be seen from (2.40) that at application of a perturbation 
Ven(x),  the energy of an électron has a discontinuity in a point
where e,0)(£) =  e<0,( 6  +  i.e. at the boundaries of Brillouin
zones. With approaching the boundary from the left- or right-hand 
side, the energy tends respectively to

„'•» (■ !■ » ') -|< V « ,) J , ,
I a

and e<0) ( - ^ n ,)  +  |(V .ff) j 2L
a

The magnitude of discontinuity of the energy at the zone bound
ary is 2 \ (Ve„)22_n> and becomes zéro only at Ven (x) =  0 . Ener-
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gy discontinuities at boundaries of Brillouin zones are équivalent 
to that the energy spectrum of an électron in a métal has for
bidden states (and the corresponding forbidden values of the 
energy). The interval of forbidden energies coïncides with the
magnitude of the discontinuity 2 2n

ectron on momentumThe dependence of the energy e of an el 
under account of energy discontinuities at boundaries of Brillouin 
zones is shown in Fig. 49. The 
dotted Unes in the figure show 
the relationship e<0)(/?) for a 
free électron.

As has been noted in Sec.
2-3, Chapter Two, the values of 
momentum in the first, second, 
etc. Brillouin zones are physi- 
cally équivalent. But physically 
équivalent values of momentum 
must hâve in correspondence 
the same values of the energy.
In order to satisfy this requi- 
rement, we translate (shift) 
the équivalent halves of the
zones (the intervals 0  —  ;

~~a~ ~~a~~ ’ e*c#)  anc* resPective sections of the curve e(p)

with a period
As a resuit of this translation, the picture shown in Fig. 49 w ill 

be transformed into the one illustrated in Fig. 50. The energy then
becomes a periodic (w ith a period of and multiple-valued
function of momentum. Bands of allowed states of energy are 
formed in the energy spectrum, which are termed energy bands 
(the first, the second, etc.), separated by intervals of forbidden 
energy values. The dependence of energy on momentum then re
mains single-valued only within the limits of each energy band.

What has been done above with the momentum-energy relation
ship should be regarded as the method of transition from the con- 
tinuous energy spectrum of a free électron to a banded energy 
spectrum of an électron in a weak periodic field of an effective po- 
tential. The fôllowing aspect then requires spécial attention. If the 
Brillouin zones are considered from the standpoint of possible 
values of the momentum, then one can lim it oneself to the first 
zone, since in that sense ail the zones are équivalent and the first 
zone includes ail the physically different values of momenta.
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But in order to construct energy bands (Fig. 50) we hâve to con- 
sider a number of Brillouin zones. The relationship e(p) in the 
first Brillouin zone has resulted, after translation, in the construc
tion of the first energy band. The same relationship in the second 
Brillouin zone has made it possible to construct the second energy 
band, etc.

The one-dimensional model considered makes it possible to élu- 
cidate the main qualitative peculiarities of the momentum-energy 
relationship for an électron in a crystal. They consist in that ener
gy discontinuities appear at the boundaries of the Brillouin zones, 
because of which the continuous energy spectrum of a free élec
tron is transformed into a spectrum consisting of energy bands 
separated by intervals of forbidden values of energy.

This picture of band spectrum becomes substantially more com- 
plicated in cases of two or three dimensions. This is connected 
with the distances to the boundaries of Brillouin zones becoming 
dépendent on the direction of momentum, and therefore, the rela
tion between energy and momentum becomes different for different 
directions in the lattice.

The boundaries of the Brillouin zones for a two- or three-dimen- 
sional crystal are respectively the straight Unes or planes in
p-space on which the energy of an électron undergoes a discon- 
tinuity. The interférence between the incident électron wave and 
that reflected from atomic planes results in that standing waves 
are formed in directions perpendicular to the atomic planes; runn- 
ing waves can only propagate along atomic planes.

For that reason, the normal component of the velocity of the -> /  de \
électron (vg)n =  ( —  ) turns to zéro at the zone boundaries. This V dp /» >
results in that the constant-energy surfaces e (p )= co n s t cannot 
touch the boundaries of the Brillouin zones and must intersect the 
latter in the direction of a normal to the boundary. In other words.
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fl normal to a constant-energy surface e(p) =  const coinciding in
direction with the velocity of électron vg =  grad >e at the bound-
ary of a Brillouin zone must be located in the plane of that bound- 
ary.

In a two-dimensional case, the boundaries of a Brillouin zone 
intersect each other in certain points. The components of the vec- 
tor gradue must evidently turn to zéro in those points, and the
energy of the électron attains a relative maximum (or minimum).

In a three-dimensional case, two boundaries of a Brillouin zone->
intersect along a certain straight line. The vector ug =  grad->e
can hâve a component other than zéro only along this line. In the 
common point belonging to the three boundaries (at the vertex of 
the zone), grad->e= 0  and the energy also attains a relative

p
maximum (or minimum).

When calculating the energy of an électron in the vicinity of 
the vertices of the zones by means of the theory of perturbations, 
we hâve to take into account that the levels at the vertices undegro 
quadruple degeneration. The wave function of the électron at the 
zéro approximation near a vertex must be the sum of four 
items with the wave vectors entering the équation of the three 
boundaries intersecting at the vertex. This gives a fourth-order 
équation [similar to équation (2.39)] to détermine the energy of 
the électron.

The energy of an électron is a periodic multiple-valued function 
of momentum, irrespective of the number of dimensions of the 
lattice for any direction in the crystal. The general pattern of the 
momentum-energy relationship for a selected direction is shown 
in Figs. 49 and 50.

2-6. CONSTRUCTION OF BRILLOUIN
ZONES

In Sec. 2-3 of this chapter we hâve defined the Brillouin zones 
for the simplest one-dimensional model of crystal (see Fig. 42) 
and also the first Brillouin zone for a plane square lattice in a two- 
dimensional case and for a cubic lattice in a three-dimensional 
case. Let us pass over to the construction of Brillouin zones of any 
number for cases of two and three dimensions.

In order to demonstrate the method of geometrical construction 
of Brillouin zbnes, we w ill consider a two-dimensional crystal with 
a simple square lattice having the period a (Fig. 51). The bound-
aries of the Brillouin zones are the straight Unes in Æ-space on 
which the energy undergoes discontinuités. Therefore, to con-
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struct the general pattern of the zones, we hâve first to find ail
—V

these straight Unes in 6 -space.
Let us turn to the two-dimensional lattice chosen. For a two- 

dimensional periodic structure we can plot various families of équi
distant parallel straight Unes, what are called “ network” Unes, on 
which ail atoms of the structure are located (Fig. 52). Generally 
speaking, the number of such families may be infinité. The con
struction is convenient to be started from the families of “ network" 
lines which pass at the maximum distances from each other and

then go over to families of lines passing doser and doser to each 
other. In the case considered, two families of the first kind are 
possible: the one consists of lines perpendicular to the x axis (the 
distance between the lines a\ =  a), and the other is formed by 
lines perpendicular to the y axis (solid lines in Fig. 52). It can be 
easily seen that no other families with the period a can exist.

Then follow two families of lines located at distances a2 =
V 2

from each other (diagonal dotted lines in Fig. 52).
Next follow four équivalent families of straight lines. One of 

these families is shown in Fig. 52 by dot-and-dash lines. The 
straight lines constituting this family pass at distances of
a3 =  —7=̂  from each other.V5

Let us consider one of the families plotted in which the network 
lines pass at a distance a4 from each other (Fig. 53). Let an élec
tron with the wave vector move perpendicular to the lines of
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this family. At the values of the vector kt =  ±  —  n, the energy
ai

undergoes discontinuity (the électron is reflected by the lattice). 
These values of the wave vector détermine the position of the 
boundaries of the Brillouin zones in the given direction.

We choose the origin of coordinates in é-space and draw a line
through it which is parallel to vector kt. We mark the points ± —  n

at
on that line and draw perpendiculars through them (Fig. 54).

These Unes are the Unes on which 
the energy undergoes discontinuity. 
(For ail the vectors passed from the

-y
origin of coordinates in é-space to 
any point on these Unes, their pro
jection into the chosen direction of

Fig. 53

Ttk{ is equal to ±  — n. Therefore, the component of the velocity of
ai .>

motion of an électron along the direction kx turns to zéro and 
the électron wave is reflected by the lattice.)

The greater the distance ax between the equi-distant “ network”
Unes, the doser the Unes of discontinuity of energy are located to->
the origin of coordinates in A-space. Since the first Brillouin zone
is the area (or the volume in a three-dimensional case) in A-space 
bounded by a combination of straight Unes (or planes) of energy 
discontinuities located most closely to the origin of coordinates, 
then it is clear that in order to construct this zone, we hâve first 
to consider the families of equi-distant straight Unes in the in itia l 
lattice which are at the greatest distance from each other.

Thus, the construction of the first Brillouin zone for the lattice 
shown in Fig- 51 must be started by using two mutually perpendi- 
cular fahuiies of Unes with the maximum distances between them 
equal to the lattice period a. Let us consider the wave vectors of 
the électron which are orthogonal to each of these families (vec
tors kx and kv in Fig. 51).
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We draw straight lines parallel to vectors kx and kv through
the origin of coordinates in è-space. We draw lines through the

points corresponding to the values of wave vector fct* = ±  — n
(where n = \ ,  2 , 3, . . . ) ,  perpendicular to these lines. Note that 
these latter fines are parallel to the chosen families of “ network” 
lines in the crystal lattice, but the distance between them is in- 
versely proportional to a (Fig. 55).

TT ' a ;9O
Tt~ a

Fig. 55

The next two families of “ network” lines with the period equal
to a /V ^  (diagonal families in Figs. 52 and 56) w ill give the lines->
of energy discontinuity in Espace located at an angle of 45 de- 
grees to those constructed earlier and passing at distances

db — n from the origin of coordinates (Fig. 57).
Similarly, we can construct a set of lines of energy discontinuity 

corresponding to four families of “ network” lines having the pe
riod a \ V 5 , etc.

Continuing the construction further, we can plot in Espace ail 
the possible lines of energy discontinuity that are more and more 
distant from the origin of coordinates as the period of engendering 
“ network”  lines becomes smaller. But, as w ill be clear later, plot- 
ting of a large number of various families of lines of energy dis
continuity has no practical meaning.

We can nôw construct the Brillouin zones since the boundaries 
separating these zones hâve been defined. As has been indicated,
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lhe first Brillouin zone is an area bounded by a set of energy dis- 
continuity Unes that are located most closely to the origin of co- 
ordinates. The second Brillouin zone is a set of areas adjoining 
lhe boundaries of the first zone and equal in area to the first zone. 
Similarly, the third zone consists of areas adjoining the boundaries 
of the second zone and is equal in area to the second zone.

It can be taken conditionally that the first Brillouin zone adjoins 
a zéro zone which has degenerated into a point at the origin of

coordinates. Under such an assumption, the methods of construc- 
ting each zone become similar. The first four Brillouin zones for 
a two-dimensional square lattice are shown in Fig. 58. The first 
zone is shown shaded at 45 degrees to the axes, the second, by 
vertical shading, the third, by horizontal, and the fourth is left 
unshaded. As can be seen from the figure, ail the zones beginning 
from the second become multi-bonded.

The construction of Brillouin zones for a three-dimensional case 
is similar to that just described and reduces to finding the set of
planes of energy discontinuity in 6 -space and to classifying (by 
zones) the régions bounded by these planes.

Let us construct, as an example, the first Brillouin zone for a 
face-centered cubic lattice [such a lattice hâve alkali metals at room 
température (Fig. 3)]. For this, we first find the families of “ ne- 
twork” surfaces located at the greatest distance from each other. 
Such families are formed by diagonal planes, one of which is 
shown in Fig. 59. The distances between these planes are equal to 
a / V 2. In the case considered, there may be six équivalent fami-
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lies of this type (half the number of edges of the cube). The sur
faces of one of these families are parallel to the plane passing 
through edges 5 and 7 of the cube (Fig. 59). The planes of the 
second family are parallel to the plane passing through edges 6 
and 8, those of the third, to the plane passing through edges 10 
and 12, etc.

We draw straight lines through the origin of coordinates in 
Æ-space in the direction of wave vectors perpendicular Jo each of 
the six families of “ network” surfaces. At a distance V 2  nja from

the origin of coordinates, we plot the planes perpendicular to these 
straight lines (each pair of these planes is parallel to one of the 
families of “ network” surfaces, or in other words, each family of
“ network” surfaces with the period a / V 2  engenders in é-space 
parallel planes of energy discontinuity passing at distances

2 jt from each other).
The intersections of twelve such planes confine the volume of 

the first Brillouin zone which has the form of a rhombic dode- 
cahedron (Fig. 60). Two families of diagonal planes perpendicular 
to the xy plane (in Fig. 59, these are the families passing through 
edges 1-3 and 2-4) engender four faces which are shown shaded 
in Fig. 60. The remaining four families of planes located at an an
gle of 45 degrees to the xy plane engender eight non-shaded faces. 
Two planes of energy discontinuity located symmetrically relative 
to the origin of coordinates correspond to each family. The centres



2-6. Construction of Brillouin Zones 103

of ail faces of the rhombic dodecahedron of the first zone are lo-
a/2 JTcated at an equal distance —------  from the origin of coordinates.

Let us now construct the first Brillouin zone for a face-centered 
cubic lattice (Fig. 4). Such a lattice is characteristic, for instance, 
of gold, silver, and copper. In this case the families of “ network” 
surfaces passing at the greatest distances from each other are the
planes located at distances af'y/3 apart (two such planes are 
shown shaded in Fig. 61). Each of such planes includes the diago- 
nals of three faces of the cube with the common vertex. There are

four families with the period a/^ /3 .  In the wave vector space, 
they w ill give eight planes of energy discontinuity spaced at

from the origin of coordinates.
The second group of families of “ network” surfaces is characte-

rized by the period

cubes and parallel planes passing through the central atom of a
face. In é-space, these families w ill give six planes perpendicular to

2jtthe axes kx, kv, kz and spaced at —  from the origin of coordinates. 

Thus, eigtjt planes of the first type (w ith  the period 2 ^ 3 n)and

six planes of the second kind (w ith  the period by intersecting
with each other, confine the volume of the first Brillouin zone of 
the face-centered cubic lattice in the form of a cubo-oçtahedron

< and consists of the faces of
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(Fig. 62). By selecting the families of “ network” surfaces with a 
period smaller than a/2 and constructing the corresponding sur
faces of energy discontinuity in Espace, we can plot the second 
zone adjoining the first one, etc.

Here, as in the two-dimensional case, ail the zones beginning 
from the second become multi-bonded. But the sum of ail the 
volumes relating to each zone is constant and equal to the volume 
of the first zone.

To conclude this section, we shall construct the first Brillouin 
zone of a close-packed hexagonal lattice (Fig. 5). Let us recall

Fig. 62 Fig. 63

that this lattice is characterized by the ratio cfa equal to 8_ _  
3 ~

»  1.633 (see Sec. 1-2 , Chapter One).
Hexagonal crystalline structure is found in many bivalent me- 

tals (béryllium, magnésium, zinc, cadmium) and some trivalent 
metals (yttrium and thallium). The lattices of these metals hâve 
a c\a ratio close to that indicated for the close-packed hexagonal 
lattice. For instance, according to Barrett [37], for thallium at 
the température of liquid hélium, c/a =  1.593. Thus, the idéal close- 
packed hexagonal lattice is a sufficiently good model of the crys
talline structure of the metals indicated.

Let us consider the geometry of the close-packed hexagonal 
lattice. The axis of symmetry coinciding with the axis of any of 
the hexagonal prisms in the lattice (Fig. 5) is a spiral axis 6 3, 
which is usually denoted as the c axis. The planes perpendicular 
to this axis are termed the basal ones. The “ network’’ surfaces pa- 
rallel to one of the basal planes are located at distances c/2 from
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cach other. In é-space, these surfaces engender the planet of ener-
gy discontinuities which are orthogonal to the wave vector kc 
directed along the c axis. The family of such planes of energy dis

continuities has the period -y -. The two planes of the family, 
which are the closest to the origin of coordinates of fe-space, bound
the first Brillouin zone in the &c-direction.

In order to construct the boundaries of the first Brillouin zone
in directions perpendicular to kCy let us consider one of the “ net
work” surfaces which is parai- 
lel to the basal plane (Fig. 63).
The atoms located directly on 
the given “ network” surface 
are shown in dark circles here, 
while the bright circles show 
the projections onto this sur
face of the atoms located on 
the neighbouring “ network” 
surfaces shifted a distance 
=t=c/2 along the c axis. Shown 
separated in the figure is one 
of the hexagons in the basal 
plane in whose vertices and 
centre are atoms of the lattice 
(shown as dark circles).

Let us consider various fa- 
milies of “ network” surfaces 
parallel to the c axis. Among 
them there are six families 
whose surfaces are located at the greatest distance from each 
other. One of these families passes over into any of the remaining

2jtfive families at rotation through an angle ±  where n =  1, 2 ,
3, 4, 5, about the c axis. The period of a family is equal to a/2 . The 
dot-and-dash line in the figure shows the Unes of intersection of the 
basal plane with the “ network” surfaces of two of the indicated 
families, which are directed at an angle of 60 degrees to one another.

In the wave vector space, the “ network” surfaces of each of the 
families described with the period a/ 2  engender planes of energy
discontinuité located at distances of — . Six such planes, which 
are symmetrical relative to the kc axis and the closest to the origin 
of coordinates of Espace, together with the two closest planes per
pendicular to kc, form a hexagonal prism (Fig. 64).
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The sides of the right hexagon in the base of the prism are
equal to and the height of the prism is — .

V3 a c
When considering various families of “ network” surfaces di- 

rected at different angles to the c axis (other than zéro or 90 de- 
grees), we can easily see that there are no planes of energy dis-

-V
continuity in ft-space that intersect the hexagonal prism construct- 
ed. Thus, the surface of the prism consists of the planes of energy 
discontinuity that are closest to the origin of coordinates, and the 
prism itself is the first Brillouin zone of a close-packed hexagonal

4jtlattice. The ratio of the height of the prism —  to the side of the

base—^ — is — æ 106.
V3 a  c

Note that the hexagonal prism corresponding to the first 
Brillouin zone is turned through an angle of ±30 degrees about
the kc axis relative to the in itia l hexagonal prism in the crystal 
lattice.

2-7. THE RECIPROCAL LATTICE. THE WIGNER-SEITZ 
METHOD FOR CONSTRUCTING THE FIRST

BRILLOUIN ZONE

Construction of the first Brillouin zone has another geometrical 
aspect. To elucidate it, we first introduce the concept of the recip- 
rocal lattice.

Condiser a crystal lattice where the principal translations are
given by vectors a, b, and c (Fig. 65). A reciprocal lattice w ill be
the one with the vectors of the principal translations a*, b*, and c* 
which are determined as follows:

p  _  [&•?] p  __ [a-c) p  _  fa-N
(a [6 • c] ) (b [a • c] ) (c [a -6 ))

(2.41)

As is known frorn analytical geometry, the magnitude of a scalar ± ± ±
triple product (a[è-c]) is equal to the volume of a parallelepiped 
constructed on the vectors a, b, and c. The magnitude of vector 
product | [6 - c] | gives the area of the base of the parallelepiped, i.e. 
the area qf the face which contains the vectors b and c (see

-> \b • c]
Fig. 65). Therefore, the vector a* =  ->. h>. -> ■ which is perpendicu-

(a[ô-c])
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lar to the base, is equal in magnitude to l/h, where h is the height 
of the parallelepiped.

The faces of the parallelepiped containing the vector pairs a and
—>• ->•
b, b and c, or a and c, as also their parallel faces, coïncide with 
the planes of the three families of “ network” surfaces of the crystal.
Each of the vectors a*, b*, and
c* determining the reciprocal 
lattice, is orthogonal to one of 
those families and is equal in 
magnitude to the inverse dis
tance between the “ network” 
planes of the family. This pro- 
perty of the vector of a recip
rocal lattice makes it possible 
to use the following technique 
for constructing this lattice. Let it be explained by an example of 
constructing the reciprocal lattice for a face-centered cubic lattice.

We consider the atoms located on the faces of a single element- 
ary cell (Fig. 6 6 ). Two types of families of “ network”  surfaces

z

Fig. 66

with the periods a/-\/3 and a/2 pass through these atoms. Three 
families of planes with a period a/2 , which are perpendicular to 
the Carfesian axes, define the three vectors of the reciprocal lattice 
coinciding in direction with the Cartesian axes. Each of these
vectors, a*, ay, or a*, is equal in magnitude to the inverse dis
tance 2 la between the planes (Fig. 67).
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The four families of “ network” surfaces with the period a /V 3» 
which are perpendicular to the four body diagonals of the cube,
define the four orthogonal vectors of the reciprocal lattice b*v b],

and These vectors start at the vertices of the elementary

cube of the reciprocal lattice constructed on vectors a*, a*, and

az, are directed along its body diagnonals, and end in the centre
of this cube. Since they thus 
define only one node of the re
ciprocal lattice, i.e. the centre 
of the elementary cube, it is 
sufficient to use only one of the
four vectors b\, 6 *, b], and b\,

for instance, &* =  &* (Fig. 67).
The construction we hâve 

made shows that for a face-cen- 
tered lattice with the period a 
the reciprocal lattice is a body- 
centered lattice with the pe
riod 2  fa.

Here is another example of 
constructing a reciprocal lat
tice. Let the direct lattice be a 
body-centered lattice with the 
period a. The resuit can be ob- 
tained without geometrical con

struction. It follows from the fact that the formulae for the vectors 
of the reciprocal lattice (2.41) are réversible. The vectors of the 
direct and reciprocal lattices are mutually réversible: if we form

\b*  • c*]three combinations of the type ;  ^  J.— etc. from the vectors

a*, b*, and c* and substitute them into expressions (2.41), we-> -> ■>
then obtain vectors a, 6 , and c. Therefore, for the body-centered 
lattice with the period a, the reciprocal one w ill be a face-centered 
lattice with the period 2 la.

The same resuit w ill now be obtained by geometrical construc
tion. For this, we consider, as before, the atoms located in the 
vertices of an elementary cube and in its centre. One cell defines 
only two types of families of “ network” surfaces with the periods
a /V 2  and‘a/2. The planes of the families with the period a/ 2  are 
perpendicular to the Cartesian coordinates. One of these planes 
is shown in Fig. 6 8  as thç shaded horizontal plane. The diagonal
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shaded plane in the figure belongs to one of the families with the 
period a /V 2 -

The vectors a\, a2, and a* corresponding to the three first 
families with the period a/2 are directed along the Cartesian axes 
of the space of the reciprocal lattice. The magnitude of these 
vectors is 2 /a; these vectors define an elementary cube of the reci
procal lattice (Fig. 69). The six diagonal families of “ network” 
surfaces with the period a / V 2  hâve respectively three different

directed from the vertex of the elementary cube to the centres of 
the three faces for which the given vertex is the common one. The
six vectors a*, av  aj and b\, b2, 6 * define the nodes of a face- 
centered lattice with the period 2 /a.

These geometrical constructions of reciprocal lattices show that 
the space of a reciprocal lattice is closely linked with the phase 
space or wave vector space. (The space of a reciprocal lattice in
its dimension is identical to é-space).

By comparing the construction of reciprocal lattice with that of 
Brillouin zones, which has been described in Sec. 2 -6 , Chapter 
Two, we can conclude that the surfaces of energy discontinuities 
in the wave vector space are orthogonal to the vectors of the 
reciprocal lattice. It has been found for the one-dimensional model 
of a crystai (see Sec. 2-5, Chapter Two) that the location of ener
gy discontinuities in fe-spaee is determined by the equality em(k) =  
=  e(0) ( k +  • By a similar calculation of the wave fonction
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and energy of an électron for a three-dimensional case, it may be
shown that the surfaces in Espace on which the energy undergoes 
a discontinuity are also determined by the equalities

e(0) (k) =  e<°> ( I  +  2ng) (2.42)

where g is one of the vectors of the reciprocal lattice. Since 

e(°>(é)= it then follows from (2.42) thatZtTÏQ

\%? =  \%¥ -\-2 - 2n (kg) +  4n2| g P
or

(k +  n £ g )  =  0 (2.43)

Condition (2.43), which détermines the location of the surfaces of
energy discontinuity in A-space, has a clear geometrical and phy- 
sical meaning. To show this, we construct a vector diagram cor- 
responding to (2.43). For this, we place the origin of calculation
of wave vector k into the point 0  coinciding with the end of vector -> ■>
2ng. We draw a plane B perpendicular to vector 2itg through its 
middle (Fig. 70). Any vector lying in this plane is perpendicular
to vector 2ng or g. But a vector lying in the plane B is equal to
the sum of vectors ng and k, if k ends in plane B. Thus, the end
of vector k satisfying équation (2.43) gives ail the points of plane
B. In order to find ail the possible values of k satisfying (2.43),
it is necessary to give ail the vectors g of the reciprocal lattice.
Vectors g are expressed through the basis of the reciprocal lattice
-> ■>
a*, b*, and c* as follows:

g =  riiCt* +  n2b* +  n3c* (2.44)

where nt, n2, n3 are whole numbers. The combination of the planes
passing through the middles of vectors 2 ng and perpendicular to 
them gives, therefore, ail the planes of energy discontinuities in
fe-space. Note that the space of the reciprocal lattice differs from
fe-space only in that the scale of axes is changed by a factor of 2 n.

These considérations make it possible to suggest the following 
simple method for constructing the ftrst Brillouin zone. For the 
given lattice, we construct the reciprocal one, after which the scale
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of space of the reciprocal lattice is changed by a factor of 2 n,
which allows us to pass over into fe-space. Any selected node of 
the reciprocal lattice is then connected by straight lines with the 
nearest neighbouring nodes, 
and perpendicular planes are 
drawn through the middles of 
the sections obtained. The vo
lume confined within these 
planes w ill be the first B ril
louin zone.

This construction of the first 
Brillouin zone, which is essen-
tia lly  a unit cell in è-space 
bounded by the planes of ener- 
gy discontinuity that are the 
nearest to the given node of 
the reciprocal lattice, was first 
proposed by Wigner and Seitz.
Because of this the first B ril
louin zone is sometimes called 
the Wigner-Seitz cell in recip
rocal space. Wigner-Seitz cells 
constructed near each node of 
a reciprocal lattice tightly fill 
the whole reciprocal space.

As w ill be shown later, the 
géométrie frame obtained in
such manner plays the most important part in the construction 
of Fermi surfaces by Harrison’s method in the scheme of repeat- 
ing zones.

2-8. FILLING THE BRILLOUIN ZONE 
WITH ELECTRONS

Having determined the position of surfaces of energy disconti-
nuity in k -  or /7-space and the Brillouin zones for lattices of vari- 
ous kinds, we can begin to construct the energy spectrum of élec
trons *). Our aim is to find the boundaries of Fermi distribution of 
électrons, i.e. of the Fermi surface, since only the électrons located 
sufficieutly close to this surface can interact with external fields.

!) &-and p-spaces differ from one another only in the scale factor ht 

since p =  hk.
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For construction of the Fermi surface in p-space, it is immaterial 
whether électrons in the métal are a Fermi gas or a Fermi liquid, 
since in both cases they obey the Fermi-Dirac statistics and each
électron occupies a definite volume in p-space.

In order^o reveal the mechanism of formation of complex cons- 
tant-energy surfaces in the zones, we w ill carry out a mental ex- 
périment on filling the Brillouin zones with électrons by consider- 
ing, as an example, a plane square lattice with the period a. Con- 
sider how the Fermi surface w ill change at an increase of the 
number of électrons.

As has been shown earlier, the first Brillouin zone for a plane
square lattice is a square of side located symmetrically rela-

tive to the origin of coordinates in espace. In the centre of the 
first Brillouin zone there is the minimum of energy, since e is
equal to zéro when p =  0 .

We choose two directions from the centre of the zone (Fig. 71):
1 — to the nearest point c on the boundary (this direction coïncides 
with the direction of the axes px and pv) and 2 — to the most dis
tant point of the boundary in the direction of diagonals of thep2
square. A departure from the parabolic relationship e =  — - be-
gins near the zone boundaries, and the earlier, the greater the
effective potential Fc//(r) , i.e. the greater the magnitude of energy 
discontinuity at the zone boundary (see Fig. 49).

On the other hand, at small momenta, near the centre of the
first zone, the law of dispersion is sufficiently close to the quadra-

«2
tic law e==2m ’ so ^ a t  constar,t energy surfaces (constant-

energy curves in the two-dimensional case considered) e(p) =  
— const can be approximated with circles of a radius

p =  V  2  m0e

The distances from the origin of coordinates to the boundaries 
of the first Brillouin zone along the two directions_selected, 1 and
2 (Fig. 71), are respectively equal to and . The reia.
tionships for e(p) along each of these directions are shown in 
Fig. 72 (curves 1 and 2).

In the direction 1, the boundary of the zone is located doser by 
a factor V 2  «  1.41 than that in the direction 2, owing to which 
the departure of the function e(p) from parabola occurs at smaller
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values of momentum in the first casé. In the région of small 
momenta (when p is smaller than a certain value p' corresponding 
to the energy e' of an électron), curves 1 and 2 in Fig. 72 practi-

p2
cally coincide with one another and with the parabola e =  ^ —.
With p >  p', curve / passes below curve 2, so that for the same 
energy (for instance e =  e") the momenta along direction 1 (/?") 
are greater than those along direction 2 (p").

This means that the constant-energy surfaces e(p) — const, which 
were concentric circles of radius p =  V 2 w0eat e <  e', begin to 
be attracted, as it were, to the middles of the boundaries of the 
Brillouin zone that are located most closely to the centre of the 
zone. The degree of distortion of constant-energy curves is deter- 
mined by how near they are to the boundary of the zone, and also
by the magnitude of the pseudo-potential Veff(r). It is évident
that with Ve/ f( r)— 0 there w ill be no distortion, and the boun
daries of the Brillouin zones w ill vanish.

The size of a constant-energy surface dépends on the number 
of électrons. With an increase of this number, the boundary energy 
of Fermi-distribution increases. At the same time, the volume of
p-space botjnded by the Fermi surface e ( p ) = e F also increases,
since the volume of p-space per each two électron states is a
constant equal to —2-^-—. Therefore, when mentally filling the
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Brillouin zone with électrons, \ve bring the constant energy surface 
nearer to its boundaries ]).

At an increase of the concentration of électrons, the “ projec
tions” of the distorted Fermi circle corne nearer to the boundaries 
along the four équivalent directions 1. Since a Fermi surface can- 
not touch the boundary of the Brillouin zone, then, with a definite 
small distance between the “ projections” and the boundary in 
points c, the constant-energy curve should undergo qualitative 
reconstruction. As a resuit of this reconstruction, the normal to 
the curve near the zone boundary becomes parallel to the boun
dary, and the curve itself, which has been closed, now breaks and 
crosses the boundary at right angles. There occurs a qualitative 
change of the topology of the constant-energy curve so that the 
closed single-connected curve passes over into a multiple-connected. 
A similar change occurs in a three-dimensional case: a closed
single-connected Fermi surface in p-space passes over into a mul
tiple-connected one.

The nature of further variation of the Fermi line at an increase 
of the concentration of électrons dépends on the magnitude of 
energy discontinuity Ae =  2 | at the zone boundary. The
problem is no more single-valued, and two different possibilities 
arise:

1. The energy discontinuity Ae is so great that the minimum of 
energy in the second energy band e^ln is higher than the maximum 
of energy in the first energy band e j^ .  Note that the maxima of 
energy in the first Brillouin zone are located in its corners, while 
the minima of energy in the second Brillouin zone are in the four 
équivalent points c corresponding to the following values of the
momentum: px = ± : ^ -  and py =  0; px — 0 and py =  ±  — . In
that case, with an increase of the concentration n of électrons, it 
is profitable from the standpoint of energy that ail the permitted 
states in the first zone were filled.

The total number of permitted states in the zone is twice the 
number of atoms 2N. This can be easily shown, for instance, for 
a simple cubic lattice with the period a. Indeed, the volume of each
Brillouin zone V+ in p-space is equal to the volume of a cube

P

with the side j e y.* =  . The volume of one elec-a p v a )
(2nfi) 3tron state twice degenerated by the spin is v , where V is

*) An experiment on filling the zone with électrons is principally feasible. 
The number of valence électrons may be varied by introducing some or other 
amount of an impurity of a greater valence (donor impurities) into the métal. 
For semi-metals Bi, As and Sb, such an impurity may be, Te or Se.
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the volume of crystal. Thus, the number of électrons filling the 
^  K

ZOneis 2  (2nh)VV • or =
Passing to a unit-volume crystal, it may be concluded that the 

first Brillouin zone must be completely filled with the concentra
tion of électrons twice the concentration of atoms in the lattice. 
This condition is satisfied for bivalent substances. In the case 
considered, bivalent substances are dielectrics or semiconductors, 
depending on the magnitude of the interval of forbidden energies 
between the bands, which is equal to the différence eJJ. — e1 a .* ~ min max
Location of the bands at >  ejnax is shown schematically in 
Fig. 73.

t

Fig. 73 " Fig. 74

2. The energy discontinuity Ae is not large and the minimum of 
energy in the second band lies below the maximum of energy in 
the first zone (e” n <  e^ax, Fig. 74).

In that case filling of the first band proceeds only to the energy 
level e equal to e” ln. At greater values of e, it becomes energeti- 
cally profitable to fill the free states in the second band near the 
points c corresponding to the minimum values of energy (Fig. 71). 
The corners of the first zone then remain unfilled. With such a 
situation, bivalent substances are metals. These conditions are 
realized in ail the éléments of the group II of the Periodic Table. 
Elementary semiconductors or dielectrics with a valency of 2 are 
non-existent in nature.

2-9. FERMI SURFACES OF THE ELEMENTS 
. OF GROUP I OF THE PERIODIC TABLE

At filling the first Brillouin zone with électrons, the analysis of 
variation of constant-energy surfaces which has been made in 
the previous section, is sufficient to predict the most probable
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shape of Fermi surfaces for the éléments of group I of the Periodic 
Table. These include alkali metals (Li, Na, K, Rb) having a body- 
centered lattice at room température, and also the metals Cu, Ag, 
and Au having a face-centered lattice.

Let us start from alkali metals. The first Brillouin zone for a 
body-centered lattice was constructed in Sec. 2-6 of this chapter 
and has the form of a rhombic dodecahedron (Fig. 60) in which

ail the faces are equal and located at the same distance
from the centre of the zone, where a is the period of the lattice.

In alkali metals, N valence électrons fill one half of the volume 
of the first zone. Let us assume that the part of the space of the 
first Brillouin zone which is filled with électrons is bounded by 
a Fermi surface sufficiently close to a sphere, and let us calculate 
its mean radius pF. The latter is found from the equality

The volume of the Brillouin zone V+ (the volume of the rhombic
p

/  2 n f j  \ 3
dodecahedron) is 2  I — —J , whence

/  6 \ ' l» nh , nin nhpF =  ( — ) -----«  1.242----\  n }  a a

The minimum distance between an idéal Fermi sphere of the 
same radius and the boundary of the first zone is

V 2 — — p,«0.172-2j-

In other words, the radius of the Fermi sphere pF constitutes 
approximately 8 8  per cent of the minimum distance from the 
origin of coordinates to the boundary of the first Brillouin zone. 
Since the magnitude of effective potential, generally speaking, is 
not great, we can expect that with such a relatively large distance 
from the Fermi sphere to the faces of the Brillouin zone their 
distorting effect on the shape of the Fermi surface w ill also be not 
great.

But the radius of the Fermi sphere is not so small as to make 
completely unnoticeable the distortion of the real constant-energy 
surface in alkali metals at close distances to the zone boundary. 
The expected small déviations of the Fermi surface from the 
sphere shoutd evidently hâve the form of twelve projections located 
in the directions of the shortest distances from the centre of the 
zone to its faces (Fig. 75).
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A small déviation of the Fermi surface from the sphere can be 
characterized qualitatively by the anisotropy of this surface

AS
S 2 (5max *Smin) 

(5max "F ^min)

where 5max and Smi„ are the maximum and the minimum areas 
of the section of the Fermi surface with the planes passing 
through the centre of the Brillouin zone. For a sphere, evidently,

The values of anisotropy of Fermi surfaces for alkali metals, 
found experimentally by Shoenberg [55], are given in the table 
below

Métal Na K Rb Cs

0.2 0.6 0.7 1.4

As w ill be seen from the table, anisotropy of Fermi surfaces 
does not exceed 1.5 per cent, so that replacement of a real Fermi 
surface with a sphere gives only an ins ign ifiant error. An in- 
crease of the anisotropy AS/S together with the atomic number in 
the alkali métal row indicates to an in-
crease of the pseudo-potential Veff(r) 
as a resuit of more complicated shape 
of atomic structures. The effective mass 
m* of électrons in alkali metals, as 
should be expected, must be close to 
the mass of a free électron. Measure- 
ments hâve shown that for ail alkali 
metals1) m* «  ( 1 .0 - 1.2 ) m0.

We now consider the metals of group 
I having a face-centered lattice (Cu,
Ag, Au). In this case the first Brillouin 
zone is a cubo-octahedron (Fig. 62) 
which is less symmetrical than the 
rhombic dodecahedron. The eight hexagonal faces of the zones 
which are the nearest to the centre extend from the latter at

a distance-.of six square faces are at a distance ^*0.
. < a n a

Fig. 75

4) The cause of the slight increase of the effective mass compared with 
the mass of a free elêctron will be discussed later»
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îrom the centre. The volume of the cubo-octahedron V+ is equal
\ 3  ^

----- 1 . It also is half filled with électrons. The radius pP

of an idéal Fermi sphere in this case is 1-56-^-- and
differs by only 9 . 8  per cent from the minimum distance from the 
centre to the zone boundary, which is approximately equal to
1.73-^-. In addition, because of the more complex shape of ionic

structures, the effective potential Veff (r ) of copper, silver and gold 
exceeds substantially Ve/f (r) of alkali metals.

Fig. 76

The greater degree of closeness of the Fermi sphere to the 
boundaries of the Brillouin zone, in combination with greater 
pseudo-potential, suggests that the Fermi surface near the centres 
of hexagonal faces must be substantially distorted. It has been 
found experimentally that the Fermi surface near these points 
opens and adhères, as it were, to the zone boundaries. This results 
in a qualitative change of the topology of Fermi surface, i.e. the 
closed single-bonded surface becomes an open one. Figure 76 a 
and b shows the Fermi surface in the first Brillouin zone for Cu, 
Ag, and Au and its section with a vertical plane of symmetry 
passing through the axis pz and the bisector of the angle between 
the axes px and py.

Since energy is a periodic function of momentum, the Fermi 
surface in first Brillouin zone which has been obtained must be
translated for the periods of the principal translations in p-space. 
This operation gives a surface which is open in four directions and
passes through the whole p-space. The shape of this surface and 
of its section with a vertical plane of symmetry passing through
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the bisector of the coordinate angle are shown in Figs. 77 and 78 
respectively.

Thus, the Fermi surfaces of copper, silver and gold form a 
System of spheres connected by thin “ necks” in the direction of

Fig. 78

body diagonals. This structure of the Fermi surface was first found 
experimentally by Pippard [28]. The spherical portion of the surface 
is called -lhè “ belly”  in the specialist literature. The diameter of 
the necks between spheres strongly dépends on pseudo-potential. 
With the growth of the atomic number in the Cu, Ag, Au sériés, 
the ionic structure of the métal becomes more complicated, which
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results in an increase of Vefj(r) and diameter of the “ neck” of 
the Fermi surface.

It has been indicated earlier that the body-centered lattice of
alkali metals is thermodynamically unstable and transforms into
a face-centered lattice at a réduction of température. It may be
expected at such a transformation, that the Fermi surfaces of the
body-centered phase which are close to the spheres must undergo
strong distortions in the directions of the centres of the hexagonal
faces of the Brillouin zone for the face-centered phase, i.e. in the
directions of the body diagonals of the cube.->

It is évident that if Veff(r) of alkali metals were the same as 
that of gold, silver or copper, the Fermi surface after such a 
distortion would corne so near the centres of faces that the sphere- 
like surfaces would break with the formation of an open surface, 
such as shown in Fig. 77.

But since the effective potential of alkali metals is lower than 
that of noble metals or copper, it is possible that the Fermi sur
face w ill be strongly distorted without becoming an open surface 
or with the formation of open surfaces with substantially thinner 
necks than with Cu, Ag, or Au.

Formation of an open surface is most probable for Cs, which
has the greatest Veff(r) among alkali metals.

2-10. HARRISON’S METHOD 
FOR CONSTRUCTING FERMI SURFACES

As has been mentioned earlier (see Sec. 2-3), Harrisons’s method
is based on that a weak pseudo-potential Veff(r) introduces only 
a small perturbation into the motion of a free électron in the whole 
phase space except the régions near the boundaries of the B ril
louin zones. The Fermi surface of électrons is a sphere if it is 
sufficiently far from the zone boundaries. Distortion of the Fermi 
sphere can only be related to the finite discontinuities Ae of the
energy at the boundaries, which are determined by the magnitude ■>
of Veff(r). Therefore, if Vefj(r) is very low, the Fermi surface 
remains spherical even in the direct vicinity of the planes of 
energy discontinuity.

In the final resuit, if Veff (r ) is made arbitrarily low, a sphere 
filled with électrons w ill not practically be distorted at the zone 
boundaries and at an increase of the concentration of électrons 
w ill grow in its volume without changing the shape. It means 
physically tHat if an energy discontinuity Ae at the boundary of 
the zones becomes substantially smaller than, for example, the 
energy of thermal oscillations ~ k T ,  then the band nature of the
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energy spectrum w ill hâve no effect on the motion of électrons. 
Because of thermal oscillations, électrons in that case can freely 
overcome the interval of forbidden energies, which actually is 
équivalent to the absence of the forbidden interval. Consequently,
with an arbitrarily low Veff(r ) the Fermi surface can cross the 
boundaries of a number of Brillouin zones without “ noticing” the 
structure formed by the planes of energy discontinuities.

We shall proceed as follows. First we assume that Veff(r) is 
negligibly low. In that case we can describe a Fermi sphere of 
any radius pF from the centre of the first Brillouin zone (i.e. a 
Fermi sphere comprising any number of électrons) which w ill 
cross without distortion a whole number of zone boundaries.

Now let Vefî (r) be other than zéro. This w ill resuit in energy 
discontinuities appearing at the zone boundaries and the surface 
of the sphere w ill be distorted in such a manner that w ill cross 
the boundaries at right angles. The sphere w ill then break into 
a number of pièces. Noting the periodicity of energy and translat- 
ing these pièces of the surface, we can construct constant-energy 
surfaces in various zones. This exactly is the principal idea behind 
Harrisons’s method for constructing constant-energy surfaces.

The main assumption in Harrison’s method is that a Fermi
sphere constructed at Ve/f (r) =  0 undergoes distortion at finite 
values of the pseudo-potential only near the boundaries of the 
zones proper, these distortions being the smaller, the lower

Ven(r ) is-
In other words, it is assumed that we can continuously pass 

over from the state of free électrons to a new qualitative state, i.e. 
the interaction of électrons with the periodic lattice which mani- 
fests itself in the appearance of Bragg reflection of électrons from 
the lattice with the momenta corresponding to the boundaries of 
the zones.

Notwithstanding this coarse assumption, Harrisons’s method is 
practically reasonable for ail monovalent and polyvalent simple 
metals, i.e. for metals in which inner électron shells of ionic 
structures are filled. For these metals, a simple approximation of 
the model of free électrons can be used, which makes it possible 
to détermine qualitatively the Fermi surface. This approximation 
is essentially based on the possibility of séparation of électrons 
into atomic (i.e. électrons of inner shells which do not contribute 
to métal conductivity) and collective électrons (i.e. those which 
fill the outep shell in a separate atom of métal and are current 
carriers in métal crystals).

The metals for which this approximation is valid (simple 
metals) relate to s- and p-elements, since their main properties are
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determined by s- and p-electrons filling the outer shells. In addi
tion, the Periodic Table contains three distinct periods of transition 
metals beginning with the éléments Sc, Y, and La and endingwith 
the éléments Ni, Pd, and Pt. These periods correspond to the fil
ling of the 3d-, Ad-, and 5d-shells respectively. The free-electron 
approximation is inapplicable for the metals of these periods. 
Some spécial properties of the transition metals indicated are to 
a large extent determined by d-electrons.

Note, however, that the group of metals with unfilled d-shells 
also includes such monovalent metals as Cu, Ag, Au, for which 
the Fermi surfaces can be qualitatively constructed within the 
frames of the almost free électron approximation, and bivalent 
metals Zn, Cd, and Hg for which this approximation is also fairly 
applicable. The point is that inapplicability of the model of almost 
free électrons is determined not only by the existence of an unfilled 
d-shell (or of a deeper /-shell, as is the case with the sériés of 
the rare-earth metals of the lanthanum group), but is also related 
to the métal conductivity of d- (/-) électrons [or else of the con- 
ductivity over the d-(f-) bands].

In mono- and bivalent metals with an unfilled d-shell, the Fermi 
level passes in the bands corresponding to s- and p-electrons; 
d-electrons in such metals are fairly well localized, so that the 
wave functions of these électrons belonging to neighbouring atoms 
practically do not overlap and there is no conduction in the d-zone. 
Because of this, there are no spécifie features which are characte- 
ristic of polyvalent transition metals and related to the peculiari- 
ties of conduction in the d-band.

The properties of mono- and bivalent metals with an unfilled 
d-shell are mainly determined by s- and p-electrons, as also the 
properties of simple metals. This explains why the model of 
almost free électrons is applicable to them.

In the case of polyvalent transition metals, the Fermi level is 
almost in the middle of the energy band corresponding to d-shell 
électrons. Their electronic properties (conductivity, electronic 
fraction of heat capacity, magnetic susceptibility, etc.) are practi
cally defined completely by d-electrons near the Fermi level. The 
data on complex Fermi surfaces of transition metals cannot be 
explained by means of the almost free energy zone corresponding 
to s- and p-electrons. The latter indicates to that s- and p-electrons 
play no substantial part in the electronic properties of these 
metals.

The electronic d-states of transition metals, though ensuring me- 
tallic conductivity over the d-band, cannot be related to almost 
free states. The orbits of d-electrons are rather small compared 
with the orbits of other (s- and p-) valence électrons. As a resuit, 
the d-states behave to a large extent as localized onçs, being not
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greatly perturbed by the lattice potential. The conductivity over 
a d-band corresponds more closely to quantum tunnelling junctions 
of d-electrons between neighbouring atoms owing to a small over- 
lap of the d-wave functions of these atoms, rather than to the 
quasi-free motion of s- and p-electrons which is characteristic of 
simple metals.

Having made preliminary remarks on the idea behind Harri
son’s method and on the causes by which the method is inappli
cable for polyvalent transition metals, we shall now discuss the 
particular techniques for constructing Fermi surfaces of transi
tion metals.

First of ail, we détermine the radius pF of Harrison’s sphere 
which surrounds the volume occupied by électrons in the zéro
approximation: Vep (r ) ss 0. For this, we express pF through the 
volume V-> of the Brillouin zone. The volume in the zone per one

électron is equal to

Hence the volume of Ap-space occupied by électrons in a métal 
of valence x is

A =  =  (2-45)

The volume of the Harrison sphere coïncides with A, and
therefore, pF is only determined by the type and parameters of the 
lattice (through F->) and the valence x of the métal:

p p — (2.46)

In a two-dimensional case, Harrison’s sphere degenerates into 
Harrison’s circle whose radius is

/  KS+
Pf == \  ~2^~ (2-47)

where S> is the area of the two-dimensional Brillouin zone in
p->

p-space.
For more simplicity, let us first construct the Fermi “ surface”  

for a hypothetical trivalent métal (x =  3) having a plane square 
lattice of period a. The area Sp of the Brillouin zone for such
a lattice • According to (2.47):

(2.48)
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From the centre of the first Brillouin zone (Fig. 55), we draw
JitiHarrison’s circle. Since the radius pF «  1.386—  is smaller than

r  a
the distances to the corners of the first zone, which are equal to
V  2 the part of the surface of the first zone near its corners
w ill be outside the Harrison circle (Fig. 79). On the other hand, 
a certain portion of the surface in the second Brillouin zone w ill 
be inside that circle.

It then follows that the first zone of the “ métal” considered is 
not completely filled with électrons, and in addition, that the 
second zone is filled to a low extent. Let us recall that drawing
Harrison’s circle in such a manner we assume that Veft (r) == 0.
Now, we shall assume Veff (r) to be low but not zéro. Then, as in 
the one-dimensional case (see Fig. 49), the following w ill occur:

(1) energy discontinuities appear at the boundaries of the zones
[strictly speaking, at Ve/f (r) =  0 there were no zones, i.e. surfaces 
of Bragg reflection, and they only appear at Ven (r)¥= 0];

(2) energy becomes a periodic function in p-space with the
period of main translations along the axes px and py.

As a resuit of appearance of energy discontinuities at the boun
daries of the zones, Harrison’s circle breaks at the boundaries and
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forms separate “ pièces” of constant-energy curves in the zones, 
as shown in Fig. 80.

We translate these “ pièces” into periods 2nh/a along the axes 
px and py. From the “ pièces” of constant-energy curves in the 
first zone, after translation, we may construct closed constant- 
energy curves around the corners of the zone (Fig. 81). Similarly, 
from the “ pièces” of curves in the second zone there are formed 
closed constant-energy curves on the sides of the square (Fig. 82).

The set of ail constant-energy curves in the first and second 
zones forms a two-dimensional Fermi surface.

Note that from the pièces of Harrison’s circle in the first zone 
we can construct only a single closed curve, such as shown in 
Fig. 81 (because of the translational symmetry, this curve is natu-
rally repeated in p-space with the period 2nh/a in the direction of 
the Cartesian coordinates). If the area S'(e) bounded by this
curve is divided by the elementary area /2N  occupied by
one électron state, then the total number of vacant places n[ 
(unfilled States) in the first energy band w ill be:

n\ =  2 S'(e) 
(2 nfi)2 a2N (2.49)

where N is thè number of atoms in the lattice. Since a2N gives 
the total area of a two-dimensional lattice, the number of vacant
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places per unit area of the lattice is:
r

_  ni 
" 1— W

or
n i

2S '  (e) 
(2nfi)2 (2.50)

We can construct two closed curves from the pièces of Harri- 
son’s circle in the second zone, such as shown in Fig. 82. The area 
•S"(e) bounded by each of these curves constitutes only one half

of the area occupied by électrons in the second zone. The number 
of électron states n "  in the second zone w ill be:

n =  2 2 S "  (e) 
(2 nh)2 ■a2N (2.51)

whence the concentration «2  of électrons in the second energy 
band is:

2S "  (e) 
(2nhy (2.52)

Let us see how the shape of constant-energy curves w ill vary 
in the zones if the valence x of the métal considered is changed 
from three to four. In that case the radius of Harrison’s circle 
w ill be:

P f — (2.53)

The Harrison circle of such a radius completely confines the 
first Brillouin zone and passes through the second, third, and
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fourth zones (Fig. 83). Transition from Vefj (r) =  0 to a finite 
pseudo-potential causes breaks in the Harrison circle at the boun-

daries of the^zones and a variation of the direction of the normals 
to constant-energy curves in boundary régions (Fig. 84).

For constructing closed constant-energy curves in various zones, 
we translate the pièces of Harrison’s circle, as before, over the
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periods 2jch/a along the axes px and py. Since the first zone has 
been completely filled, there are no constant-energy curves in it 
(Fig. 85a). The constant-energy curves in the second, third and 
îourth zones are shown in Fig. 856, ct and d respectively. It is 
easy to verify that only a single closed curve corresponds to each 
zone.

Assume that the radius pF of Harrison’s circle has been slightly 
increased. The area bounded by the closed curve in the second 
zone w ill then decrease, and the areas within the closed curves 
of the third and fourth zones, increase. This variation of the areas 
results in an increase of the number of électrons upon increasing 
the radius of Harrison’s Circle. The electron-filled areas in the

third and fourth zones w ill then increase, while the empty area 
bounded by the closed curve in the second zone decreases. The 
latter fact is connected with that the number of électrons in the 
second zone has increased thus resulting in réduction of the num
ber of vacant places.

This différence in the dependences of the areas bounded by 
curves in various zones on the total number of électrons in the 
métal is of a deep physical meaning and makes it possible to class 
energy zones into two groups, i.e. électron zones and hole zones. 
The first are zones in which constant-energy curves (or surfaces 
in three-dimensional cases) surround the areas (volumes) filled 
with électrons. The second ones are zones in which constant- 
energy curves (surfaces) surround empty spaces.

Thus, in a quadrivalent métal with a plane square lattice, the 
second energy band is a hole band, while the third and fourth 
bands are électron zones. In the completely filled first band, élec
trons do not participate in the physical processes and this band 
may be exduded from discussion.

Using this classification of zones, électrons w ill be defined as 
quasi-particles located on constant-energy surfaces of the électron 
type. Quasi-particles located on constant-energy surfaces of the
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hole type w ill be called holes. The physical différences in the 
behaviour of quasi-particles in external electric and magnetic 
fields is connected with the différence in the constant-energy sur
faces on which they are located. Electron and hole surfaces are 
located in different energy bands, with an energy barrier being 
between them. As a resuit of this, the quasi-particles located on 
a surface of one type cannot pass into surfaces of another type 
under common conditions.

The construction of constant-energy curves by Harrison’s method 
described above on the example of a two-dimensional métal can be 
generalized for a three-dimensional case. But détermination of 
constant-energy surfaces in real thrfee-dimensional metals en- 
counters a large difficulty, since it is required to construct 
preliminarily a number of Brillouin zones and find pièces of 
Harrison’s sphere in these zones. A method exists, however, which 
makes it possible to simplify the construction of a Fermi surface in 
various zones. To explain this method, let us dwell once more on 
the sequence of the main stages of the construction discussed above.

First of ail, the construction was based on an aperiodic picture
of the so-called extended Brillouin zones in p-space, i.e. the zones 
built up to each other around the first Brillouin zone. Proceeding 
from such construction of the zones, there were found pièces of 
Harrison’s circle (sphere) in various zones. Transition to a peri- 
odic picture in p-space was made only at the final stage, when 
closed curves (surfaces) were formed in the zones by means of 
translations of separate pièces. This final stage is of principal im
portance, since the energy becomes a multiple-valued and periodic 
fonction of momentum only owing to this stage. But the transition 
to a periodic picture can be made preliminarily. Such an operation, 
as w ill be shown later, makes it possible to substantially simplify 
the construction of the Fermi surface.

Instead of considering the in itia l aperiodic picture of extended 
zones, we can preliminarily translate the boundaries of energy 
discontinuities in the second, third, etc. zones into the first 
Brillouin zone. The resuit of such a procedure for the first three 
Brillouin zones for a case of a plane square lattice with the pe- 
riod a, is shown in Fig. 86.

After this procedure, the first Brillouin zone contains not only 
a set of physically different values of quasi-momentum, but also 
ail the possible straight Unes (planes) on which the energy under- 
goes discontinuity. Thus we pass over in advance to a periodic
picture in p-àpace: a periodic répétition of the first Brillouin zone 
with the surfaces of energy discontinuities contained inside it
fills the whole p-space.
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second, third, and fourth bands. Similarly, to each quasi-momen- 
tum from the petals of the “ rosette” there correspond the values 
of energy of électrons from the first, second, and third bands, etc.

In order to generalize these rules of classification of constant- 
energy Unes for three-dimensional cases, it is sufficient to change 
the words “ lines” and “ areas” to “ surfaces” and “ volumes” res- 
pectively. But in three-dimensional cases the classification be- 
comes more complicated because the open surfaces formed can 
hâve régions of both positive and négative curvature relative to 
the volume confined.

Fig. 89

Thus, an open surface cannot be fully referred either to the 
électron or hole type and the above classification is to a large 
extent conditional for it. In that connection it is only adopted 
conditionally that if an open surface surrounds the volume belon- 
ging to k Harrison’s spheres, it is related to the k-ih band. At this 
stage, classification of open surfaces is finished.

Let us now discuss the construction of Fermi surfaces by Har
rison’s method for real metals. Consider a particular case of a 
trivalent métal having a face-centered lattice with the period a. 
An example of such a métal may be aluminium.

The first Brillouin zone for a face-centered lattice is a cubo- 
octahedron (see Sec. 2-6, Chapter Two, Fig. 62), which is a body 
bounded by eight hexagonal and six square faces.

The families of “ network”  surfaces that hâve engendered the 
hexagonal faces of the Brillouin zone are the families of planes 
perpendicular to the body diagonals of an_elementary cube of the 
crystal lattice. They are at distances a /V 3 from each other and
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make an angle arc cos ( l / V 3) with the plane xy. The hexagonal 
faces of the Brillouin zone in p-space are, therefore, at a distance
'yJSnh/a from the origin of coordinates and make the same angle 
with the plane pxpv.

The families of “network” surfaces forming the square faces of 
the Brillouin zone are families of planes perpendicular to the axes 
x, y , and z and removed a distance a/2 from each other. Thus, the
square faces of the Brillouin 
2nh/a from the origin of co
ordinates and perpendicular 
to the axes pXy py and pz.

For clarity, let us plot the 
sections of the cubo-octa- 
hedron by two vertical pla
nes: a coordinate plane, for

M

R

zone in p-space are at a distance

Fig. 90 Fig. 91

instance, pxpv (Fig. 88), and a plane passing through the axis pz 
and the bisector of the coordinate angle in the plane pxpv (diago
nal plane) (Fig. 89).

Because of the symmetry of the cubo-octahedron, the sections of 
any of the coordinate planes coïncide, as well as ail the sections 
by any diagonal plane passing through the axes px, pv, or pz. 
The straight lines AB, CD, EF, and GH in Fig. 88 are diagonal of 
the four square faces: two horizontal and two vertical, while the 
lines BC, DE, FG, and HA are the sides of the four hexagons. 
Since the side of the square is equal in length to the side of the 
hexagon, then, denoting it by d, we can write

AB =  CD — EF =  GH =  -y/2d 
BC =  DE — FG =  HA =  d

The straight lines MN and QP in Fig. 89 are the lines of inter
section of the square faces with the plane passing through their 
centre and parallel to the sides of the square: MN =  QP =  d. The 
lines RM, NO, OP, and QR are lines of intersection of the hexa-
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Let us imagine a mosaic composed of the first Brillouin zones
placed side by side in p-space. This structure has been termed the 
pattern of repeating zones. Ail neighbouring zones are équivalent 
between themselves. This means that Harrison’s circles (spheres) 
can be described from the centre of each zone.

The resuit of such an operation for a case of a quadrivalent 
métal with a plane square lattice is shown in Fig. 87. Harrison’s 
circles described from the centres of neighbouring zones intersect 
each other and form closed constant-energy curves. This automa- 
tically gives the same picture as that constructed earlier for the 
same case.

An analysis of the picture obtained w ill reveal the following 
regularities:

(1) the régions bounded by pièces of lines of négative (relative 
to the inner areas) curvature (concave lines) and belonging si- 
multaneously to k or more circles represent the régions bounded
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by hole-type constant-energy curves in the (k +  l)-th  energy band;
(2) the régions bounded by pièces of Unes of positive curvature 

(convex curves) and belonging simultaneously to k or more circles 
represent the régions bounded by electron-type constant-energy 
curves in the &-th energy band.

Let us illustrate the use of these rules for various curves in 
Fig. 87. Indeed, the région bounded by the closed constant-energy 
curve in the second zone belongs only to one circle described from 
the centre of the first zone. It is bounded by the constant-energy

Fig. 87

curve of the hole type (of a négative curvature relative to the 
internai région). The régions shaded in oblique and cross-hatched 
simultaneously belong to three circles and are called “ rosettes” . 
They are bounded by Unes of positive curvature and include the 
areas belonging to four circles. Their boundary is therefore an 
electron-type constant-energy curve in the third zone. The central 
portion of the “ rosette” , which is shown cross-hatched, belongs 
simultaneously to four circles. Its boundary consists of “ pièces” 
of curves of positive curvature, and therefore, is an electron-type 
constant-energy curve in the fourth zone.

It may be clearly seen from Fig. 87 that energy is a multiple- 
valued function of momentum. Indeed, the central portion of the 
“ rosette” belongs to the fourth energy band. At the same time, it 
is included into the whole “ rosette” and relates to the third energy 
zone. It also belongs to the second and first bands. Therefore, to 
each quasi-momentum from the central portion of the “ rosette” 
there correspond the values of energy of électrons from the first,
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second, third, and fourth bands. Similarly, to each quasi-momen- 
tum from the petals of the “ rosette” there correspond the values 
of energy of électrons from the first, second, and third bands, etc.

In order to generalize these rules of classification of constant- 
energy lines for three-dimensional cases, it is sufficient to change 
the words “ lines” and “ areas” to “ surfaces” and “ volumes” res- 
pectively. But in three-dimensional cases the classification be- 
comes more complicated because the open surfaces formed can 
hâve régions of both positive and négative curvature relative to 
the volume confined.

Fig. 89

Thus, an open surface cannot be fully referred either to the 
électron or hole type and the above classification is to a large 
extent conditional for it. In that connection it is only adopted 
conditionally that if an open surface surrounds the volume belon- 
ging to k Harrison’s spheres, it is related to the &-th band. At this 
stage, classification of open surfaces is finished.

Let us now discuss the construction of Fermi surfaces by Har
rison’s method for real metals. Consider a particular case of a 
trivalent métal having a face-centered lattice with the period a. 
An example of such a métal may be aluminium.

The first Brillouin zone for a face-centered lattice is a cubo- 
octahedron (see Sec. 2-6, Chapter Two, Fig. 62), which is a body 
bounded by eight hexagonal and six square faces.

The families of “ network” surfaces that hâve engendered the 
hexagonal faces of the Brillouin zone are the families of planes 
perpendicular to the body diagonals of an_elementary cube of the 
crystal lattice. They are at distances a /V 3 from each other and
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make an angle arc cos ( l / V 3) with the plane xy. The hexagonal 
faces of the Brillouin zone in p-space are, therefore, at a distance 
' \ l3nh /a  from the origin of coordinates and make the same angle 
with the plane pxpy- 

The families of “ network” surfaces forming the square faces of 
the Brillouin zone are families of planes perpendicular to the axes 
x, yy and z and removed a distance a/2 from each other. Thus, the
square faces of the Brillouin zone in p-space are at a distance 2jih/a from the origin of co
ordinates and perpendicular 
to the axes pXy py and pz.

For clarity, let us plot the 
sections of the cubo-octa- 
hedron by two vertical pla
nes: a coordinate plane, for

M

instance, pxpy (Fig. 88), and a plane passing through the axis pz 
and the bisector of the coordinate angle in the plane pxpy (diago
nal plane) (Fig. 89).

Because of the symmetry of the cubo-octahedron, the sections of 
any of the coordinate planes coïncide, as well as ail the sections 
by any diagonal plane passing through the axes pXy pyy or pz. 
The straight Unes AB , CD, EFy and GH in Fig. 88 are diagonal of 
the four square faces: two horizontal and two vertical, while the 
Unes BCy DEy FGy and HA are the sides of the four hexagons. 
Since the side of the square is equal in length to the side of the 
hexagon, then, denoting it by dy we can write

AB =  CD =  EF =  GH =  V  2d 
BC — DE =  FG =  HA =  d

The straight Unes MN and QP in Fig. 89 are the lines of inter
section of the square faces with the plane passing through their 
centre and parallel to the sides of the square: MN =  QP =  d. The 
lines RM, NO, OP, and QR are lines of intersection of the hexa-
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gons with the plane passing through their centres and perpendi- 
cular to their horizontal sides (Fig. 90). It is évident that RM =  
=  NO =  OP =  QP =  V  3 d. The points R and O are the traces 
of the side which is common for two hexagonal faces. Location 
of the characteristic points of sections on the cubo-octahedron is 
shown in Fig. 91. _

Knowing the distance TL =  \n p-space, it is easy to show

that the length of the side d is equal to and RL =  d.
It may be found from Figs. 88 and 89 that the distance from 
the origin of coordinates to any vertex of the cubo-octahedron, for
instance, AT in Fig. 88, is approximately equal to 2.24-^—-, whilc

the distance from the origin of coordinates to the side which is 
common for two hexagonal faces in Fig. 89 is approximately equal
to 2.12 —  ,a _

The volume of the cubo-octahedron V+ =  8 ^ 2  d3 or

To calculate the radius pF of Harrison’s sphere, we use for
mula (2.46) with the valence x =  3:

( 9 \'/a 2jt/ï n nh  /n - .v
â r )  —  « 2-26—  (2.54)

This value of the radius pF exceeds the distances from the vertices 
of the first Brillouin zone, which means that the first energy zone 
of a trivalent métal with a face-centered lattice is completely filled 
with électrons.

To construct constant-energy surfaces in the second and third 
zones, we use the sections through the System of repeating zones
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by a coordinate and a diagonal plane (Figs. 92 and 93). Since 
the radius pF of Harrison’s sphere only slightly exceeds the dis
tances from the origin of coordinates to the boundary points of 
the zone, the spheres described from the centres of neighbouring 
zones pass inside the central zone and eut lens-like volumes (in 
the form of plane-convex lenses) adjoining its faces from it.

The empty space left inside the central band resembles a cubo- 
octahedron but with concave faces and edges. This space belongs 
to the single central Harrison’s sphere. The closed single-con-

Fig. 93

nected constant-energy surface surrounding it is of the hole type 
and belongs to the second energy band. The general shape of this 
surface is shown in Fig. 94.

In Figure 93, the sections of those volumes which belong simul- 
taneously to three spheres are shown hatched. They hâve the 
shape of triangular “ tubes” of a variable cross-section located 
along ail edges of the cubo-octahedron. To the ends of the edges, 
the tubes become narrower. The surface of these “ tubes” is an 
électron surface in the third energy band (Fig. 95).

In the zéro approximation, the “ tubes” on the edges passing 
from each vertex of the cubo-octahedron are connecte! with each 
other. Thus the whole network of “ tubes” is a single closed System
in p-space. Since the volumes of each “ tube” are comparatively 
small, we hâve to discuss the problem of what changes w ill occur 
in separate portions of the Fermi surface constructed by Harri
son’s method in the zéro approximation at passing to a finite
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value of the effective potential and also at subséquent increase of 
this potential. It is évident that such changes are most essential 
for those portions of the Fermi surface which confine small vo
lumes.

The nature of variations of the Fermi surface is determined 
qualitatively by such a transformation of its portions at which

Fig. 95

the individual pièces of Harrison’s sphere, which at the zéro ap
proximation were Crossing the planes of energy discontinuity at 
arbitrary angles, begin to intersect these planes at right angles. 
This transformation becomes clear by comparing Figs. 79 and 80

Fig. 96

and also Figs. 83 and 84. As a resuit of this process, electron-type 
surfaces in the zones diminish, and the hole-type ones, increase. 
The quantitative changes of the surfaces are the greater, the lar-
ger Vefi{r) is, since the pièces of Harrison’s sphere begin to be 
distorted at greater distances from the planes of energy disconti
nuity in that case.
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With a sufficiently large Veff(r), small electron-type surfaces 
can break into separate smaller pièces or entirely vanish in the 
zones. Thus, in the case of the electron-type surface of aluminium, 
it can be expected for the third zone that at a finite value of effec
tive potential the closed network of “ tubes” w ill be broken near 
the vertices of the cubo-octahedron and w ill be transformed into 
elongated “ loafs” isolated from each other at each edge.

With an increase of the number of électrons, the cross-sectional
area of électron “ tubes” in the third zone increases, while the
size of the hole-type surface in the second zone decreases. This
may be shown by passing over from a trivalent métal with a face-
centered lattice to a quadrivalent one, for instance, lead. The
électron surface of lead in the third zone is
open and consists of thick tubes located
around the edges of ail the cubo-octahedrons ->
filling the whole p-space. A part of such a 
surface is shown in Fig. 96a. The hole-type 
surface of lead in the second zone, which is 
noticeably smaller compared with the cor- 
responding surface of aluminium, is shown 
in Fig. 96b.

The électron surface of a trivalent métal 
with a face-centered lattice is not confined 
solely to the surface in the third zone. An 
accurate construction shows that around the vertices of the square 
faces of the cubo-octahedron (around the points A, B, N, C, etc. 
in Fig. 91) there are located small régions belonging simultane- 
ously to four Harrison’s spheres. These régions, resembling tetra- 
hedrons in shape, are bounded by the electron-type surface in the 
fourth energy band. Their volume is extremely small compared 
with that of the first Brillouin zone (of the order of 0.001 Vt)-

I L A r L 3  /
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Fig. 97

When passing to a finite value of effective potential, the electron- 
type surfaces in the fourth zone reduce still more and can even 
vanish completely. In the case of a quadrivalent métal, these 
surfaces are substantially greater. They remain at the value of
Veff (r) corresponding to a real métal. For instance, the existence 
of electron-type surfaces in the fourth zone in lead has been 
proved experimentally by Khaikin and Mina [56].

Figure 97 shows electron-type surfaces in the fourth zone for
a quadrivalent métal with a face-centered lattice at Veff (r) =  0. 
For claritys these surfaces are shown displaced half the distance 
between the centres of the opposite hexagonal faces of the first 
Brillouin zone along one of the directions of the type TL (seç 
Fig. 91).
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2-11. THE MODERN SCHEME 
OF CONSTRUCTING FERMI SURFACES.

TOPOLOGICAL CLASSIFICATION 
OF FERMI SURFACES

In the earlier sections we hâve discussed various methods for 
constructing the surfaces of energy discontinuity and constant- 
energy surfaces in phase space. Using them as the basis, it is 
possible to formulate a convenient scheme of constructing Fermi 
surfaces for a given métal. This scheme includes four successive 
operations:

Fig. 98

1. For the given métal lattice, we construct the reciprocal lat- 
tice.

2. Near each node of the reciprocal lattice, we construct a unit 
cell by the Wigner-Seitz method. By varying the scale of the 
axes 2nh times, we pass to a phase space filled with periodically 
repeating first Brillouin zones.

3. For the given parameters of the Brillouin zone and the va
lence of the métal, we détermine the radius pF of the Harrison 
sphere and describe spheres of this radius from the centres of 
the periodically repeating zones.

4. The constant-energy surfaces, formed by intersections of the 
Harrison spheres, are classified by the rules given in Sec. 2-10 of 
this chapter, with détermination of the type of surface (either
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électron or hole), its shape and dimensions, and also of the num- 
ber of the energy band to vvhich it belongs.

The scheme of constructing Fermi surfaces may be illustrated 
on an example of a monovalent métal with a simple cubic lattice.

The vectors of main translations of the reciprocal lattice are 
perpendicular to three families of équivalent “ network” planes 
with the period a. An elementary cell of the reciprocal lattice is 
a cube of side 1/a. Let the origin of coordinates be placed in one 
of the nodes of the reciprocal lattice and be connected by straight 
Unes with the nearest nodes. There may evidently be six such 
Unes of the length 1/a.

The space scale of the reciprocal lattice is now changed by 
a factor 2nh. The first Brillouin zone w ill be obtained in the form 
of a cube with the side 2nh/a bounded by six planes orthogonal to 
these six straight Unes and passing through their middles. The 
zone is symmetrical about the origin of coordinates. The volume
of the zone (in p-space) is ( — • The radius of the Harrison
sphere (2.46) is:

>,- = ( - s - ) ,', ( ^ ) * 0-986jr  P-55»

Since the shortest distance from the origin of coordinates to the 
boundaries of the Brillouin zone is nh/a , Harrison’s sphere almost 
touches the boundaries of the zone. We describe spheres of radius 
pF about the centres of the periodically repeating first Brillouin 
zones and examine the picture in the plane pxpy (Fig. 98). The 
points in the figure dénoté the nodes of the reciprocal lattice. One 
of the cells of the reciprocal lattice with the centre at point A is 
marked separately in the figure (A is the origin of coordinates 
of reciprocal space).

Taking into account that the effective potential Veff(r) is other 
than zéro, the Harrison spheres should “ stick” to the centres of 
faces of the Brillouin zone.JThe pictures in the planes pxpv, pxpZt 
and PyPz are evidently similar to each other. The constant-energy
surface in the first zone passes through the whole p-space and 
consists of spheres joined in the directions of the axes px> py, and 
pz. A surface of this type has been called “monster” in the spe- 
cialist literature (Fig. 99).

In our example, the second and subséquent energy bands con- 
tain no électrons.

For a bivalent métal with the same type of crystalline lattice, 
the radius" pF of Harrison’s sphere is 2,/a «  1.26 times greater. It
is approximately equal to 1.24-^- and exceeds the shortest dis*



Fig. 103 Fig. 104
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tance to the boundary of the Brillouin zone (Fig. 100). The con- 
stant-energy surface in the first zone is the same “ monster” , but 
with considerably thicker “ necks” between individual spheres. 
The section of this surface by the plane p xp y is shown in Fig. 101.

The constant-energy surface in the second zone is of the élec
tron type. It consists of three isolated closed “ pockets” resembling 
lenses in shape. Each “ lens” is formed of two halves on the oppo
site faces of the zone. The section of the surface in the second zone 
by the plane p xp y is shown in Fig. 102.

To conclude with, let us consider a monovalent métal with the 
lattice in which an elementary cell has the form of a right-angled 
parallelepiped (Fig. 103). The vectors of the reciprocal lattice are

A cell of the reciprocal lattice is shown in Fig. 104.
The first Brillouin zone constructed by the Wigner-Seitz method 

is a parallelepiped with the sides 2nh/ai 2nh/bt and 2nh/a having
the volume V+ =  (Fig- 105).

The radius of Harrison’s sphere (at x =  1) is

P f —
2nh

( a 2b ) ll*
~  0.984 nti

( a 2b ) l/t
(2.56)

W ith  f  < 0.98, the following inequality holds true:
n h  . . n h

T  <  Pf  < ~
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ln this case, Harrison’s sphere crosses the upper and lower 
boundaries of the Brillouin zone, but does not reach the side 
boundaries.

We now describe Harrison’s spheres from the centres of ail 
periodically extended first Brillouin zones. The section of this

picture by the plane pxpy is shown in Fig. 106, and the sections 
of the constant-energy surfaces in the first and second zones by 
the same plane, in Fig. 107. In the case considered, the surface 
of the “ monster” type in the first zone has transformed into a 
surface of the type of “ warped” cylinder (Fig. 108)

The examples considered can show that Fermi surfaces can be 
divided by their topology into two main classes: closed and open 
surfaces.

A surface is called closed if the Unes of its intersection with any 
planes are closed. Examples are the constant-energy surfaces in 
the second zone in Figs. 102 and 107.

A surface is called open if there exists at least one plane 
section giving an unclosed curve. Examples are the “ monster” 
(Figs. 99 and 101) and “ warped” cylinder (Figs. 107 and 108).
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Conclusions.
1. The energy spectrum of électrons in a métal consists of a 

number of energy zones (bands). It means that different energy 
states may correspond to one and the same value of the quasi- 
momentum of an électron.

2. The properties of électrons in each band are determined by 
the shape of the constant-energy surface in that zone. The energy 
in the bands is usually counted from the points in which it is 
a minimum (for electron-type surfaces) or a maximum (for hole- 
type surfaces).

3. A métal may hâve both open and closed constant-energy 
surfaces.

4. The concentrations of current carriers in the zones can 
sharply differ from each other.

The concentration tii in the i-th zone is determined by the 
formula

2A;
(2nhf (2.57)

where Ai is the total volume of p-space bounded by ail constant- 
energy surfaces in the i-th zone.

If the Fermi surface is an open one, then Az implies the volume 
bounded by this surface within one Brillouin zone (the boundary 
planes of the Brillouin zone are part of the boundaries of this 
volume).

5. The volumes bounded by Fermi surfaces in various zones can 
overlap each other, but the individuality of each zone is then 
completely retained.

6. On the basis of the theorem stating that isothermal Unes can- 
not intersect, constant-energy surfaces cannot intersect but may 
hâve common points.

7. Ail physical processes involve électrons located on the whole 
set of constant-energy surfaces.

2-12. MOTION OF QUASI-PARTICLES 
IN A CONSTANT MAGNETIC FIELD

-y
The motion of an électron in a constant magnetic field H in the 

quasi-classical approximation can be described by the équation

<2-5«
where p js the classical momentum of the électron. The Lorentz

e > -y y
force Fh — — [ir, • H] exerted by the magnetic field H on the elec-

y
tron is directed perpendicular to its velocity vg. Because of this,
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the électron moves in free space along a spiral around a magnetic 
line of force. The radius of its orbit rH projected onto the plane

-> C p l
perpendicular to the magnetic field H is equal to where p±
is the component of the momentum which is perpendicular to the 
magnetic field. Applicability of the quasi-classical approximation 
(see Sec. 2-1 of this chapter) is determined by the inequality

XB <  rH (2.59)

Since =  =  inequality (2.59) for an électron in
free space is équivalent to the inequality

h(ù <  zF (2.60)

where o is, as before, the cyclotron frequency of precession of the 
électron.

Variations of the quasi-momentum of an électron in a crystal 
(see Sec. 2-4 of this chapter) are only determined by the action 
of external forces. The équation of motion of an électron in a métal
w ill then hâve the form coinciding with équation (2.58), but p 
now denoting the quasi-momentum of the électron.

By scalar multiplication of both parts of équation (2.58) by vg
and Hy we obtain two equalities as follows:

^ { " 4 - ) = °  <2-6»
The first equality is exactly the law of conservation of energy. 

Indeed:

Hence it follows that the électron moves in the magnetic field H 
along a constant-energy surface:

e (p) =  const (2.62)

Let vector - ~  be resolved into two components: ,

which is parallel to H, and ( "^ f" )x • perpendicular to H. The

second equality in (2.61) implies that / / )  =  0, or, in other
words,

=  0
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It then follows that the projection of the momentum of électron 
onto the magnetic field is retained in motion, i.e.

Pu =  const (2.63)

Relationships (2.62) and (2.63) describe the path of an électron 
in momentum space. This path is a curve along which a constant- 
energy surface (2.62) is intersected by a plane perpendicular to 
the magnetic field (Fig. 109). Equality (2.63) is the équation of 
sécant plane.

Depending on the topology of constant-energy surface and the
direction of magnetic field, the path of an électron in phase space
may be either closed (determin-
ing a finite motion) or open,
which passes continuously ->
through the whole p-space (and 
détermines an infinité motion).

The particular form of the
path of an électron4 in p-space 
dépends on the shape of the
constant-energy surface e(/?) =
=  const, its orientation relative 
to the magnetic field, and the 
magnitude of the projection of 
the momentum onto the di
rection of the magnetic field.
Some various paths along a 
constant-energy surface having the shape of a dumb-bell are 
shown in Fig. 110a and b.  The dependence of the path of an élec
tron in p-space on p\\ may be explained on an example of a sphe- 
rical constant-energy surface

2 . 9 I 9
Px +  Pÿ +  Pi .—-— tr-------=  e =  constZtn

Let the magnetic field H =  Hz be directed along the z axis. It 
is then évident that p# =  pz =  pz0 =  const and the électron 
moves along the path described by the équation P* +  Py =  
=  2me — pl0, which is exactly the équation of a circle located in 
the plane. pt =  pzo. The radius ^/2me — p\0 of this circle reduces
with an increase of pz0. At p20=  -\j2mt, the radius becomes zéro 
and the path of motion of the eleçtron degenerates into a point
pz =  Pzo, p x  =  P y  =  0 .
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Let us establish the relationship between the path of an elec-
tron in phase space and its path in a crystal lattice (r-space). As 
can be seen from équation (2.58), the velocity of électron

->
d r

->
dpvg =  -^~ in r-space is perpendicular to its velocity —-- in
dt

Fig. 110

p-space. Let équation (2.58) be projected onto a plane nerpendicu- 
lar to the direction of the magnetic field:

->
dp x

dt

-> -* e T d r , >q
(2.64)

where p±) vg ±, and r L are components of the quasi-momentum, 
velocity and radius vector of the électron in the plane of projection.

d p l
form a right-hand screw triple.The vectors

-> 
d r  ,

H , and
d t  ’ c' “ "  dt

Intégration of (2.64) for the magnitudes |px |
l e  I H  i :> ,

and gives

(2.65)
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Consequently, the projection of the électron path in r-space onto 
the plane perpendicular to H coïncides in shape vvith the corres-
ponding path of the électron in p-space,
a factor , f „  .

\ e \  H

but differs in size by

Each element of the projection of the path in r-space is per
pendicular to the corresponding element of the path in p-space, 
the paths being rotated relative to one another through an angle

Fig. 111

of 90° around the direction of the magnetic field. Thus, knowing
the path of the électron in p-space (Fig. 111a), we can obtain the
projection of its path onto the plane perpendicular to the field H
in r-space (Fig. l l l f t )  by rotating the in itia l path through 90 deg- 
rees clockwise (rotation by the screw rule, the motion of the screw
coinciding with the direction H) around the magnetic field and
changing its scale by a factor | g*j H . The direction of motion of
the électron along the path after this transformation w ill evidently 
remain the same.

In a particular case at pj( =  0, a closed path in p-space corres-

ponds to a similar closed path in r-space. In other words, at 
pB =  0, the .path of the électron in r-space is completely located 
in a plane perpendicular to the magnetic field. At p(| =£ 0, the path

closed in p-space corresponds to the motion along a hélix in
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■> ->
r-space: per each rotation along the path in p-space during 7'H

->
the électron is s till additionally shifted in r-space along the mag- 
netic field. -> ■> 

In a case when the path in p-space is open in some direction n,
the path of the électron in r-space is unlimited in the direction

->*
perpendicular to n. Consider an example of the motion of an 
électron along the surface of a warped cylinder (Fig. 108) in 
a magnetic field perpendicular to the axis of the cylinder.

The characteristic dimension of the path of a Fermi électron in
cp,

a crystal lattice is determined by the size of its orbit yg | // . so
that the condition of applicability of the quasi-classical descrip
tion (2.59) to an électron in a métal has the form

«  171%- <2-66>

For an électron on the Fermi surface, Pf ~  h/a, and therefore, 
Kb ~  û- Inequality (2.66) is then équivalent to the condition

H < t f a  =  - r T T ~ ( 108-  1Q9) oersteds (2.67)\ 6  \ CL

The quasi-classical description of the motion of an électron in 
a métal placed into a magnetic field is practically always justified, 
since for magnetic fields of intensifies really attainable in labo- 
ratory conditions (H ~  106 oersted), inequality (2.67) is deliber- 
ately fulfilled. Spécial cases in which the quantum approach to 
the motion of électron is essential w ill be considered separately.

Consider the conditions of a finite motion of an électron in a 
magnetic field. As distinct from a finite motion in an electric 
field which is practically unfeasible because of the enormous di
mensions of the path (see Sec. 2-5 of this chapter), the cyclic mo
tion of an électron in a magnetic field is more or less common 
phenomenon.

As has been shown earlier, the characteristic size of the orbit of 
an électron is determined by the dimensions of the area of section 
of the Fermi surface by a plane perpendicular to the magnetic 
field. Orbits of finite dimensions, therefore, correspond either to
closed Fermi surfaces or to such an orientation of magnetic field H
relative to an open Fermi surface, at which H makes comparatively
small angles with the open directions (with H being perpendicular 
to an open direction the length of path is infinité).
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For the cyclic motion in a magnetic field, the following inequa- 
lity  must hold

%  < 2 ' 6 8 >

where l is the free-path length of the électron.
The meaning of this inequality is clear: an électron must per- 

form at least one cycle of motion along the free-path length. Let
p± in inequality (2.68) be replaced with which is approxi-
mately of the same order, so that the inequality can be rewritten as

/  >  -  cfi 
'  | e | a H

Using the définition of Ha (2.67), we get an équivalent inequa
lity

oersteds (2.69)

This is the condition that a magnetic field must satisfy to 
provide the cyclic motion of électrons in a métal. At low tempe- 
ratures and in sufficiently pure and perfect monocrystal specimens 
of metals the free-path length exceeds tens and hundreds thou- 
sands times the interatomic distances. The cyclic motion in a mag
netic field can already be observed principally in fields of an order 
of hundreds oersteds.

Note that the free-path length Z of an électron is not the mean 
distance between successive acts of its scattering. Actually, the 
motion of an électron in a métal is similar to the motion in a vis- 
cous medium during which the électron continuously loses its 
energy. The magnitude of Z is essentially the measure of viscosity 
of the medium or the measure of the energy lost by the électron

( d& \
dx) 8*

The state of energy e, which is conventionally called an élec
tron and corressponds to the given elementary excitation 
near a Fermi surface, atténuâtes exponentially and continuously 
in time with the characteristic life-time t (relaxation time), which 
is determined by the probability of scattering co ~  1/t . This time 
via the velocity vF on the Fermi surface, in turn, détermines the 
free-path length Z. Thus, the inequality Ax <  Z implies that along 
the length Ax we can neglect the variation of the energy state of 
the électron, i.e. neglect the process of atténuation (scattering) 
and in that sense regard the motion along the path A* similar 
to the free,motion of the électron in the lattice.

The periodic motion of électrons is of extreme importance in 
studies of the électron energy spectrum. In such a motion, whole
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groups of électrons move in synchronism. The contribution of such 
électrons to some or other physical phenomena is of résonant 
nature and can be actually observed in experiments.

Let us détermine the time of motion TH of an électron around
a closed path in p-space. This time evidently coïncides with the 
time during which the électron passes along one turn of the spiral
in r-space. At the motion of the électron in free space, the period

2 jx  2 j i h i  cTo of Larmor precession is equal to —  =  F°r an électron

in a métal, TH is determined by the shape of constant-energy sur
face and the orientation of magnetic field H.

->
Consider an arbitrary closed constant-energy surface e(p) =

=  const. We give the direction of magnetic field H and the mag
nitude of pr  which détermines the position of the plane perpendi-

cular to Hy whose intersection with the surface e(p) =  const deter-
mines the path of the électron in p-space. Let the quasi-momentum 
■>
p and velocity ug of the électron be resolved into components
parallel and perpendicular to the magnetic field (p(|, vgV p±, and
vg ± respectively, see Fig. 112).

The projection of the équation of motion of the électron (2.58)
onto the sécant plane can be written for the magnitudes of v , -> £ x 
and H as follows:

dl+
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where dl> is an arc element of the path in p-space. Intégration 
of (2.70) gives the expression for the period of rotation

d l +

L g

The intégral is taken over the closed contour L of the path in
the sécant plane. Let n be the unit vector of the normal to the

->
path in the plane perpendicular to H. The velocity v ± can then 
be expressed as

■V ^ g
vg l = ( grad.c)i  =  ( gradue, n) =

This means that with the energy increased by de, each element of 
the path d/> is shifted along the normal n by a distance

p

dpL = - — . The incrément of the area of the sections, dS, 

(hatched portion in Fig. 113) w ill then be
dl+

dS =  cj) dl+ dp L or dS =  (j) -  de

But the incrément de is independent of the position of the point 
on the path and can be taken out from the intégral sign. The

d l +
dS C ̂partial dérivative -r— is then equal to ® — Hence, for the
d e  J vs

period TH we hâve 

Th -
c dS 

\e\ H de
2n V 2ji de)

k l  H
(2.72)

By comparing (2.72) with the expression for the period of rota
tion T0 of a free électron, we can see that in the cyclic motion of 
an électron with an arbitrary law of dispersion, the quantity
1 dS

2n~ ' “de" P*aYs the part of the effective mass. This quantity has 
been termed the cyclotron mass of an électron:

1 dS 
2k de (2.73)

The mçthod of introducing the cyclotron mass discussed above 
can show that this mass is a quantity averaged over the period 
of Larmor precession of an électron or over the path of precession 
per one cycle. It follows from (2.73) that m* is determined by the
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law of dispersion and the orientation of magnetic field H. If the 
law of dispersion is known, we can establish the relationship be- 
tween the cyclotron mass and the components of the effective-mass
tensor (see Sec. 2-4) for the given direction of H. Let us illustrate 
this relationship by two particular examples.

The simplest case is that of a quadratic isotropie dispersion
P ̂law, e =  -£-. The corresponding tensor of effective mass

* (  d2e \ "
m‘l - { d PidPl) can be written as m*;. =  môi/( where ôtj is thedP{ dP
Kroneker symbol. Let the magnetic field be directed along the z 
axis (H =  Ht). The équations determining the path of the elec-
tron in p-space hâve the forms:

pI  +  p'I pIo
2 m  2 m

P|l= P*o =  const
(2.74)

The area S(e,pz0) of the corresponding section of the constant- 
energy surface by a plane perpendicular to H is

S(e,p,0) =  n [ 2 m ( e - ^ - ) ]  (2.75)

Differentiating this expression for energy, we find that the 
cyclotron mass m* of électrons (2.73) coïncides with m and is in- 
dependent of the location of the sécant plane which is determined 
by the magnitude of momentum pz0.

Because of the spherical symmetry of the Fermi surface, the
cyclotron mass m* is evidently independent of the direction of H. 
Thus, ail électrons located on the spherical constant-energy sur
face hâve the same cyclotron period and move in synchronism in 
the magnetic field. As has been mentioned earlier, the area of-y
the orbit in p-space reduces with an increase of p|( =  pz0 and
degenerates into a point at p,0 =  ^2 rm .  The velocity of motion 
of électrons along the orbit therefore reduces with a decrease of
its radius. Accordingly, the motion in r-space along the spiral 
about the magnetic line of force is the slower, the smaller the 
radius of the spiral.

Near the reference points (the points where the Fermi surface
touches the planes perpendicular to H) px =  py =  0, pz= ±  
pz0=  ±. the électrons describe an infinitely small orbit
with the same frequency as the électrons located in the plane of
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->•
the extremal section pz0 — 0. The former move in r-space practi- 
cally with the Fermi velocity in the direction of the magnetic field, 
while the latter describe closed circles in a plane perpendicular 
to the magnetic field.

As another example, consider the quadratic anisotropic law of 
dispersion

The corresponding constant-energy surface is described by équa
tion (2.25) and has the form of a triaxial ellipsoid with semi-axes
^J2mxz, ^ 2 m ye, and *\J2mze. The tensor matrix of the effective

Let the magnetic field be directed, as before, along the z axis. 
The orbits of électrons w ill then be determined by the sections 
Pu =  Pzo =  const. As is known, any section of an ellipsoid by 
a plane is an ellipse. We find the area of the section S(e, Pzo) cor
responding to the plane pz =  pzo-

The équation of an ellipse in the sécant plane is

Hence, according to (2.73), the cyclotron mass (m*)z correspon-

through the components of the effective mass tensor mx and my:

By directing the magnetic field along the axes x and y , we can 
find in a similar way the cyclotron masses (tn*)x and (m*)y rela- 
ting to any sections px =  const and py =  const respectively

(2.76)

j  for the main axes of the ellipsoid is of

the form:
mx 0  0

0  my 0  

0 0 tnz

(2.77)

The area of the section 5 (e, pz0) is

(2.78)

ding to any section, with H  parallel to p „ can be solely expressed

(m * )z  =  V mxmy (2.79)

(m*)x =  V tnymz, (m*)„ =  ^Jmxmy (2.80)



154 Ch. Two. The System of Valence Electrons

It may be finally shown that for an arbitrary direction tij of 
the magnetic field, the cyclotron mass (m*)-> can be expressed

nj
through the three main components of the tensor tnit and the

direction cosines of the vector tij relative to the main axes of 
the ellipsoid:

(«*)
ni

mxmymz 
m x cos2 a rtiy cos2 p +  mz cos2 y (2.81)

where a, P, and y are the angles between ttj and axes px, pv, 
and pz.

It is thus seen that for the quadratic law of dispersion at which
is always either an ellipsoid or a 

sphere, the cyclotron mass m* is in- 
dependent of p^ and, in the case of 
ellipsoid, is determined solely by the 
orientation of the magnetic field rela
tive to the main axes of the surface. 
In other words, in the magnetic 
field of a given direction, ail élec
trons on the surface of an ellipsoid
or sphere in p-space move in syn- 
chronism irrespective of the position 
of the sécant plane. For any direc
tion, the ellipsoid, as the sphere, has 
two reference points (points A and 
A' in which the surface touches the
planes perpendicular to H )  near 
which the électrons describe infinite- 
ly small orbits, but with a frequency 

coinciding with the general frequency of their rotation in any sec
tion (Fig. 114).

In a case of an arbitrary law of dispersion, the cyclotron mass 
m* is dépendent on p|( and is naturally distinct for different élec
trons on a Fermi surface. For that reason, and as distinct from 
a free-electron gas, a gas of conduction électrons in a métal can- 
not rotate in the magnetic field with a frequency common for ail 
the électrons. Different électrons then perform different periodic 
motions. Those which move over open paths in the plane perpen
dicular to the magnetic field (in p-space) perform an infinité 
motion.

With an arbitrary law of dispersion, it may be observed, howe- 
ver, that individual groups of électrons move synchronously in

the constant-energy surface
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the magnetic field. Such groups locate near the sections of a con- 
stant-energy surface on which the dependence of the cyclotron

mass on p,. has a local maximum or minimum and 4 ^ -  turns toHl dp,,
zéro. Such sections are usually the extremal ones (minimal or 
maximal) for the given direction of the magnetic field. They may 
include, for instance, a large section by the plane of symmetry 
(central section) of a constant-energy surface, having the form 
of a dumb-bell (Fig. 110a) or two similar maximum sections of 
the same dumb-bell and the minimum section of its “ neck” 
(Fig. 110b).

Indeed, near the section corresponding to p„ =  pj, for which 

~ -  =  0, the expansion of the cyclotron period T H = y |~ m *  in

powers of the différence p|( — pj> contains no first order terms. 
Owing to this, there exists a certain vicinity of point p„ =  p,j, ha
ving the width Ap„, for which the dependence of the period on p„ 
can be neglected.

The électrons located in the “ neck” ~ A p near pj form a group
of quasi-particles moving practically synchronously in the magne
tic field (Fig. 115). Such groups of électrons provide a résonance 
contribution to various effects. The contribution of the électrons 
outside the “ neck” represents a monotonous (non-resonance) back- 
ground.

Let us discuss the nature of motion in magnetic fields of quasi- 
particles located on constant-energy surfaces of the électron and 
hole type. It should be recalled that the volumes (and therefore, 
sections S) of the electron-type constant-energy surfaces increase 
with energÿ, while those of the hole-type one, on the contrary,

dSdecrease. For that reason, > 0  on an electron-type surface
and the effective cyclotron mass is positive, while on a hole-type 
surface the mass is négative. The different signes of cyclotron
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masses imply that precession of quasi-particles on électron- and 
hole-type surfaces occurs in opposite directions.

With the motion in a magnetic field, the Lorentz force
Q -V

F# sets up a centripetal accélération to an électron.

© '

The vectors vg, //, and — FH (since e <  0 for an électron) form 
a right-hand screw triple. Consequently, in a magnetic field direc- 
ted away from the observer, a free électron rotâtes clockwise 
(Fig. 116). The same direction of rotation must be observed when 
the imaging point on Harrison’s sphere moves in the magnetic

field, since this point corresponds 
to the free-electron approximation
VeffCr)^ 0.

The motion of quasi-particles 
located on électron- and hole-type 
constant-energy surfaces w ill be 
discussed on a particular example 
of a trivalent “ métal” with a 
plane square lattice. The constant- 
energy surfaces in the first and 
second zones for such métal hâve 
been constructed in Sec. 2 - 1 0  (see 
Figs. 81 and 82).

In a magnetic field perpendicu- 
lar to the plane of lattice and 

directed away from the observer, precession of électrons over 
Harrison’s circle (Fig. 79) occurs clockwise. Application of a
finite pseudo-potential Veft (0  results in that the Harrison circle 
breaks into separate pièces (Fig. 80), but the direction of motion 
of the électron along each piece cannot be changed.

Let us discuss separately the motion over the pièces of Harri
son’s circle relating to the second and first zones (Figs. 117 
and 118). We start, for instance, from the motion over piece 1 in 
Fig. 117. When an électron on that piece gets into point A at the 
boundary of the Brillouin zone, its quasi-momentum along the px 
axis changes stepwise (the électron is reflected from the boundary) 
and it passes to an équivalent point A'. Further motion over 
piece 2 occurs continuously up to the next point B' located on 
the boundary of the Brillouin zone, from which the électron pass
es to an équivalent point B. A similar motion is observed on 
pièces 3 and 4 of Harrison’s circle.

Note that the électrons located on pièces 1 and 2 remain on 
them ail the time (if no scattering occurs at which the quasi-mo
mentum of an électron changes arbitrarily) and do not pass over 
onto pièces 3 and 4. The same is true for the électrons located on
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pièces 3 and 4. Since the real motion of an électron in r-space 
is continuons, it is reasonable to make this motion continuous also
in p-space by connecting the pièces 1 and 2 or 3 and 4 into con
tinuous curves (i.e. superimposing the équivalent points A and A 'y 
B and B \ etc.). This namely is the physical essence of translation 
of pièces of Harrison’s circle for a period 2 jt tija along the axes px 
and pv that has been discussed in Sec. 2-10.

The idea of mirror reflection of an électron from the boundaries 
of a Brillouin zone becomes more clear if we regard the pièces of

circle located inside the first Brillouin zone. The diagram in 
Fig. 117 w ill then hâve an analogous diagram in Fig. 119, in 
which pièces 1 and 2 are replaced by équivalent pièces V and 2' 
after translation into the first zone. It can be seen in that case 
that the quasi-momentum changes stepwise to an opposite one in 
point Bf and the électron passes over stepwise to point B. A re- 
peated reflection from the boundary of the zone is observed in 
point A.

If, by means of translation of pièces of curves, we eliminate 
jumps of électrons from point A to point A' and from point B' to
point 6 , the motion in p-space w ill then become équivalent to the 
motion over closed curves (Fig. 120). The motion over electron-type 
curves in the second zone that we hâve discussed occurs clock- 
wise, i.e. in the same direction as the motion of a free électron.

Let us return to the motion of an électron over hole-type pièces 
of constant-energy curves (Fig. 118). On each such a piece, an 
électron moves clockwise relative to the centre of Harrison’s circle.
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Let the électron be présent in itially, for instance, on piece 5. In 
point fi, it is reflected from the boundary and jumps to an equiva-
lent point f i ' on piece 6. The whole cycle of motion in p-space up 
to the return to piece 5 (a complété rotation in the magnetic field) 
is shown by arrows in Fig. 118.

By translating the pièces of Harrison’s circle over periods 2nh/a 
along the axes px and py> we can eliminate jumps of the électron 
between the équivalent points and pass to the motion along a 
closed constant-energy curve having the form of a “ rosette” which

surrounds one of the corners of the first Brillouin zone (Fig. 121).
The motion over the “ rosette” gives an orbit in p-space which 
corresponds to the projection of the orbit of real continuous mo-
tion of électrons in r-space onto a plane perpendicular to H. This 
indicates once more that the procedure of translating and com- 
bining various pièces of Harrison’s circle into a continuous closed 
curve has a deep physical meaning.

As can be seen from Fig. 1 2 1 , precession over the “ rosette” 
occurs counter-clockwise, i.e. in the direction opposite to the pre
cession of a free électron. Such direction of precession has a posi- 
tively charged particle (e >  0 ) with a positive effective mass 
(m* > 0 ) or a negatively charged particle (e <  0 ) with a néga
tive effective mass (m *< [0 ). The duality of the concept of a 
quasi-particle located on a hole-type constant-energy surface is 
linked with that the nature of motion of a charged particle in elec- 
tric and magnetic fields is determined not by the signs of its 
charge e or mass m* separately, but by the sign of the ratio e/m*t
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which does not alter when the concept of e <  0 , m* <  0  is changed 
to that of e >  0 , m* >  0 .

Both concepts are entirely équivalent for the description of 
dynamic efïects in external fields. The problem of whether they 
really differ physically and how it can be revealed w ill be discuss- 
ed in Chapter 3 when analysing the contribution of hole-type sur
faces to electric conductivity and Hall efïect. Here, we hâve only 
to note that quasi-particles located on électron- and hole-type con- 
stant-energy surfaces really differ from each other in their physical 
properties, which is revealed

o

Fig. 121

in their interactions with ex
ternal magnetic and electric 
fields.

The motion of quasi-parti
cles located on open cons- 
tant-energy surfaces in a 
magnetic field has some spé
cifie features which must be 
discussed separately.

As has been mentioned in 
Sec. 2 - 1 0  of this chapter, 
open surfaces can be related 
neither to électron nor hole 
type. Classification of surfa
ces into these two types is 
strictly applicable only for 
closed surfaces. Quasi-partic
les on open constant-energy surfaces can move along certain 
closed orbits of either électron or hole type depending on the orien
tation of magnetic field and the position of the plane p\\ =  const. 
In other words, the direction of motion of a quasi-particle in a 
magnetic field over separate closed orbits located on open sur
faces may coïncide with the direction of motion of either an élec
tron or a hole. On the other hand, such open surfaces are possible 
on which orbits of only one type are observed. Let us explain this 
by means of examples.

Let us take the Fermi surface of such metals as Cu, Ag, or Au 
and regard it in the scheme of repeating zones. It consists of sphè
res connected by “ necks” in the directions of body diagonals 
(Fig. 78a). If there were no “ necks” , this Fermi surface would be 
a closed one and could be related, without doubt, to the électron 
type. But the.presence of “ necks” makes this conclusion unfounded. 
This is cortfifrned by the existence of orbits of different types in a 
magnetic field.

Indeed, with the magnetic field orientated along the directions 
équivalent to [1 0 0 ] or those close to them, électron orbits are ob-
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served corresponding, for instance, to the extremum sections of->
a “ belly” of the Fermi surface in each cell of p-space. With the 
fïeld orientated along [1 1 0 ], in addition to the same électron orbit 
around a “ belly” and a small électron orbit around a “ neck” , there 
appears a hole-type orbit of the “ dog’s bone” type, which bounds 
the empty space between four spheres and corresponds to the ex- 
tremal hole section.

A “ dog’s bone” type orbit is shown in Fig. 78a and b. The syn- 
chronous motion of a group of électrons along this orbit can be 
observed experimentally. If, apart from extremal sections, we con- 
sider any section of the Fermi surface in Cu, Ag or Au, then
hole-type orbits can be practically found for ail directions of H. 
They are of the same nature as a “ dog’s bone” orbit: each of them 
bounds an empty space between four spheres.

Electron- and hole-type orbits are observed for ail Fermi sur
faces of the “ monster” type. The électrons moving in a magnetic 
field on different orbits contribute differently to some or other 
physical effects. In some effects the motion is of électron nature, 
and in others, of hole type. Because of this, such Fermi surfaces 
and that of the “ monster” type, cannot be referred to a definite 
type, as has been indicated earlier.

Another example of an open Fermi surface is that of the 
“ warped cylinder” type (Fig. 108). Electron-type orbits are ob
served in this case for a magnetic field directed at an angle 0  to 
the axis of the cylinder in ail sections. They become elongated as 
the angle 0 approaches 90 degrees. But, for any orientation of the 
magnetic field, hole-type orbits are non-existent. Thus, a surface 
of the “warped cylinder” type can be related to the electron- 
type surfaces.

Note that for open paths the natural concept of effective mass 
in a magnetic field, connected with the period of rotation on the 
orbit, is inapplicable. At a passage to an open path, the period 
becomes infinité. Substantially earlier, when the path has become 
sufficiently elongated, the cyclic nature of the motion of électrons 
is disturbed owing to the processes of scattering. With every act 
of scattering, an électron passes over from one section to another. 
Because of this the single-valued relation between the motion of 
the électron and the geometry of the Fermi surface vanishes, 
though the latter completely détermines the nature of motion of 
électrons during the relaxation time.

To conclude this section, let us dwell upon a new method of in- 
troducing the cyclotron mass of électrons in a métal, which is 
directly connected with the construction of Fermi surfaces accord- 
ing to Harrison. The method is based on calculation of the period 
of cyclic motion of an électron in a magnetic field along a path
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located on pièces of Harrison’s sphere between Bragg reflection 
planes. With the zéro approximation of the magnitude of effective 
potential, an électron w ill move in the magnetic field over a sphe-
rical constant-energy surface with the period T0=  •

If we now pass over to a finite effective potential and account 
for Bragg reflections, the period TH of rotation of the électron be- 
comes equal to T0 multiplied by the ratio of the total angle des- 
cribed by the quasi-momentum of the électron between the planes 
of energy discontinuity to the total angle 2ji (this angle is des- 
cribed by the momentum of a free électron during the same pe
riod). It can then naturally be assumed that the effective potential 
is small and the motion of the électron over an individual piece 
of the Harrison sphere separated by the boundaries of the Brillouin 
zones does not practically differ from the motion of a free électron
over the same piece of the sphere at Veff (r ) =  0 .

As in the first method of introducing the cyclotron mass, the 
magnitude of m* is now determined by the period Tu of rotation

-> \ e \ Hof the électron on the orbit in /7-space: tn =  -  TH. Thus, the
ratio of the cyclotron mass to the mass of a free électron, equal 
to the Th/T0 ra%tio, is correlated with the geometry of the path of 
the électron on Harrison’s sphere. Let this be explained on the 
example, given earlier, of a trivalent “ métal” with a plane square
lattice placed into a magnetic field H perpendicular to the plane 
of lattice. For this, we again apply to Figs. 117 and 118.

The path of the électron in the métal considered consists of four 
pièces 1-4 of Harrison’s circle (Fig. 117), which differ from the 
four pièces 5-8 constituting a hole-type path (Fig. 118). During 
the period of motion, the quasi-momenta of the électron and hole 
describe the angles equal to 4Ayei and 4Aq>hoi respectively 
(Fig. 122). The cyclotron masses of the électron tnel and hole tn'hol 
w ill then be:

< / = i s r 4A<̂

In a three-dimensional case, the cyclotron mass is determined 
by constructing Harrison’s sphere and finding ail its intersections 
with the planes of energy discontinuity, as has been done for the 
construction of Fermi surfaces. Then the projection of these Unes 
onto a pUne perpendicular to the magnetic field is found.

The projection of the électron momentum onto this plane moves 
along a circle and undergoes jumps at reaching the projections of 
the Unes of intersection of Harrison’s sphere with Bragg planes. 
The cyclotron mass corresponding to an orbit is obtained by summ-



162 Ch. Two. The System of Valence Electrons

ing up ail the angles between Bragg reflections and multiplying 
this sum by — .

It can be shown that the cyclotron masses exceed m0 for some 
orbits. This is related to the fact that the period of precession of 
électrons on Harrison’s sphere is independent of the position of 
the plane pw =  const on which the orbit of the électron is located.
In other words, the period of pre
cession over the small circle corres- 
ponding to a non-central section of 
Harrison’s sphere coïncides with the 
period of precession over the circle

0 *

Fig. 123

of the central section. Owing to this the total angle described by 
the projection of the quasi-momentum of the électron onto the
corresponding sécant plane perpendicular to the magnetic field H 
may exceed 2 jt, and therefore, the cyclotron mass related to this 
orbit may exceed trio .

Figure 123a, for instance, shows a hole-type orbit consisting of 
arcs of four contacting circles which correspond to sections of four
Harrison’s spheres by a plane perpendicular to H. The quasi-mo- 
mentum of the hole describes an angle of 2 jt during motion along 
this orbit, and therefore, the related cyclotron hole mass is m0.

Figure 1236 shows a hole-type orbit consisting of arcs of six 
contacting circles which are formed by intersection of six neigh-
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bouring Harrison’s spheres with a plane perpendicular to H. The 
corresponding cyclotron mass is evidently 2 m0.

Using this method, we can détermine ail masses on the Fermi 
surface, calculate the number of the électrons dN on the Ferini 
surface whose cyclotron masses are within the interval from m* 
to m* +  dm*, and find the fonction of distribution of cyclotron
masses =  /(m *)fo r the given orientation of the field H.

Figure 124, according to Harrison [26], gives the results of cal-
d  Vculation of for aluminium in the direction of the magnetic

field along the crystallographic axis of the type [110]. The values

of m* obtained fill almost the whole interval from 0 to 1.6 m0. The 
curve *n the figure is normalized so as to equate

m*max 

m° d m *
S /' (m*) to unity. The singular points on the curve relate
o

to the extremal masses which correspond to the paths of quasi- 
particles on the hole-type surface in the second zone (peak III  at
T î i - = 0 .8 ) and on the electron-type surfaces in the third zone m0 /
(peaks 1, II, and IV at —  =  0.1, 0.17, and 1.0 respectively).m0

The experimental values of cyclotron masses m* for aluminium 
found by Moore and Spong [58] exceed the corresponding calculat- 
ed values-1.3 times. The calculation made by Harrison has shown 
that sücVa large discrepancy in the masses cannot be removed 
by introducing first-order corrections accounting for the non-local 
nature of pseudo-potential and second-order corrections for the 
wave function of an électron (i.e. under account of the second-
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order ternis in the expansion of the function over orthogonalized 
plane waves). These corrections, as a rule, give only a slight va
riation of the parameters of électrons. As follows from the calcu
lation, the use of any number of orthogonalized plane waves to 
represent the wave function of an électron cannot remove this dis- 
crepancy.

There are two likely sources of error in the masses. One is the 
use of a self-consislent-field approximation, i.e. a single-eleetron 
approximation. But, according to Fletcher and Larson [59], the 
correction factor is estimated as approximately 1 .1 . Another source 
of error is neglecting the motion of the ions. It is known, as élec
trons move in the lattice, the ions are displaced. The process may 
be thought of as an alternating émission and reabsorption of pho
nons, i.e. as the resuit of the electron-phonon interaction. This 
results in renormalization of the energy and velocity of an élec
tron, and therefore, in a sizable variation of the effective mass. 
Under certain conditions the electron-phonon interaction may 
cause attraction between conduction électrons and thus give rise 
to superconductivity at low températures.

An analysis of the known experimental facts has shown that 
the electron-phonon interaction is responsible for the increase of 
the effective mass of électrons on the Fermi surface and also near 
it in a layer whose thickness in terms of energy is a few tenths 
of hiùDy where coo is Debye frequency. Calculations by the theory 
of perturbations for a system of many particles, made by Migdal 
[60], hâve shown that the mass of électrons m* near a Fermi sur
face is subject to renormalization: m** =  (1 +  X)m* (m** being 
the renormalized mass). The non-renormalized quantity ni* has 
been termed the band mass. The parameter X of renormalization

oo

is determined by the intégral X =  2^ -D- a2 (co) riœ, where D(co)
o

is the spectral function of phonons introduced in Chapter 1, and 
a((o) is a phonon-frequency dépendent constant of electron-phonon 
interaction. The calculated values of X for Na, Al, and Pb are 
0.19, 0.50, and 1.6 respectively.

The additional account of the Coulomb repulsion of électrons 
gives the following expression for a renormalized cyclotron mass 
in non-superconducting metals: m** =  (1 -f- ^ +  \^)m*y where X 
and jlx account respectively for the electron-phonon interaction and 
Coulomb interaction of électrons. The magnitude of \i is still not 
known exactly, but it may be expected that it is small (for alu
minium, for instance, approximate calculations hâve given
|ui ^  0 .0 1 ).

It should be emphasized that the electron-phonon interaction 
does not change the size of the Fermi surface and only manifests
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itself in corrections to the effective mass. In addition, this effect 
lias no influence on the kinetic properties of metals, for instance, 
their electric and thermal conductivities.

The renormalization of the effective mass on the Fermi surface 
results in the variation of the spécifie heat Cv of the électron gas 
(1 -f-^  +  M') times. Later, when discussing the various effects in 
metals, we shall indicate the physical characteristics that vary 
because of the electron-phonon interaction.

2-13. THE DENSITY OF STATES

The energy distribution of électron states is one of the most 
important characteristics of the energy spectrum of électrons. This 
distribution can be described by introducing the concept of the 
density of states. Let N(e) be the number of states with an energy 
not exceeding e. The differential dN (e) w ill then give the number 
of states within an interval of energies from e to e +  de. The den
sity of states is a function v(e) equal to the ratio of dN (e) to the 
width de of the interval. This function is evidently linked closely 
with the law of dispersion of électrons.

Let us dérivé an expression for the density of states of an élec
tron System for a particular case of the quadratic dispersion law.

Using this simple dispersion law, we can détermine the main 
peculiarities of the* function v(e) in dependence of the number of 
variations of the System. The dimension of the System w ill be 
marked by superscripts III, II, or I at the corresponding functions 
N(e), v(e), etc. [for instance, Nlî I (e)y vm (e)]. The expression for 
the density of states w ill be first derived for a three-dimensional 
case.

As has been derived earlier, the number of électrons in a unit 
volume of a three-dimensional phase space (or, in other words, 
the density of électrons in a three-dimensional phase space) is

2V
(2jt/?)̂  ’ w *̂ere y *s the volume of crystal. The number of électrons 

dN1-*' in an elementary volume dpxdpydpz of p-space w ill then be
P

dNï '  =  (to»)3 dP* dPy dP* (2-82)
P2

With the quadratic dispersion law e =  ̂  it is reasonable to
pass from the Cartesian coordinates px, py, Pz to the spherical p, 
0 , (p, since the coordinate and constant-energy surfaces in the new 
variables-cdincide. The expression for dN1*' in the spherical co-

p
ordinates takes the form:

dNp" =  P2 dp sin 0 dQ dtp (2.83)
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Integrating by angles, we find the number of électrons in the 
layer located between p and p +  dp:

=  P2dP (2-84)
p2

Passing from the variable p to 6 =  -^ -, we get for the number 

of électrons dMleu in the energy interval from e to e +  de:
j, ,n i ü 'J in V  >/, i/, , ,n oc,
dNe =  (2jtfi)3 m B de (2-85)

Thus, the density of states vm (e) of the three-dimensional élec
tron System with the quadratic dispersion law is:

v iii (e) aJV” 1de 8 V2 nV
(2jt/i) 3

n îl,èl1 (2.86)

The shape of the function vin (e) is shown in Fig. 125.
Expression (2.86) for the density of states has been obtained 

for the quadratic isotropie dispersion law. A similar expression 
can be found for an anisotropic quadratic dispersion law which is 
associated with ellipsoidal constant-energy surfaces. For this, it is

sufficient to find the number of 
électrons iVin (e) with an energy 
not exceeding e. This number coïn
cides with the number of élec
trons inside the ellipsoid given by 
équation (2.25). The semi-axes 
of the ellipsoid are -\/2 m<e, 
■\j2mye, and \j2m ze and its vol
ume A-»- is:p

A^ =  | x 2  V 2 (tnxtnymz)'k eh (2.87)

Hence the number of électrons Nm (e) is:

A/ 111 (e) =  {mxmymz)lkeh (2.88)

Differentiating by e, we find the density of states vm (e) for the 
case of ellipsoidal constant-energy surfaces

v" ‘ (e) =  e'!i (2-89)

As w ill be seen, at the passage from a spherical Fermi surface 
to an ellipsoidal one the nature of the dependence of vm on e has 
not changed. Let (mxmymz) li* be denoted as md. This quantity has
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been termed the effective mass of density of States. In an isotropie 
case it simply coïncides with m. The introduction of the effective 
mass of density of states makes expressions (2.86) and (2.89) 
formally identical to one another. The passage from an isotropie 
case to an anisotropic one thus reduces solely to changing the 
magnitude of md.

As has been mentioned earlier, ellipsoidal constant-energy sur
faces are observed in the vicinity of maxima and minima of ener- 
gy. These surfaces are of the electronic type near a minimum of 
cnergy and bound the filled part of p-space. A minimum of energy 
in an energy band is otherwise # 
called its bottom. Thus, the den- ^ 6) 
sity of states of électrons, vm, * b 
has the form of (2.89), where e 
implies the energy of an élec
tron state &  calculated from 
the bottom <?fc of the zone up- 
ward: e =  S  — & c.

The constant-energy surfaces 
are of the hole type near a
maximum of energy and bound

->■
an empty part of p-space in a 
corresponding Brillouin zone.
A maximum of energy is other
wise called the top of an ener
gy band. Thus, the density of 
states of holes also has the form of (2.89), where the energy e 
implies the energy of the unfilled électron state S  corresponding 
to a hole calculated from the top <£v of the zone downward: 
e =  —  8 .

Note some properties of the density of states vm (e) of a three- 
dimensional System:

(a) the density of states vm (e) is zéro at the boundary of an 
energy band (in the minimum or maximum of energy in the band) 
and increases monotonously with energy;

(b) the density of states vm (e) has no singularities at any va
lues of e;

(c) the density of states vm (8 ) is proportional to the effective 
mass tnd of électrons (or holes) to the power of 3/2.

Until now, we hâve discussed the density of states of an élec
tron System, obtained without account of the interaction between 
électrons'arid also without account of the electron-phonon interac
tion. As has been shown in the previous section, these two factors 
resuit in renormalization of the effective mass of the carriers near 
a Fermi surface, the electron-phonon interaction providing the

Fig. 126
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greatest contribution. A change (increase) of the effective mass 
of électrons and holes, in turn, causes an increase of the density 
of states on the Fermi surface.

Thus, the expression (2.89) obtained for vm (e) describes a non- 
renormalized density of states, which is differently called the band 
density of states. Qualitatively, the dependence of a renormalized 
quantity vm *(e) on energy is shown in Fig. 126. The “ peak” of 
density of states near e =  eF corresponds to a layer of “ heavy” 
électrons or holes formed through the electron-phonon interaction.

Let us dérivé the density of states for a two-dimensional électron 
System with a quadratic dispersion law. An analytical expression

for the band density of states vn (e) can be obtained by the same 
method as has been used in deriving the expression for vm (e).

For a two-dimensional crystal of unit area the number of élec
trons dNx-l in an element dpxdpy of phase space is

dMï = j é w dP*dP« (2-90)

Passing to cylindrical coordinates and integrating by angle cp, 
we get the number of électrons dNlp in the “ neck” extending from 
p to p -f- dp:

dN^ =  l & ÿ P dP (2-91)
p2

From the dispersion law e =  ^  it follows that pdp=m d  e. The
expression for the band density of states vn (e) can then be writ- 
ten as

Vn 4n ^ __ m

(2nfi) 2 m ~  UE* (2.92)



2-14. Quaniization of Electron Energy in Magnetic Field 169

The band density of states of a two-dimensional System is con
stant and proportional to the effective mass of the carriers. The 
rcnormalized density of states vn*(e) has a peak corresponding 
to the Fermi energy. A qualitative curve of v9 * 11* (e) is shown in 
Fig. 127.

For a one-dimensional System of unit length, the number of 
électrons dN\ in an element dp of phase space is

“ " l — ST <2'93>
Hence the band density of states vI (e) is as follows:

(2-94)
The function v! (e) (Fig. 128) increases with a réduction of e and 
has an infinité singularity at e =  0. This characteristic feature of 
the density of states of a one-dimensional System vx(e) plays a 
principal part in the distribution of électrons over energy levels 
in a quantizing magnetic field.

2-14. QUANTIZATION OF THE ENERGY 
OF AN ELECTRON IN A MAGNETIC

FIELD

Because of the cyclic nature of the motion of an électron in a 
magnetic field H , its energy related to the motion in a plane per-
pendicular to H becomes discrète, or as it is said, is quantized. 
This was first indicated by Landau [61] in 1930 when determining 
the energy levels of an électron in a constant homogeneous mag
netic field H.

Let us recall that the energy e of a free électron is a continuous 
quantity and can be expressed through the components of its mo-
mentum p :

® ® (Px> Pyi Pzl
9 , 9 9

P x + P y + P z
2m0

Let the magnetic field be directed along the z-axis. As has been
found by Landau, the motion of an électron in a magnetic field
can be resolved into two components: the motion along the field -> ->
H and ihatMn a plane perpendicular to H. The magnetic field does 
not change the longitudinal component, i.e. this part of the mo
tion is not quantized. The energy of électron related to it, eM, as 
with H =  0 , is equal to p^/2 m0.
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The motion in the plane perpendicular to H is similar to the 
motion of a linear harmonie oscillator which oscillâtes about an
equilibrium position y0= - r ^ f f f  with a frequency coinciding with

I e | h
the cyclotron frequency 00 =  -——— . The energy spectrum e± of
the transverse component of motion coïncides with the spectrum 
of 'the linear oscillator and consists of discrète levels:

e± =  (n +  y)à® * where n =  0 , 1 , 2 , . . .

Thus, the energy of the électron in the magnetic field without 
account of its spin is as follows:

e =  e (n, pz) =  (n  +  —)  ha +  —  (2.95)

Quantization of the energy of électrons in a magnetic field is 
the physical basis of diamagnetism of électron Systems.

The motion of a quantum particle diflfers from that of a classical 
one in that the energy of cyclic motion is discrète. This distinction 
can be clearly interpreted by using the quasi-classical concept of 
the path of motion of an électron in a magnetic field.

Thus, for the classical motion, any values of the energy e± re-

lated to the motion in a plane perpendicular to the field H are
allowable. The magnitude of ex is then expressed through the
frequency co of rotation and radius r of the électron orbit: e± =

mov\  m0(ù2r 2 \ e  \ H
=  —^— ==— §— * The cyclotron frequency co =  is independ-
ent of the size of the orbit. Thus, each value of the energy has 
a corresponding definite value of radius r, both values varying 
continuously.

For a quantum motion, only discrète values of the energy ex ==

=  {n  - f  fUù are allowable.
We shall use, as before, the quasi-classical concept of the path 

of an électron !). The values of radius r of the path can be found

*) A quantum particle moves freely in a magnetic field along the z axis 
and also performs motion within a limited région

in a plane perpendicular lo the magnetic field. The motion in that région cor
responds to the classical motion of a charge around a circle with the cyclo
tron frequency.
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by the correspondence principle, used in quantum mechanics to 
establish the relation between classical and quantum quantities. 
For this, we correlate the classical and the quantum expressions 
for the energy e L :

scl  =  and e^a =  (n  +  -ÿ) à(ù

Hence it follows that only discrète values of the radii rn of orbits 
are allowed:

'■»=V (” + 4) = V (" + i) <2-96)
a definite value of rn corresponding to each value of the quantum 
number n.

To pass from one orbit to any other of greater radius, it is re- 
quired to spend an energy multiple of h(ù.

Thus, the energy spectrum of an électron in a magnetic field is 
determined by the quantum number n and the magnitude of the 
projection of its momentum pz 
onto the direction of the magnetic 
field which is retained during mo
tion. Such a spectrum can be de- 
picted by a combination of para- 

Pzbolae ô—  shifted relative to one *m0
another along the energy axis by 
ha> (Fig. 129).

Each parabola corresponds to 
its own value of the quantum 
number n. These parabolae hâve 
been termed Landau levels. The 
numbering of these levels is made by means of the quantum num
ber n.

The energy states on each Landau level, corresponding to diffe
rent values of pz, are degenerated in y0> which actually détermines 
the position of the centre of orbit of an électron along one of the 
Cartesian axes on a plane perpendicular to the magnetic field. 
Note., that the coordinate of the centre of orbit x0 along the other 
Cartesian axis has no definite value simultaneously with i/o, since 
the quantum operators corresponding to these values do not com- 
mutate with one another.

Let us find the degree of degeneration of each energy level 
(2.95) in a case when the motion of the électron in a plane per
pendicular to the magnetic field is restricted within the limits of 
a finite area 5 with dimensions Lx and Ly along the axes x and y. 
With this restriction, the components px and pv of the électron

e
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become discrète and multiple of the minimum values of the mo- 
menta:

A p , = —  and Ap,, =  —  (see Sec. 2-3)
L x L y

We assume that the radius of the électron orbit is small compar- 
ed with Lx and Ly. The minimum distance Ay0 between neighbour- 
ing orbits along the y axis is

a c Ü p x 2nchAr/o == -------k l  H \ e \ H L x

The number of allowed orbits on the area S is determined by the 
number of different values of i/o satisfying the condition 0  <  i/o <

\ e \ H

2nnc LxLy. Then,<  Ly. It is evidently equal to the ratio
the number of different states along i/o for the given n and pz (de-
gree of degeneration) is it is proportional to the area S
and the first power of the magnetic field.

On each Landau level in a state with the given pz there are 
électrons with opposite spins. Thus, each energy state is, in addi
tion, twice degenerated by spin.

As is known from quantum mechanics, an électron possesses
its own magnetic moment (eigenmoment) p which is related to
the spin and is equal in magnitude to Bohr magneton pB =  ^  g •

The eigenmoment p of the électron in a magnetic field can be
orientated either in the direction + / /  or in —H. Account of the
energy of the eigenmoment p of the électron in the magnetic field,
which is equal to — (p //), results in removal of spin degeneration 
of Landau levels. Each Landau level then splits into two sub-
levels corresponding to two orientations of p. The lower of the 
two sub-levels is evidently that on which the magnetic moment
of the électron coincides in direction with H.

With an account of the energy-level spin splitting, the expres
sion for the energy of an électron in a magnetic field can be writ- 
ten as

e =  e(n, s, pz) =  (n  +  — )/ko +  spBH-
2 m 0

(2.97)

where s is tfre spin quantum number, acquiring the values ± 1 .
With the account of the spin of an électron, the Landau levels 

are numbered by means of two quantum numbers n and s. The 
values s =  + 1  and s =  — 1 are usually written as and “ —”
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signs at the corresponding nurfiber n. With such a notation, the 
lowest level is 0 ~.

Note that for a free électron in the magnetic field the magnitude 
of spin splitting of levels, equal to 2 jmBH, coïncides with the dis
tance /zco between the Landau levels obtained without account of 
électron spin l ).

The situation arisen is very peculiar: spin splitting removes de- 
generation of the Landau levels with the same value of n, but the 
degeneration of the levels corresponding to the quantum numbers 
(nt s =  + 1  ) and ( n + 1 , s =
=  —1) is formed. The passage 
from a System of Landau levels 
without account of spin to a Sys
tem of levels accounting for spin 
splitting can be clearly illustrated 
on an energy diagram correspond
ing to the states with pz =  0  
(Fig. 130). As w ill be seen from 
the diagram, the degeneration re- 
lated to spin is only absent on the 
0 " level.

In expression (2.97) for the 
energy of an électron, the depen- 
dence on quantum numbers n and 
s can be formally replaced by the dependence on a single num-

Pzber n e  = n 'h ( ù + 7i— , where n' can take on a sériés of values:2/ / î j

0 , 1, 2 , . . .  .
A circumstance of importance should be emphasized. The ener

gy of an électron in a magnetic field is dépendent in a continuous 
manner only on one projection of the momentum, pz. Because of 
this, the System of électrons in the magnetic field possesses many 
features of a one-dimensional System. This peculiarity has the most 
substantial efTect on the density of states of électrons in the mag
netic field.

Quantization of the energy of a free électron in a magnetic field 
is a conséquence of its cyclic motion. For the same reason, the 
energy of an électron in a métal placed into a magnetic field is 
also qu'a-ntized. But quantization of électrons in a métal can only 
occur when the free-path length / exceeds the size of the orbit of

cp |
the elecirçMi -i—j-rr in a plane perpendicular to the magnetic field.- ' I  ̂| ^  *)

6

*) Since the formation of Landau levels is connected with the motion of 
an électron on its orbit, the distance htù between the Landau levels is sometimes 
called orbital splitting.
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Because of this the magnitude of a quantizing magnetic field is 
limited from below by a definite value Ht at which the characteris- 

cp p
tic size t—r t t becomes of the same order as /.\b \ H

Let us recall that estimation of this value of the magnetic field 
has been done in Sec. 2 -1 2 , Chapter Two:

~  y  / / „  =  y  ( 10 8-1 0 9) oersteds

According to this feature, magnetic fields are usually classed as 
strong and weak: for strong fields H  >• H[, and for weak ones 
H <  H,.

Let us consider purely qualitatively the variations occurring in 
the energy spectrum of current carriers under the action of a 
quantizing magnetic field, taking for example the quadratic dis- 

2 P2 P2
persion law: e =  — - - f  y y -  -f- -. The frequency of cyclic motion

of an électron can be expressed through its cyclotron mass m*. For 
the quadratic dispersion law, m* at H =  Hz is related with the 
main components mx and mv of the effective mass tensor: (m*)2=  
=  '\fm xmy [see (2.80)]. The transition from a quasi-continuous 
energy spectrum e =  e(px, py, pz) to the Landau levels can be 
made similar to what has been done for free électrons. The energy 
of an électron in a magnetic field, depending without account of 
spin on the quantum number n and the projection of momentum 
pu can be written as:

\e\hH (  i \  p\ 
e =  e (rt, p2) — (« +  y )  +  2 ^ 7  (2-98)

An energy state with the given n and pt is twice degenerated 

by spin, and is also degenerated with the multiplicity LxLy
by the positions of the centre of orbit of the électron in a plane 
perpendicular to the magnetic field (here Lx and Ly are dimensions
of the crystal lattice of the métal in the plane perpendicular to H).

For quantization of the energy of an électron in a métal, ac
count of the spin cannot be made in the same manner as for a free 
électron. Analytical computation of the magnitude of spin splitting 
(Ae)s of Landau levels on the basis of the zone structure of a par- 
ticular métal is a rather complicated problem that has not been 
solved comp'letely. In particular, it has not still been explained 
theoretically why the magnitude of spin splitting (Ae)s in some 
metals exceeds orbital splitting hco.
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Spin splitting (Ae)s is usually expressed in the units \i bH :

(A ey =  gVLBH (2.99)

the proportionality factor g being termed g-factor. For a free élec
tron, g =  2 .

For metals, g-factor may substantially differ from 2 in either 
side. Note that g-factor may be different for different groups of 
current carriers even in the same métal. In each particular case, 
g-factor can also strongly dépend on the direction of magnetic
field H.

Thus, g-factor is a new characteristic of current carriers in me* 
tais and has to be determined experimentally together with other 
characteristics, such as cyclotron mass, the size and shape of the 
Fermi surface, etc.

Upon introduction of the g-factor, the expression for the energy
“V

of an électron in a métal placed into a magnetic field H, with 
account of spin splitting of levels, can be written in the form simi- 
lar to (2.97) :

\e \hH (  1\ 1 p i
e =  e (n, s, pz) =  W )—  (»  +  T )  +  -jSgiisH  +  ~  (2 .1 0 0 )

where s =  ±  1 , as for a free électron.
The expression for spin splitting (Ae)s can be written in a 

different way. For this, we introduce a quantity ms, having the 
dimension of mass, and relate it to the g-factor as follows:

g =  2 ^ -  (2 .1 0 1 )

ms has been termed the spin mass. Using it, (Ae)s can be formally 
written as for a free électron:

<Ae)S=2 i w = 2 ^ / /  (2 ,1 0 2 )

The spin mass ms here détermines the magnetic momentum p* 
which is called the effective magneton.

The use of the spin mass is very convenient for comparing the 
values of the spin and orbital splitting. With m s =  m*, the spin 
splitting evidently coïncides with the orbital splitting. The System 
of Landau levels is then similar to the System of levels for a free 
électron.

Figure 1£1 a, b, and c shows diagrams, similar to that of Fig. 1,30, 
for threé" cases: ms >  m*. ms =  m*, and ms <C m*. With ms <  m*, 
the spin splitting exceeds the orbital splitting, which results in 
disturbing the order of sequence of levels. In particular, with the 
magnitude of spin splitting shown in Fig. 131c, the energy of
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state with pz — 0  on the level n+ becomes greater than the energy 
of state on the level (n +  1 )".

Let us discuss the quantization of the energy of quasi-particles 
in the vicinity of a maximum of energy in a band, i.e. the quanti
zation of the energy of holes. Note that the cyclic motion of holes

occurs in a direction opposite to that of électrons, and that the 
cyclotron mass of holes is négative. As has been indicated, the 
energy of holes is counted from the top of a band downward.

Accordingly, the Landau level of holes 
with the number n is located above the 
level with the number n 1 .

But the g-factor and spin mass of 
holes are usually positive quantities 1). 
Hence it follows that in a System of 
hole-type Landau levels the uppermost 
level under account of spin splitting 
w ill be that with 0". An energy diagram 
of hole levels at pz — 0  is shown in 
Fig. 132. The diagram corresponds to a 

case when the orbital splitting exceeds the spin splitting. By com- 
paring Figs. 131 and 132, it can be seen that the corresponding 
energy diagrams for électrons and holes differ from one another 
only in the direction of counting of energy.

The expression for the energy of a hole in a magnetic field un
der account of spin splitting of levels is identical with expression 
(2 .1 0 0 ) for the energy of an électron, but e, (m*)z and ms now 
denoting the magnitudes of energy, cyclotron mass and effective 
mass of holes.

*) In rare'cases, g-factor of électrons and holes may be négative. The sign 
of g-factor can be decided by means of magneto-optical measurements by the 
nature of optical junctions between the Landau levels from neighbouring bands.
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If, in quantization, we regard the energy band as a whole, the 
following circumstance must be accounted for. The quasi-particle 
states near the bottom of the band hâve a positive effective mass 
and are called électrons, whereas the states near the top hâve 
a négative effective mass and are termed holes.

At a departure from the bottom of the band, the effective mass 
of électrons increases and tends to plus infinity in the middle 
ol the zone. With a departure from the top of the band downward, 
the effective mass of holes also increases in magnitude and tends 
to minus infinity in the middle of the band. The passage from 
the minimum of energy at the bottom of the band, surrounded by 
closed constant-energy surfaces of électron type,* to the maximum 
at its top, surrounded by closed constant-energy surfaces of hole 
type, is performed through constant-energy surfaces of open type 
(corresponding to the energies near the middle of the band).

When électrons approach the open paths, the cyclotron frequen- 
cies of motion of électrons and holes in a magnetic field tend to 
zéro, the periods of rotation in the orbits increase.to infinity, the 
motion ceases to be finite, and quantization of the energy is dis- 
turbed. Consequently, it is impossible to quantize the energy of 
ail the states in a band, beginning from the bottom and up to the 
top. With moving farther from the bottom (or top), the Landau

levels condense infinitely (/ko =   ̂ 0  at any H )  and the
energy spectrum of current carriers corresponding to the motion 
in a plane perpendicular to the magnetic field is transformed into 
a quasi-continuous one.

Thus, the behaviour of quasi-particles on électron- and hole-type 
constant-energy surfaces in a magnetic field has remained diffe
rent. This means that the introduction of électrons and holes is 
connected with a stable physical feature which does not change at 
quantization of the energy in a magnetic field.

2-15. DISTRIBUTION OF ELECTRONS 
IN p-SPACE IN THE PRESENCE 

OF A QUANTIZING MAGNETIC FIELD

Let us discuss how the distribution of électron states in p-space 
varies under the action of a quantizing magnetic field. For simpli- 
city, we shall analyse the case of a one-zone métal with a spherical 
Fermi surface and neglect spin splitting. At H =  0, the allowed 
states are 'âistributed uniformly inside the Fermi sphere and corre
spond to the elementary volumes (2jt/z)3. For clarity, these volumes 
can be denoted by points spaced a distance 2 n h from each other 
along the axes px, py, and pz.
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Figure 133 shows the section of the Fermi sphere by the plane 
pz --- 0. The allowed states fill the circle of maximum radius pF =  
=  V 2 meF in that plane. In any section pz =  const the filled states 
also fill a circle whose radius is ^Jpp— pi- As pz increases from 
zéro to pF, this radius decreases and becomes zéro in the re- 
ference points: pz =  ± p F.

A uniform filling of the Fermi sphere by the points depicting the 
allowed states corresponds to a quasi-continuous energy spectrum 
e =  e(px, Py,Pz), where px, pv, and pz run through quasi-continu
ous sets of values from 0  to pF.

Application of a magnetic field does not change the total num- 
ber of électrons in the métal. But the magnetic field can change 
the distribution of électrons and, as a conséquence, cause redistri
bution of électrons between bands. In the example considered, only 
the first band is partly filled, whereas the other bands are empty. 
The filled states are located around the minimum of energy in the 
first zone (near its bottom). In that case the number of électrons 
in the first zone, which coïncides with the total number of électrons 
in the métal, does not change, as well, at application of a magne
tic field.

Let the magnetic field be directed along the z axis. The discrète 
levels (n - f  —-) h(ù then become the allowed values of the energy 
e± related to the motion in a plane perpendicular to the magnetic 
field. These energy levels détermine the discrète allowed orbits
of électrons in the planes pz =  const of p-space. The radius pn of 
the orbit relating to a level with a quantum number n is found by
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the correspondance principle which can be written as

(2.103)
vvhence

(2.104)

Ail the states which at H =  0 were located in the plane pz =  
=  const between the orbits of radii pn (n =  0 , 1 , 2 , . . . ) ,  become 
the forbidden ones upon application of magnetic field. In other 
words, application of the magnetic field results in that ail the 
allowed states in the plane pz =  const are drawn onto the nearest 
orbit (Fig. 134). It may be definitely assumed that the states from 
the total area of the central circle of radius p0 are drawn onto an 
orbit with n =  0 , ail the states from the area located between the 
circles of radii po and p\ are drawn onto an orbit with n =  1, etc.

It can be easily seen that the areas located between any two 
neighbouring orbits coïncide with one another and with the area 
npl of the orbit with n =  0 and are equal to 2nmha>. Because of 
this, each allowed orbit contains the same number *of states 
2  which is determined by the number of states on the area
2nh(ùtn at H =  0 (the factor 2 accounts for the double degenera- 
tion of each state by spin). Thus, the degree of degeneration of 
each allowed orbit of radius pn in the magnetic field is proportion- 
al to the first power of the magnetic field.

The orbits considered are entirely identical to each other in ail 
planes pz =  const. This means that ail allowed states in the 
Fermi surface in the magnetic field are condensed on the surface 
of coaxial cylinders parallel to the axis pz (Fig. 135). The radii of 
cylinders are determined by expression (2.104). The total number 
of states on each cylinder is proportional to its length in the 
direction of the pz axis within the limits of the Fermi sphere. It 
decreases with the growth of the radius pn of the cylinder. The 
number of cylinders inside the Fermi sphere is limited to a num
ber rtmax. which is found from the following inequality:

P«max +  '  > P f >  Pnmax

whence, noting (2.104), we get

2 m/z© ( nmax +  1 +  ÿ )  >  2m®f >  2mh(ù («max +  Ÿ )
or

ftmax 4 "  1 ^  >  flmaxm̂ax (2.105)
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It follows from (2.105) that the number of cylinders nmax de- 
creases with strengthening of the magnetic field.

The lower graph in Fig. 135 shows the dependence of the energy 
of states on each cylinder in the plane pz =  0 , on the radius of the

cylinder. These energies represent a discrète sériés (n +  y )  fico.
The right-hand curve is the relationship between pz and the energy 
of state on each cylinder, counted relative to the magnitude of 
energy at pz =  0. The length of each cylinder along the pz axis
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is deterniined by the différence between the Fermi energy eF and 
the energy (n  +  y )  Æco corresponding to that cylinder.

Let us define the total number of states Nn on a cylinder of 
the number n. The length of the cylinder along pz is determined as 
2  pp — p \  The number of states along pz on the cylinder is
2 a / — p\
—- The product of this value by the number of states 
condensed onto the cylinder in the plane pz =  const is Nn. Thus

or finally
Nn ~ 2 (2 nfi)2

2nmh(ù 2 -sJp2p — p2n
(2nti)

8nmîi(ù 2m — [n  +  ficoj

(2nfï)z (2.106)

As can be seen from (2.106), vvith (/î +  —-) Aco =  eF the number
of électrons on the cylinder with the number n turns to zéro. At 
that moment the radius of the cylinder pn attains pF and goes 
outside the Fermi sphere. This passage of the cylinder beyond the 
Fermi sphere is accompanied with it being freed from the élec
trons that hâve been présent on it. These électrons are redistributed 
onto cylinders of a smaller radius which are located inside the 
Fermi sphere. As the number of the cylinders freed from électrons 
becomes larger, the degree of degeneration of the cylinders re- 
mained inside the Fermi sphere increases. At a certain value of 
the magnetic field ail électrons w ill be condensed on the last 
cylinder, having the number n =  0. This situation can only be 
considered qualitatively, since fico in its order of magnitude at
tains eF at H =  0  and the quasi-classical approach becomes inap
plicable. This problem w ill be discussed in more detail in the next 
section.

Let us see how the distribution of électron states in p-space w ill 
be changed at quantization of the energy in a magnetic field in a 
case of an arbitrary dispersion law. This question can be cleared 
out by means of the Bohr-Sommerfeld quasi-classical quantization 
which is applicable under the same conditions as the quasi-clas
sical description of the motion of électrons we hâve used. Accor- 
ding to the quantization principle, an intégral of the generalized 
momentum of an electron^taken over the closed contour of its 
orbit of cyclic motion is equal to (n +  y)2nh, where n is a whole 
number and y is a phase addition (with the quadratic dispersion 
law, y =  1/2). The generalized momentum of an électron in a
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■> Q ■>
magnetic field is of the form p-\- — A , where p is the quasi-mo-

mentum, and A is the vector potential of the magnetic field. The 
Bohr-Sommerfeld principle of quantization in our case should be 
written for the projection L of the orbit onto a plane perpendicular 
to the magnetic field:

§ L (p +  j  A } d î= ( n  +  y)2nh (2.107)

For a magnetic field along the z axis, the vector potential A can be > ->
taken in the form A =  {—H-y, 0,0). Substituting A into (2.107) 
gives

§ L (px dx +  pydy — -H y d x ^  =  (n +  y) 2nh (2.108)

In order to transform (2.108), we use the équation of motion
-> ->

whence
dpx_  ̂ dy rr

d t  c d t (2,109)

It can be found from (2.109) that px = -^ - H y  and dy = - —  dpx. 
The intégral in (2.108) w ill then be re-written as

- j f f  P y dpx =  (« +  Y) 2n/i (2.110)

where intégration is done over the contour S  of the orbit in 
p-space. Since ^  pydpx equals the area S of the orbit in p-space 

(or the area of the section of the Fermi surface by a plane perpen
dicular to H), équation (2.110) implies that the areas of électron 
orbits are quantized in the magnetic field. The discrète area Sn 
of an orbit dépends on the magnetic field H and quantum num- 
ber n:

Sn =  ~
2 n t i \ e \ H

(n +  y) (2 .1 1 1 )

The électron States located uniformly in the plane pz =  const 
inside the Fermi surface are drawn at application of a magnetic
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î
field onto the allowed quantum orbits whose areas are determined 
by expression (2.111). Since Sn in independent of p2, the électron 
states in the volume bounded by the Fermi surface are condensed 
into tubes whose areas of section by 
ail planes pz =  const are constant and 
equal to Sn (Fig. 136).

The degree of degeneration of each 
tube is proportional to Æco. For a sphe- 
rical Fermi surface, these tubes are 
transformed into circular cylinders con- 
sidered earlier. The shape of a cylin- 
drical tube having the number n is de
termined by the shape of the section of 
the Fermi surface by a plane p2=const, 
the area of this section being equal in 
magnitude to Sn. With strengthening 
of the magnetic field the dimensions of 
allowed orbits and the distances be- 
tween them increase. Because of this, 
the tubes begin to lose électrons and 
pass beyond the Fermi surface. The
picture thus obtained is quite similar to the motion of circular 
cylinders in the case of quadratic isotropie law of dispersion con- 
sidered earlier.

2-16. THE DENSITY OF STATES 
IN A MAGNETIC FIELD

Let us corne back to the picture of Landau levels in the form 
of parabolae over pz shifted relative to each other by Aco (see 
Sec. 2-14, Chapter Two, Fig. 129) and consider the set of states 
with different pz on each parabola. These states are spaced a dis
tance 2jih from each other along the pz axis (Fig. 137). The points 
at e <  ef of the parabolae depict filled states. The energy spec- 
trum on each parabola is quasi-continuous.

The parabola with the number n crosses the Fermi level at a 
definite value of pz. The greater the number n of a parabola, the 
smaller pz corresponds to the energy equal to zF. The maximum 
number nmax of the parabolae located below the Fermi level is 
evidently determined by the same double inequality (2.105) which 
détermines the maximum number of cylinders inside the Fermi
sphere in espace (see the previous section).

An energy state with the given value of pz on a parabola with 
the number n corresponds to ail the states on the discrète orbit 
with the same number which is located in the plane pz — const 
(see Fig. 134). This means that the state with the given pz on
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each parabola has the degeneration multiplicity equal to 0  2nh(ùm
1 ’

Note that the length of the cylinder with the number n within the 
limits of the Fermi sphere coincides with the size of the correspond- 
ing parabola along the pz axis between two symmetrical points 
of intersection with the Fermi level (for instance, between points 
A and A/ in Fig. 137). Therefore, the total number of states on 
the n-th parabola, which is located below the Fermi level, coin
cides with the total number of the states Nn on the n-th cylinder

within the Fermi sphere [see expression (2.106)]. This number of 
states reduces as the parabola moves upward with strengthening 
of the magnetic field, and the filled portion of the parabola between 
the points of intersection with the Fermi level becomes shorter.

If each Landau level is considered separately, then the energy 
of électrons on it is only dépendent on pZi as in the model of a 
one-dimensional électron gas. In order to describe the density of 
states on each parabola, we can use formula (2.94) for a one- 
dimentional System (see Sec. 2-13, Chapter Two). We then only 
hâve to take into account that the formulas were applicable, the 
energy of électrons on a Landau level with the number n must
be made not from zéro, but from the value ( n +  correspond-
ing to the energy of state with pz =  0 on the n-th parabola. This 
means that the argument in formula (2.94) w ill now be the diffé
rence e — (n +  y)fa»>.
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Thus, taking into account the degeneration multiplicity of each 
state, equal to 2  c'ens^y °f s^ es vn(e) on a parabola
with the number n can be written on the basis of (2.94) as

, . 4jwih(û m'1* r /  , 1 \  / 0  11rtvv„ (e) = -------------------  ̂ e — ( n H---- ) Aco (2 .1 1 2 )
“ V (2 j t / î )2 V 2  n h  L V 2 y  J v 7

Then, in order to obtain the total density of states vH(e) of the 
électron System in the magnetic field for the given value of energy 
e, it is sufficient to sum up the expressions for vn(e) over ail
parabolae for which the argument e — (n +  is positive. For
instance, for the value of energy e =  e' in Fig. 137, only the 
states located on two parabolae with n =  0  and n =  1 contribute 
to the total number of states dN (e') within the energy interval 
from e' to e' +  de. The total density of states vH(e') can therefore 
be obtained by summing up only vo^e') and vi(e ').

Consequently, the total density of states vH(e) of the électron 
System with the quadratic isotropie dispersion law placed into 
magnetic field H can be written as

v«e = 7 n ^  i  [« -('■ + i ) H  4 <2113»
n— 0 *

The maximum value of the number ne of the parabolae over 
which the summation is made is determined from the double 
inequality:

e ^
ne < — g jp - < n e+ l  (2.114)

The density of states vf i (e) on the n-th parabola has an infinité
singularity at pz =  0 , or else, at e = (n  +  y )  ^(ùm fonctions
vn(e) for n — 0, 1, 2 , etc. are shown in Fig. 138. The total density 
of states Vff(e) is given in Fig. 139. The dotted curve in the last 
figure illustrâtes the dependence of the band density of states 
vm (e) on energy at H =  0 (see Fig. 125) 1).

Since the total number of électrons in a magnetic field cannot 
change, the areas below the curves vH(e) and vm (e) within the 
limits from 0  to eF must be equal [it is to be recalled that the

* F

total number of électrons v(e)de]. With a weakening of
o

4) In the analysis of density of states in a magnetic field the effect of 
renormalization of the effective mass HT disregarded for simplicity.
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the magnetic field H the density of Landau levels increases. It is 
évident that in the lim it at H —► 0 we must again pass from the 
discrète Landau levels to the quasi-continuous spectrum of the 
three-dimensional System e =  e(px, pyy pz). The density of states 
of such a System is described by formula (2.86).

Let us show that the lim it transition at / / - * 0  in the expression 
for the density of states vH(e) (2.113) actually gives expression 
(2.86) for vm (e). At low values of //, the Landau levels corne very

near to each other, so that in formula (2.113) we can pass from 
summation over ri to intégration over a continuous variable u:

Z  [— ( " + t ) H  '■*S [ « - ( “ +!)»<■>] " i u =

V. |"e

With u =  ne, the différence e — (u +  ÿ )  ha does not exceed fico
(see Fig. 137). We now write this différence as a ha, where 0 <  
<  a <  1. The lim it transition from vH(e) at H —>0 has the form 
as follows

lim vH (e) =  lim
H -+ 0  H ->  0

2 mh
V 2 nW

V 2~ n i !‘ 
n2h's

8 V 2  3T m \ 'h
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The expression obtained coincides with formula (2.86) for vln (e). 
Let us see how the density of states at the Fermi level w ill change 
at an increase of the magnetic field.

As can be seen from Fig. 139, the infinité singularities of the 
density of states correspond to the values of energy equal to
[n +  at n =  0, 1, 2, . . .  . With an increase of the mag
netic field the distances /zco between the singularities grow and the 
infinité maxima (“ peaks” ) on the curve vn(e) pass in succession 
through the Fermi level. Each time the bottom of a next Landau 
parabola coincides with the Fermi 
level, an infinité singularity of the 
density of states appears on the 
latter, which in turn causes a sin
gularity of ail the thermodynamic 
and kinetic characteristics of the 
électron System which dépend on 
the number of électrons on the 
Fermi level.

The periodic répétition of these 
singularities at an increase of H 
is physically the cause of the 
oscillating effect of the magnetic 
field on such parameters as elec- 
tric and thermal conductivity, 
magnetic susceptibility, spécifie 
heat, etc. In real cases, owing to 
that the lifetime t  of quasi-particles is finite, each Landau level is 
blurred by a value Ae, which can be estimated from Heisenberg’s 
uncertainty relationship: Ae ^A /e . In addition, at a finite tempe- 
rature T the boundary of Fermi distribution is also blurred by a 
value ~ k T  (Fig. 140). Because of these reasons the singularities 
of the density of states at a Fermi level become more or less pro- 
nounced peaks.

In order to observe oscillatory dependence of physical quanti
fies in a magnetic field, it is evidently required that the widening 
of Landau levels ~  h)x and blurring of the Fermi level ~ k T  
were substantially smaller than the energy state Æco between the 
singularities. For this, the following inequalities must be satis- 
fied:

h(o »  kT, fico > or cor >  1 (2.115)

Oscillations of the density of states at the Fermi level in a 
magnetic field cause oscillations of the position of the Fermi level 
itself. When the bottom of a next Landau level reaches the Fermi 
level, the latter tends to move upward: the Fermi sphere expands.
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After the given Landau level has emerged beyond the Fermi level 
and lost électrons, the next level is still sufficiently deep and the 
Fermi sphere contracts.

This motion of the Fermi level occurs since the total number 
of électrons in the métal at any value of the magnetic field (H) 
is a constant value. From this condition, it is possible to find the 
dependence of the Fermi energy eF of électrons on magnetic field.

Let it be illustrated by calculating eF for certain values of H 
on an example of a one-zone métal with the quadratic isotropie 
dispersion law. For this, we détermine the concentration n of 
électrons by integrating over energy the expression (2.113) for 
the density of states vn(e) in the magnetic field. Note that the 
intégration of each term in (2.113) must be done from the value 
of the energy on the bottom of a corresponding parabola
e =  [ t i +  y )  to e =  eF. The intégration gives

where nmàx is determined by the double inequality (2.105).
It can be easily shown that, in the lim it at H —► 0, expression 

(2.116) gives the formula for the concentration of électrons in 
a one-zone métal with the quadratic isotropie dispersion law:

where e}  is the Fermi energy at H =  0.
At any //, the sum (2.116) contains a finite number (Aimax +  1) 

of terms. This expression détermines the dependence of eF on the 
magnetic field. It can be shown that at /ko <  ej the relative vari-

effect proportional to the second power of a small parameter
. For that reason, in magnetic fields for which fico <C e°F, the

Fermi energy can be assumed practically constant and equal to 
e°. But with h<ù — enF the periodic variation of the Fermi energy 
in the magnetic field becomes a rather noticeable effect which can- 
not be disregarded in calculations of the quantities dépendent 
on eF.

With an increase of the magnetic field H , the number of the 
Landau levels located below the Fermi level reduces. The Landau 
levels cross in succession the Fermi level and lose électrons. At 
the exit of a next Landau level, the électrons on that level pass to

n
/— 3/ n ”max

J ! [ M t f ) - ( r t  +  - ) f tc o f  (2.H6)
tt= 0

(2.117)

e F ( H ) - e ° F
ation of Fermi energy ------- -̂------ in the magnetic field is an
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lower levels. The last level which principally can be freed from 
électrons is that with n =  1 . After its exit, only a single Landau 
level with n =  0 remains under the Fermi level. Ail électrons in 
the métal condense on that level.

The région of magnetic fields at which électrons condense onto 
the last level is called the ultra-quantum région. In that région the 
quasi-classical approximation is no more applicable, in particular, 
the concept of the path of an électron loses sense. The description 
of motion of quasi-particles in the ultra-quantum région requires 
the apparatus of quantum mechanics.

Let Hn be the value of the magnetic field at which the n-th Lan
dau level crosses the Fermi level, and let con be the cyclotron 
frequency at H =  Hn. We shall calculate ef at the exit from 
several first levels, i.e. at H =  H u / / 2, etc.

At // =  / / 1 the bottom of a parabola with n =  1 coïncides with 
the Fermi level. Consequently, at this value of the field, eF(H\) =
=  ( l  +  - ) /u o , (see Fig. 137).

In a magnetic field exceeding H y by a small magnitude ô, only 
one parabola with n =  0 is under the Fermi level, and accordingly 
the sum entering the expression (2.116) has only one term

/ \ J rf (H) — left. In fields smaller than H] bÿ ô the same sum 
contains two terms

* J * P( H ) - lh < ù  +  s\/Bp (H) -  1g-

In the lim it at ô —► 0, H tends to H i from the right in the for
mer case and from left in the latter. With ô =  0 (H =  H t) the 
sum of the two terms equals the single one:

y \ J  B p ( H l ) —  — h.(ùt +  —  =  BF t H y) —  ^ -h ( ù i

Hence it follows that

/ u  \ V 2 , fia»n(H  , ) =  nth3 / y e F( / / , ) ------g-
or

« (//,) =
3 V 3  n2/)3

Comparing the expression for n (H y) ^with expression (2.117) 

forn(O) we find that bf ( / / ,)  =  ( y )  ” 6̂  ^  1 -146eJ..
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Similarly, it can be shown that
■ 2 y/i

- 1

v ( « . )

A  ( I X 1
2 U  J

( V r + V 2 )v$ f
The general formula for eF(Hn) is

(■+4)

1.058e°

(VT +  V 2 +  ••• +  Vn)•/, e> (2.118)

Consider expression (2.116) for the concentration of électrons 
n(H) in the ultra-quantum région of magnetic fields H "> H\\

V 2 /  / rr\ fi©
n =  V 6f -----2"
y in that région of fields 

,m  fi© . ji4fi6n2 /  1 \ 2

(2.119)

The Fermi energy in that région of fields increases rapidly 
with H:

' 2 (2 .1 2 0 )

and tends to an asymptotic expression eF—►/ko/2 . The dimension 
along p2 of the last parabola under the Fermi level then decreases 
continuously, similar to l/Æco, at the degree of degeneration of the.

state with each pz on that Lan
dau level increases proportional 
with ha.

The dependence of Fermi 
energy eF on magnetic field in 
a one-zone métal with the qua- 
dratic isotropie dispersion law 
is shown in Fig. 141, from 
which we can see that the va
riation of zF in a magnetic field 
should be essentially accounted 
for in the région of fields

In weaker fields, eF can be 
considered, with a satisfactory 

degree of accuracy, independent of H and equal to e°P. Strictly 
speaking, this approximation is valid with H <C # i or with suffi- 
ciently large values (n >  1) of the quantum numbers of the Lan
dau levels,Crossing the Fermi level.

Let us use the approximation bf (H) =  ej, =  const to détermine 
the period of oscillations of the density of states at a Fermi level.

The singularity corresponding to the level with number n ap-
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pears at such value of the magnetic field H n for which

whence

\ e \ h H n
m*c e f

\ e \ n

m * C E p

(2. 121)

(2.122)

Similarly, for the 
number n +  1 :

singularity corresponding to the level with

< 2 - l 2 3 >

Subtracting (2.122) from (2.123) we get:
l

H n+ 1

1
Hn

\ e \ h
m 'ce,.

(2.124)

It can be seen from (2.124) that the interval between two con
secutive singularities of the density of states in a reciprocal mag
netic field is independent of the number n and is a constant under 
the assumption adopted. This means that singularities are formed
periodically in such a field. The quantity -------- 77-  is called"n + l
the period of oscillations in reciprocal field and* is denoted as 

The period of oscillations is

A ( i ) - ^  <2-‘ 25>

Knowing it, we can find the product m*zF which détermines the 
area of an extremal section Sextr of Fermi sphere: Sextr — np\- —
=  2jim*eF. Expression (2.125) can be written for an extremal sec
tion as follows:

Se,,r =  ~ ^ - - 7 V r  (2-126)
A("tf )

Formula (2.126), obtained for the particular case of a Fermi 
sphere, is valid for any law of dispersion if Sextr implies the area 
of an extremal section of the Fermi surface by a plane perpendi- 
cular to the direction of the magnetic field. In the general form 
it is called the Lifshits-Onsager formula and follows from the 
formula for quantization of areas S„ of orbits in a magnetic field 
(2. 111) .  . ■

Indeëd, the singularity of the density of states on a Fermi level 
is observed when a next tube goes beyond the Fermi surface and 
its section by a plane pz — const attains an ’èxtremal value Sextr. 
Denoting the magnitude of the magnetic field at the moment of
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singularity by H n> formula (2.111) can be written in the form

SeXi r = 2nl l îc— -(»  +  V) (2-127)

In order to -pass from (2.127) to (2.126), we bave to assume that 
the extremal section of the Fermi surface Sextr is independent of 
the number of singularity. This is équivalent of assuming that the 
Fermi level is constant, which is only true at fio <C eF- Thus, the 
région of applicability of formula (2.126) is also limited by the 
values of fields H ^  H { or the values of larger quantum numbers
O l .  With a réduction of the number n, the interval ~rr---------i r

n « +  1 r in
ceases to be constant and the positions of singularities are shifted 
towards greater fields relative to the values H =  Hn calculated

at eF (//) =  e° =  const. Indeed, Hn =  ^ ~ - ~ — '-fs  sf (Hn)> where
l " *  2\)

is related to z]F and n through expression (2.118). 
At ail values H =  Hn, eF(H n) >  e°F.

It is not difficult to calculate the position of singularities \/H n 
in a reciprocal magnetic field for the first numbers of Landau
levels n =  1, 2, 3, 4. In the units the values of 1 jH n are

m ceF

J
Hn

I e \ n

m*ce°F
(2.128)

The factor pn accounting for oscillations of a Fermi level is equal 
to 0.872, 0.945, 0.966, and 0.977 for n =  1,2, 3, and 4 respectively.

Thus, the position of the first singularity \ /H { in the reciprocal 
magnetic field is shifted by approximately 13 per cent towards 
smaller \/H  compared with the theoretical value \ /H { at 

e/?( / / 1) =  el. The distance between the two first singularities

--------exceeds approximately 1.05 times the distance
from expression (2.125).

Let us find the expression for the density of states of électrons 
in a métal with the account of spin splitting of the Landau levels. 
In that case each parabola in Fig. 137 is splitted into two para- 
bolae shifted relative to the initial one upward and downward by

The density of states on each of the new parabolae is
described, as before, by formula (2.94) for a one-dimensional 
électron System, with taking into account thç refererice point of 
çnergies on the parabola.
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Thus, the density of states vn, s(e) on the Landau level corres- 
ponding to the quantum mimbers n and s, by analogy with for
mula (2 .1 1 2 ), can be written as:

[ ' - ( «  +  i ) - i ( 2129)

Let us interprète geometrically the distribution of électrons in->
p-space in the presence of a magnetic field and with an account of 
spin splitting of levels to verify this analogy. For this, we consider 
the structure of expression (2 .1 0 0 ) for the energy in a magnetic 
field accounting the spin splftting. Let us recall that at H —► 0 
the energy levels (2 .1 0 0 ) form a quasi-continuous energy spectrum 
e =  e(px, pv, Pz), each state of which is twice degenerated by spin.

The first term in expression (2.100) (n +  as the first
term in (2.98), describes discrète levels of the energy of orbital 
motion. This component has a classical analogue in the form of 
the motion of an électron on an orbit in a plane perpendicular to
the magnetic field H , because of which it can be interpreted by 
means of the correspondence principle.

According to this principle, the allowed quasi-classical orbits in
a plane pz =  const of p-space are circles whose radii pn are 
determined by expression (2.104). Without account of spin split
ting, each state on the orbit of radius pn in the plane pz — const

/  J v 2̂
has an energy c =  f aî H—g"J /zco -f- for both orientations of the
spin. The combination of ail states with the given n has a corres- 
ponding Landau cylinder of radius pn.

Under account of spin splitting, the energy of each state with
the given n and pz becomes by ^g\x,BH greater for the one orien
tation of spin and by the same magnitude lower, for the other. The 
energy addition y g p B//  related to the magnetic eigenmomentum
of an électron, has no classical analogue, and therefore, cannot 
be interpreted by the correspondence principle. But the concept of 
Landau cylinder that we hâve introduced earlier, can be retained 
with an account of spin splitting, if we introduce a new variable

having the dimension of energy =  e — sg\iBH and by
means oL it'w rite  expression (2 .1 0 0 ) in the form coinciding with 
(2.98)

( ^ “ (n + 7 ) ft<0 + ^ r (2.130)
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As before, we assume by the correspondence principle that at
application of a magnetic field the allowed states in p-space are 
drawn onto the discrète Landau cylinders with radii p„ determined 
by formula (2.104). As earlier, the number of states with the given 
projection of spin which are condensed onto the cylinder in a plane 
pz =  const is determined by the area between neighbouring orbits
and is equal to This value is independent of pz and
characterizes the degree of degeneration of the states on the cylin
der. Then, for each value of the quantum number n, one and the 
same Landau cylinder of radius pn and one and the same value

of the variable at the given value of pz correspond to the
states with either orientation of the spin.

Thus, relative to the variable pz, each cylinder is, as before, 
twice degenerated by spin and formally is absolutely identical 
with the Landau cylinder introduced without account of spin split- 
ting. But the actual values of the energy e of the électron states 
on the cylinder corresponding to the quantum numbers s =  ± 1

diflFer from by ± - j g p B//. Therefore, the geometrically iden
tical Landau cylinders diflFer from one another in the magnitude 
of the energy of the électron states with the same n and pz. This 
means that each value of s can be correlated with its own System 
of cylinders.

The distinction between the two Systems of cylinders consists
in the magnitude of energy determining the boundary of filled
states on the cylinders and the number of cylinders on which
électrons are présent. For the System corresponding to s =  ±1 ,

/  F 1 the boundary energy is f — _ = e f  — whereas for the
S~+> /  F 1 System corresponding to s =  —1 , it is \  s__, =  ef  +  g^B^-

The filled states on the cylinders of the first System (s =  + 1 ) 
are confined within the sphere of a smaller radius

p F= + l =  / \J 2 m  — y  gpB/ / )  and the cylinders inside the
sphere are shorter along pz. The corresponding radius of sphere

for the second System is p*=_, =  /\J2m  and the
cylinders are longer along pz. The maximum number nmax(s) of 
cylinders of a System relating to the given value of s is determined 
by the double inequality:

fi® 1 
eF ~  ~ T  ~  T  sg^Bff

---------V --------------------------  <  «ma, (5) +  1 (2.131)($)
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Thus, account of spin degeneration has resulted in formation of 
two Systems of Landau cylinders corresponding to two projections 
of the spin of an électron onto the direction of the magnetic field. 
The two Systems of cylinders geometrically coïncide, but each of 
them is inserted into its own “ Fermi sphere” whose radius dépends 
on the orientation of spin and the magnitude of magnetic field H . 
In this connection, the exit of the tt-th cylinder of one System 
beyond its own “ Fermi sphere” does not occur simultaneously 
with the exit of the n -th cylinder of the other System.
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Fig. 142

The spin splitting of Landau levels can be given a quite ana- 
logous interprétation by means of an energy diagram correspond
ing to pz =  0 (see Fig. 131a, 6 , and c). With an increase of the 
magnetic field the levels with different n and s cross the boundary 
of Fermi distribution e =  eF (Fig. 142a) in a certain sequence 
depending on the ratio between spin and orbital splitting, the 
parabola passing out from the Fermi level being each time libera- 
ted from électrons which flow over onto lower levels. But instead 
of it we can construct a single diagram of levels (n - f  7 2 )/*<*>, and 
to introduce for each value s =  ±  1 its own boundary of Fermi

/  F ldistribution f — =  e F T- -k  gp^// depending on the magnetic\  S— ± 1 £
field. , ,>

Singularities of the density of states appear when the levels 
cross both boundaries.

This method of interprétation is sometimes more convenient for 
the analysis of oscillational dependences of various eharacteris*
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tics of a métal on the magnetic field and w ill be employed later in 
the book.

At a passage to the ultra-quantum limit, under the Fermi level 
there remains one Landau 0~ level on which ail électrons con
dense 1).

The motion of the 0" level over the scale of energies is determi- 
ned by the ratio between the spin and orbital splitting. For in
stance, at ms =  m* the energy of that level is zéro at any magni
tude of the magnetic field.

This analysis of energy levels of an électron in a magnetic field 
makes it possible to generalize formula (2.113) for the total den- 
sity of states vh (e) in the case of spin splitting of Landau levels:

where ne(s) for each value of e and 5 is determined by the 
double inequality

We hâve noted earlier that the magnetic fields in which /ko in 
its order of magnitude attains e° for normal metals correspond 
to practically unattainable values of H ~ (1 0 8-109) oersted.

But this does not mean that the ultra-quantum lim it in a mag
netic field is inaccessible for experimental studies and that it is 
practically meaningless to discuss the phenomena in this région 
of fields. The point is that the estimation obtained for magnetic 
fields Ha is an average one and actually relates to the majority 
of normal metals, in which the size of the Fermi surface is of the 
same magnitude as the characteristic size of the Brillouin zone.

But, as can be shown by constructing a Fermi surface by Har- 
rison’s method, in many metals there also exist, apart from large 
électron- and hole-type surfaces, little  surfaces whose size is 
small compared with the characteristic size h/a (see, for instance,

]) When a Landau level corresponding to the given direction of spin is 
freed from électrons, they pass onto lower levels; this passage being possible 
either onto the levels with the same direction of spin or onto those with the 
opposite direction.

But in the second case, the spin of the électron must change its direction 
at the passage. This process can be forbidden with a sufficiently large magni
tude of spin splitting. Then two Landau levels 0+ and 0" remain in the ultra- 
quantum limit below the Fermi level, since électrons cannot pass from level 
0+ to level 0~. The last among the passing levels is then that with 1“, from 
which électrons flow over onto level 0".

(2.132)

e ^
(2.133)
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Fig. 97—the électron surface of lead in the fourth energy band). 
Quasi-particles located on these surfaces represent small groups 
of carriers whose effective mass is, as a rule, several orders of 
magnitude smaller than m0. The corresponding Fermi energy e f  
is also rather small compared with the value (5-10) eV characte- 
ristic of large groups of carriers.

Small groups of carriers are présent in bivalent metals, such as 
Be, Mg, Zn, Cd, trivalent metals—Al, Ga, In, Tl, and also in semi- 
metals As, Sb, and Bi, in which the concentration of électrons 
is 10"4-15~5 per atom. Various alloys of these metals with each 
other also possess these properties. Finally, the substances with 
a degenerated électron System, similar to a one-zone métal, include 
high-alloyed semiconductors in which the boundary of Fermi dis
tribution is determined by the degree of alloying and may be made 
rather low.

The Fermi energy of small groups of carriers in the substances 
indicated lies within the interval from a few MeV to 1 eV and their 
cyclotron masses equal (10- 1-10"3)mo. In accordance with these 
values, the ultra-quantum lim it is attained in magnetic fields of 
strength from a few kilo-oersteds to approximately 1 0 6 oersted, 
which are now easily obtained experimentally. Thus, for certain 
groups of carriers, it is practically possible to observe the passage 
of the last Landau levels, and also the process of condensation of 
carriers onto the single level 0 ".

2-17. A TWO-ZONE METAL 
IN A MAGNETIC FIELD

Our discussion w ill be stated from the simplest case of an 
isotropie quadratic spectrum of électrons and holes. This approxi
mation is sufficiently accurate for studying the main peculiarities 
of the behaviour of a two-zone métal in a magnetic field. For 
definiteness, we shall consider a bivalent métal in which there is 
an overlap between the first and the second energy bands. The 
concentration of électrons n in the second band is equal to the 
concentration p of holes in the first. Let us recall that the existence 
of free carriers in a bivalent métal is only connected with overlap 
of the bands, i.e. with the circumstance that the minimum of energy 
in the second band is lower than the maximum of energy in the 
first. This makes a partial filling of the second band energetically 
reasonable, while the first band remains unfilled.

Let the origin of coordinates be placed for convenience into the 
point ofcmlnimum energy in the second band (conduction zone). 
The law of dispersion of électrons can be written in the form

->

S - S c= - ^ r -  (2.134)
2 mei
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where <SC is the magnitude of energy in the minimum and m*el is 
the isotropie effective mass of électrons.

Let the maximum of energy in the first band (valence bandj^
be displaced relative to the origin of coordinates by a vector G. 
The law of dispersion for holes is of the form

( P -  G)* (2.135)

where is the maximum magnitude of energy in the valence 
band and mhol is the absolute value of the isotropie effective mass 
of holes.

The distribution of électrons between the zones occurs as with 
a liquid in communicating vessels. The Fermi level determining 
the boundary of filling must be the same in both bands. A diagram 
showing symbolically the energy spectrum of a two-zone métal is 
given in Fig. 143. The shaded areas are the régions of filled states 
below Fermi level. The sum of epFl and e£0/ is the energy of
overlap eov of the bands. The value of Fermi energy in each band 
is determined from the condition of equality of the concentrations 
of électrons n and holes p.

The concentration of current carriers in the absence of magnetic 
field can be calculated by formula (2.117). The concentrations n
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and p may be written as
2 V 2 /  . * / y / ,

n 3Jl2/j3 J (2.136)

2 V 2 , . -iio/NV,
P 3jt2fi3 )

Equating n =  p, we get
ĥol

Ohol
lel

or, expressing eiz and zhFot through en:

(2.137)

r>e/ . mhol
mei +  m

ohol .
mel

hol
* . * Jt

m el +  m hol
(2.138)

Let the métal be placed into a magnetic field. Systems of Lan
dau levels for électrons and holes are formed as a resuit of quan- 
tization of the energy of carriers. The corresponding energy dia- 
gram of the levels is shown schematically in Fig. 144. With an 
increase of the magnetic field the électron- and hole-type Landau 
levels pass across the Fermi level, causing oscillations of the den- 
sity of states.

The mechanism that causes singularises of the density of states 
on the Fermi level for each group of carriers is completely iden- 
tical with the similar mechanism in a one-zone métal which has 
been described in the previous section. Because of this in a two- 
zone métal placed into magnetic field H ail thermodynamic and 
kinetic characteristics depending on the number of carriers of the 
Fermi level also oscillate. But this process in the two-zone métal 
has a new' qualitative singularity related to the presence of two 
groups of carriers of different types. The point is that the'concen- 
trations of électrons n and holes p vary under the action of the 
magnetic field.
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This singularity is not found in a one-zone métal, since the 
total number of filled électron states in ail the bands does not 
change in a magnetic field. Quantization of the energy of carriers 
in the magnetic field in the presence of two overlapping bands can 
cause redistribution of the filled électron states between the bands, 
retaining, naturally, the equilibrium between them, which is ex- 
pressed by the equality n =  p.

There are two different causes of variation of the concentration 
of électrons and holes in a two-zone métal under the action of 
a magnetic field. They w ill be considered separately.

1. The first is the variation of the energy of overlap of the bands 
under the action of the magnetic field. It is directly determined by

the ratio between the spin and orbit splittings for électrons and 
holes, so that we hâve to introduce the spin masses of électrons 
msel and holes m\ol for further analysis.

To begin with, we assume that msel >  tnel and tnsh0[ >  tnkol, i.e. 
the spin splittings of électrons and holes are small compared with 
the corresponding orbital splittings. The minimum energy of élec
trons in a magnetic field is determined not by the level of energy 
8  =  8 C corresponding to the bottom of the conduction band at 
H =  0, but by the bottom of the Landau 0' level.

Using expressions (*2.100) and (2.102), it can be shown that 
this energy Aeei, calculated from the level 8  =  8 C, is

Since there are no électrons below the 0 - level, the bottom of 
the conduction band in the magnetic field coïncides with the Lan
dau 0" level, rather than with the level 8  =  8 C. As can be seen

Fig. 145

(2.139)
where
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from Fig. 145, with msel >  the edge of the conduction zone 
moves upward along the energy scale with an increase of the mag
netic field. Since variations in the System are determined by dis
placements of various levels relative to each other, let us consider 
the motion of the edge of the valence zone for holes.

The maximum energy in the valence zone is equal to the energy 
on the top of the parabola 0" (n =  0, s =  — 1). This energy Ae^, 
calculated from the level S =  S v corresponding to the edge of 
the valence zone at H =  0, is

As hoi^ - ^ ^ - A hoi (2.140)
where

Ahol =  ( —l ----------
V m hol K h o l )

There are no holes in the magnetic field above the Landau 0 ' level. 
Thus, the edge of the valence zone in the magnetic field coïncides 
with the 0" level. With mshol >  m*o/, the 0" level moves downward
along the energy scale with an increase of the magnetic field.

The energy of overlap of the zones, eov, equal to the energy 
distance between the edge of the valence zone and the bottom of 
the conduction zone in the magnetic field, can be written as

*0, - t e "  (2.141)

Here e ,̂ is the energy of overlap at H =  0 , and Ae0B is the vari
ation of the energy of overlap in the magnetic field which is 
equalto

Ae00 =  AeeZ +  AeA0l =  - ^ - f i  (2-142)
where

B — Aei +  Ahoi =  ( —.----------- - +  - 4 -  -  - M
V m el m el m hol m hol )

When B is positive, the overlap of the zones in the magnetic 
field decreases, the conduction zone moving upward along the 
energy scale relative to the valence zone. With an unvariable fil- 
ling of the zones, this process would resuit in that the boundary 
of filling (Fermi level) in the conduction zone exceeded the boun
dary of filling in the valence zone. In fact, the boundary of filling 
in bolh zones remains at the same level, and the motion of the 
zones causes the excess électrons to flow over from the conduction 
zone intp the valence zone (Fig. 146).

A decrease of overlap of the bands in the magnetic field should 
resuit in that the energy of overlap e 0V( H )  at a definite value 
H =  Hk becomes zéro. The edge of the 0' parabola for électrons 
then coincides with the edge of the 0 '  parabola for holçs
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(Fig. 147). The value H — Hk is found from the condition 
to v W — 0 or Aeov =  el v and is e(lual to

Hk 2Ceov
\e\hB (2.143)

With a further increase of the magnetic field, the bottom of 
the 0 ‘  parabola for électrons turns to be higher on the energy 
scale than the edge of the O- parabola for holes; an interval of 
forbidden energies eg, termed the energy gap (Fig. 147), is then 
formed in the energy spectrum. Thus, at H — Hk, the System is 
transformed from the metallic state into the semiconductor state

in which a work equal to eg is to be done in order to generate 
électrons and holes.

Note that the monotonous réduction of overlap of the bands in 
a magnetic field and continuous transition to the state with an 
energy gap, as has been described above, can evidently take place 
only when there is no qualitative change of the energy spectrum 
of électrons of the System, at which the concept of boundaries of 
the bands loses sense. This qualitative change of the spectrum 
near a metal-semiconductor junction is connected with the forma
tion of a new state of the substance, which has been called the 
stationary phase of exciton insulator. An exciton insulator is a 
System in which électrons and holes form bound states, i.e. elec- 
tron-hole pairs, or excitons. Because of neutrality of the electron- 
hole pairs the System of excitons cannot conduct electric current 
and therefore is an insulator.

Let us briefly discuss the properties of an exciton insulator and 
the conditiôns under which it can be formed.

The formation of excitons in a semiconductor or a two-zone 
métal can be explained by Coulomb attraction between negatively 
çharged électrons and holes which behave as positively charged
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particles. The forces of Coulomb attraction in a System of two 
particles—an électron and a hole—can resuit in the formation 
of a bound state which is similar to the bound state of an électron 
and a proton in the atom of hydrogen. Such bound states can 
freely move over the crystal and behave as quasi-particles.

The energy of bonding eo of an électron and a hole in an exciton 
and the effective radius r0 of exciton can be estimated by the well- 
known Bohr’s formulae, noting that Coulomb interaction of two

charges in a crystal is inversely proportional to the dielectric 
constant x of the medium:

_  1 mV _  xfi2
C°“  2 ’ ’ r° ~  mV (2.144)

Here m* =  reduced effective mass of an
électron or hole. Typical values of eo and r0 for the known metals 
and semiconductors are (10~2-10-1) eV and (10"6-10-7) cm. Thus, 
the energy of bonding an exciton is two or three orders lower 
than the characteristic energies in the métal (for instance, Fermi 
energies) ând their radii are many times the interatomic distances 
in the crystal. It may be visualized that the orbits of an électron 
or hole at their rotation around the common centre of masses in 
an exciton envelop tens or hundreds of thousands of atorniç. cells*
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For that reason, expression (2.144) contains an averaged macro
scopie value of x.

The formation of excitons in metals with equal numbers of 
électrons and holes (n =  p) is prevented by the efïect of screening 
of Coulomb interaction by free carriers, which consists in that 
the electric potential of an individual électron or ion in the métal 
becomes short-acting [see expression (2.2) in Sec. 2-3].

The effective radius rD of Coulomb interaction, which is termed 
the Debye radius of screening, is determined by the quantities x 
and m* and the concentration of free carriers n:

Since at distances r >  rD the attraction between an électron 
and hole becomes weak, no formation of bound states occurs at 
r0 >  ro- Therefore, to form an exciton insulator in a métal with the 
equal number of électrons and holes n =  p, the concentration of 
carriers must be limited to nA at which rD becomes of the same 
order as r0. Thus, the condition for the formation of an exciton 
insulator in a two-zone métal at the température of absolute 
zéro is in the form of the inequality

The concentration of électrons and holes in a two-zone métal 
is related to the magnitude of overlap eou of the bands. Thus, con
dition (2.145) détermines the minimum overlap of the bands at 
which the metallic state is still stable against electron-hole pairing.

For the semiconductor state with an energy gap e*, the minimum 
energy to be spent in order to form an exciton is eg — eo- At 
eg — eo >  0 , the bound state of an électron or hole is unstationary.

Such states, formed, for example, by means of irradiation of 
a semiconductor with a light of the quantum energy ftv exceeding 
the différence eg — eo, hâve a certain mean lifetime xe and vanish 
through recombination of électrons and holes. But with réduction 
of the energy gap, beginning from eg =  eo, formation of excitons 
becomes energetically reasonable, i.e. excitons in a stationary state 
must appear in a system. In that case the semiconductor is trans- 
formed into an exciton insulator.

Thus, the condition for the formation of an exciton insulator in 
a semiconductor with an energy gap eg at the température of ab
solute zéro is

An increase of température results in destruction of a part of 
electron-hole pairs in the exciton insulator and the formation of

. (  m * e 2 \ Z

n — P <  nA =  ( 4^ 2) (2.145)

Bg <  e„ (2.146)
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free électrons and holes. The concentration of free (non-paired)
«0

carriers n =  p is then proportional to the factor e kT At the 
critical température T =  Tcr, which coïncides in the order of 
magnitude with eo/k, a phase transition from the state of exciton 
insulator to that of the in itial métal or semiconductor occurs.

Because of this, with condition (2.145) fulfilled for a métal, or 
condition (2.146), for a semiconductor, an exciton insulator can 
only be formed at températures T satisfying the inequality

T < T cr~ %  (2.147)

The conditions of formation of an exciton insulator dépend sub- 
stantially on magnetic field. The point is that the energy of bon- 
ding of the exciton in a strong quantizing magnetic field increases 
compared with eo, while its effective size in a plane perpendicular 
to the magnetic field decreases compared with r0.

At H =  0, the effective dimensions of an exciton are the same 
in ail direction: the exciton represents a spherically symmetrical 
formation of an électron and a hole. With an increase of the mag
netic field the exciton contracts in a transverse direction: it becomes 
an ellipsoid of rotation around a magnetic line of force with the 
anisotropy increasing with H. In the lim it of very strong magnetic 
fields, excitons acquire the form of thin “ cigars” elongated along
the direction of H. The centres of masses of the électron and hole 
in such a “ cigar”  are located on the same magnetic line df force. 

Hazegawa [65] has shown theoretically that in strong magnetio
fields for which the inequality <b* =  ' * 1 ^  , m* beingL fi* C
the reduced mass of an électron or hole, see (2.144)], holds the 
energy of bonding e(H) and effective radius r(H ) of an exciton 
can be written as

e(//)«eo[ln- ^ - ] 2

r{H )æ
(2.148)

For substances of a small cyclotron mass m* and a sufficiently 
high dielectric constant x the factor Æ©*/eo becomes rather high in 
really attainable magnetic fields. This makes it possible to increase 
noticeably. the energy of bonding of excitons in the magnetic field.

In addition, a strong magnetic field reduces the harmful effect 
which the anisotropy of the in itial energy spectrum and the im- 
purities inevitably présent in real crystals hâve on the formation 
of the exciton insulator phase. For these reasons, the formation
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of the exciton insulator phase can only be observed experimentally 
in strong magnetic fields. Transition into the state of exciton 
insulator under such conditions was first established in 1970 [6 6 ].

Thus, in the région of sufficiently low températures, a continuous 
transition from the metallic state into semiconductor state under 
the action of a magnetic field H attaining a value H ~  Hcr, is 
unfeasible. A monotonous decrease of the overlap of the bands and 
of the concentration of carriers in a magnetic field occur only to 
a certain value H' ( / / ' <  Hcr) at which condition (2.145) becomes 
valid and bound states of électrons and holes are formed in the 
System. The concentration of free carriers in the point H =  H'

drops stepwise down to an exponentially small value proportional
eiH)

to e kT , and the energy spectrum of the métal consisting of 
Landau 0" levels of électrons and holes is recombined into the 
energy spectrum of an exciton insulator.

An exciton insulator can exist in a wide interval of fields from 
H ' <  Hcr to H " >  Hcr, H”  being the value of the magnetic field 
at which the inequality eg(H) <  e(H) is not true. Electron-hole 
pairs are destroyed in that point and the spectrum of exciton in
sulator is recombined into a semi-conductor spectrum consisting 
of Landau 0 ~ levels for électrons and holes separated by an 
energy gap eg(H ").

Let us now analyse the case when the spin splitting exceeds the 
orbital splitting in both bands: m’z <  m\v m\ol <  m*oZ. The po
sition of 0 * levels for électrons and holes for that case is shown 
in Fig. 148. As can be seen, the edge of the conduction band (0~

level) has lowered by — LflA^-Z—L------- L-^ relative to the level
2 e \m el mei )
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& =  <gc, while the band edge of the valence zone has lifted by
— ----------1-—\  relative to the level &  =  <SV. The over-

2e \m hol mhol)
lap of the bands has therefore increased by the sum of these 
values.

An increase of overlap of the bands is équivalent to the conduc
tion zone moving in the magnetic field along the energy scale 
onto the valence zone. The concentration of électrons n and the 
equal concentration of holes p increase owing to the flow of the 
excess électrons from the valence zone into the conduction zone 
(Fig. 149). The growth of concentration occurs quicker than it

0

would be determined solely by an increase of overlap of the bands, 
since the degree of degeneration of Landau levels increases simul- 
taneously. This w ill be discussed later in the analysis of the 
second cause of variation of concentration of current carriers in 
magnetic fields.

Thus, the direction of motion of the band edge of the conduction 
zone in the magnetic field is determined by the sign of Aei in 
expression (2.139): at Aei >  0 , the edge of the band is displaced 
upward, and at Aei <  0, downward. The magnitude of the velocity 
of displacement is

d \ f e
~Th 2c A,i\ (2.149)

Similarly, the band edge of the valence zone moves downward 
along the energy scale in the magnetic field if Ahol is positive in 
expression (2.140), and upward if Ahot is négative. The magnitude 
of the velocity of displacement of the edge of the valence zone is

d_^hol \ e\b , . 
dH ~~ 2ç 1 nhot (2.150)
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Relative motion of the bands in the magnetic field, which can 
cause the energy of overlap eov to increase or decrease, is deter- 
mined by the magnitude and sign of the sum Aeei - f  Ae/l0/, which 
in turn dépends on the magnitude and sign of B [see (2.142)].

As has been shown, a decrease of overlap of the bands in the 
magnetic field corresponds to the case B >  0. On the contrary, at 
B <  0 the overlapping increases. The magnitude of the velocity 
of variation of overlapping in both cases is

d80v
dH

MA
2c \B \ (2.151)

We hâve considered the cases when the boundaries of the con
duction and valence zones are displaced in the magnetic field in 
opposite directions. Under such conditions, the overlap either dec- 
reases (at B >  0) or increases (at B <  0), the signs of Ael and 
Ahol coinciding each time between one another and with the 
sign of B .

Cases are possible however when the signs of Aei and Ahoi are 
unlike. For instance, the spin splitting of Landau levels for élec
trons may exceed the orbital splitting (/4eZ< 0 ) ,  and for holes, 
be smaller than the latter (Ahoi >  0 ). The variation of overlapping 
of the bands is then determined, as before, by the magnitude of B.

The boundaries of the zones then move in the same direction, 
either upward or downward, but their velocities may be different. 
When moving upward, for instance, the edge of the conduction 
zone may lag behind the edge of the valence zone (Aei >  0 , 
Ahoi <  0; Aei < \ A hoi\, and B <  0), and therefore, overlap of the 
zones w ill increase (B <  0). If, on the contrary, the edge of the 
conduction zone moves swifter than the edge of the valence zone 
(Aet >  0 ; Ahoi <  0 ; Ae{ >  | Ahol | , and B >  0 ), overlap of the zones 
w ill decrease and at a definite value of the magnetic field Hcr 
the transition into a semiconductor state w ill occur1). A similar 
analysis may be made for the motion of the zone boundaries down
ward.

Thus, the ratio between the spin and orbital masses of électrons 
and holes (B) détermines mutual position of the bands along the 
energy scale at each value of magnetic field. This position remains 
invariable if only B =  0, the energy of band overlapping being 
independent of magnetic field. With B =  0, three different cases 
are possible:

(a) the bands move upward with the same velocity (Aei and Ahoi 
are other than zéro but hâve unlike signs, with =  | |  ) ; *)

*) With observance of the conditions discussed above, a stationary phase 
of exciton insulator can be formed in a certain interval of fields near H  =  H Cr.
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(b) the bands move downward with the same velocity (Aet 
and Ahoi are other thcn ztro but hâve unlike signs, with \Ael\ =

Ahoi) »
(c) the bands are immovable: Aet =  0 , Ahoi =  0 .

Let the last case be discussed in more detail. If Ael and Ahot 
become zéros, this implies that the spin splittings of Landau le- 
vels for électrons and holes are equal to the corresponding orbital 
splittings. For Aet =  0, the Landau 0‘ level for électrons in any 
magnetic field coicides with the edge of the conduction zone at 
/ /  =  0 . It is then said that the 0 " level is “ frozen in” into the edge 
of the conduction zone. Similarly, at Ahoi =  0 , the Landau 0* level 
for holes is “ frozen in” into the edge of the valence zone (Fig. 150). 
This situation is of interest, because it makes it possible to exclude

t

the influence of the motion of zone boundaries onto the variation 
of concentration of carriers in the magnetic field and to elucidate 
the rôle of other factors, apart from the motion of zone bounda
ries.

IL The second cause of variation of the concentration of carriers 
in the magnetic field is a continuous growth of the degree of 
degeneration of Landau levels for électrons and holes. In the ab
sence of motion of the zone boundaries this results in an increase 
of the concentrations ri and p.

In order to see into the physical aspect of this problem, we 
simplify it by excluding ail additional factors that can vary in 
the magnetic field. First of ail, we exclude the influence of motion 
of the zone boundaries by assuming Aei =  Ahoi =  0. Further, we 
assume for simplicity that the électron and the hole zones are 
similar* l.ef/ mI / ==mL/ =  m* the absence of magnetic field, 
the Fermi level in such a system is located exactly half-way bet- 
weçn the edge of the conduction zone and the edge of the valence
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zone, so that eÿ =  efr1 =  e°F =  eovj2  [see expressions (2.137) and 
(2.138)]. The concentrations oî électrons and holes at H =  0  are

The concentration of carriers in a magnetic field can be obtained 
by integrating over energy the expression (2.132) for the density 
of states vH(e), in which spin splitting is taken into account. 
Intégration of each term in the sum is done from the edge of the 
corresponding Landau level

to the Fermi level e =  ef, giving the expression for the concentra
tion of électrons

where the whole number n m a x ( s )  is determined by double inequ- 
ality (2.131). Expression (2.153) takes into account that tnel =  
=  m-h =  m, whence gpB#  =  h œ.

Since the effective masses of électrons and holes are equal, the 
corresponding expression for p w ill coincide with (2.153) if 
ee/ (H )  is changed to 8 h°l {H). The unknown quantities b}1 (H ) and 
Bhpol(H) for each value of the magnetic field are found from two 
équations: n — p and eeFl (H) +  eF°l (H) =  eov. It follows from these 
équations that the Fermi level, as at H =  0, remains exactly half- 
way between the edge of the conduction zone and the edge of the 
valence zone (Fig. 151a) and

In order to simplify the analysis of expression (2.153) for the 
concentration of carriers, we pass to the ultra-quantum lim it of 
magnetic fields. Then only one term, corresponding to s =  — 1, 
nmax(—1 ) =  0 , w ill remain in the double sum:

It may be seen from (2.154) that though the Fermi energy is 
constant, the concentration of carriers increases proportionally to 
the growth of the degree of degeneration of Landau O- levels for 
électrons and holes.

n =  p — K ) ’* =  3^ 3- {m z j '-  (2.152)

(n +  y )  Æ© +  y  sgpBH

h f(H ) =  ehF°l (H) =  s% =  l f -

(2.154)
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Let us show that an increase of concentration occurs, as befoie, 
owing to the flow of électrons from the valence zone into the 
conduction zone. As w ill be seen from Fig. 151a, ail filled électron 
states of the second zone (conduction zone) in the ultra-quantum 
limit are located under the Fermi level on a parabola which is the 
last Landau 0~ level. The élec
tron System is perfectly one- 
dimensional, the energy of each 
state being dépendent only on 
quasi-momentum pz. The hole 
states are also located on the 
Landau level and occupy the 
part of the parabola above the 
Fermi level in the first zone.
The first (valence) zone under 
the Fermi level is filled with 
électrons.

The increasing degeneration 
of each state in the magnetic 
lield at the 0 " level implies that 
the capacity of the conduction 
zone increases continuously at 
the constant géométrie dimen
sions of the parabola 0 " in 
Fig. 151a (the dimensions of 
the parabola 0 " are specially 
fixed in the case considered). If 
the number of électrons in the 
conduction zone were not reple- 
nished, the boundary of filling 
of that zone, i.e. the height of the Fermi level, would corne lower, 
since, with an increase of the capacity of each state along pz, a 
constant number of électrons would fill ever smaller part of the 
ciectron parabola.

But the Fermi level in one zone cannot be lower than in the 
other. Its lowering in the conduction zone would resuit in that 
part of the électrons in the valence zone near the Fermi level 
were in energetically unprofitable position (Fig. 1516). These 
électrons would immediately flow into the conduction zone, which 
would equalize the levels in both zones.

Actually, no lowering of the Fermi level occurs in the conduction 
zone: at an increase of the capacity of that zone in the magnetic 
lield, électrons flow continuously from the valence zone, corres- 
ponding exrictly to the increase of the capacity of the conduction 
zone and thus compensâtes the variation of the boundary of its 
lilling. It is then natural that the number of électrons under the

o" o'

o“ o"

Fig. 151
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Fermi level in the valence zone decreases as a resuit of dimini- 
shing of the mean density of states, but the number of vacant 
places (holes) increases in full correspondent with this and 
always remains equal to the number of électrons in the conduc
tion zone. The magnetic field acts as a pump which Controls the 
degeneration of states and pumps the électrons from one band 
into the other.

This is the mechanism of the second cause of variation of con
centration of carriers in a magnetic field. It differs in its nature 
from the mechanism related to the motion of zone boundaries.

In the general case both mechanisms act simultaneously caus- 
ing électrons to flow from one band into the other. The total num
ber of filled states in the bands in either case does not change.

In conclusion, let us show that in a two-zone métal with the 
quadratic isotropie energy spectrum of électrons and holes, there 
is no oscillational dependence of the concentrations n and p on 
magnetic field. This is valid in the general case for different va
lues of the effective masses of carriers: ttiel =£ tnhol.

We shall proceed from that, for a two-zone métal at any value 
of magnetic field H:

n (H) — p (H) and eÿ (H) +  (H) =  e00 (H)

For simplicity, we in itia lly neglect spin splitting of électron 
and hole Landau levels. In that case the expressions for the 
concentrations of carriers in a magnetic field w ill be

rt=0

B= 0
(2.155)

Here the quantifies (nmax)e, and (nmax)hof are determined by 
inequalities (2.105) written for électrons or holes respectively.

As is known, the effective mass, which enfers the expression 
for the quadratic isotropie dispersion law, coïncides with the iso
tropie cyclotron mass and the mass of density of states. Then 
we hâve

( * « ) . / “  (K o » )
| g | fi •

C
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Equating expressions (2.155) for n(H) and p(H) to one ano- 
ther and cancelling the common multipliers, we get

n = ( nm a\)e l

n = 3

n (nma\)hol
-  Z  [ < « « ? ' W - ( " + y ) (2-156)

n=0

vvhere, according to inequalities (2.105), (nmax)ez and (nmax)/IOi
oho‘Bpe eFl (H ) »h- ° l  (H )

are determined by the ratios - and { respectively.
Hence it follows that

m'efieF (H) — m’hof ihF°l (H) (2.157)

and therefore, the relationship of the form (2.137) and (2.138) are 
valid at any value of the magnetic field: -

eePl {H) _  rnmhol 
W) mel

(2.158)

*ÿ(H)  =

*hP°'{H) =

. mhol 
m'e l+mhol 

m\l
mel +  m

*ov(H)

80o (H)
hol

(2.159)

It can easily be verified that these expressions are also true 
with the account of spin splitting, provided that

mel _  mhol
S S

mel mhol
(2.160)

The dependence of the energy of overlap on magnetic field is 
related to monotonous motion of the zone boundaries and is de
termined by formulae (2.141) and (1.142). Thus, expressions 
(2.159) show that eÿ (H) and zhF°l {H) are monotonous functions 
of magnetic field.

The absence of oscillations of the Fermi energy of électrons 
and holes and, as a cosequence, the absence of oscillations of 
concentrations n and p, can be related to that, conditions (2.158) 
and (2160) being satisfied, the Landau levels for électrons and 
holes move in opposite directions in the magnetic field and cross 
simultaneously the Fermi level.
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Under these conditions, the diagrams of Landau levels for élec
trons and holes (see, for instance, Fig. 144) are geometrically 
similar to one another and differ only in scale by a factor cÿ/ci0 .
But the levels for électrons and holes with the same number n 
travel the distances in the magnetic field that are connected by 
the same ratio.

The magnitude of reciprocal magnetic field 1 /H n at which the 
n-th Landau level intersects the Fermi level, is determined by 
expression (2.122). By equality (2.157), the values of \ /Hn for 
électrons and holes coïncide:

\ e \ h  

m'elzi  (Hn) 0 hol
\e\f> (2.161)

As the next Landau levels for électrons and holes approach si- 
multaneously the Fermi level from above and below, the latter 
neither lowers nor moves upward, as was the case with the one- 
zone métal.

In a two-zone métal with an anisotropic spectrum, Crossing of 
the Fermi level by the électron and hole Landau levels is no more 
simultaneous. Such a métal may serve to demonstrate that the 
dependence of the Fermi energy of électrons and holes on magne
tic field is of non-monotonous nature.

Consider a case of an anisotropic quadratic spectrum of élec
trons and holes whose general form coïncides with expression 
(2.76). The spectrum of each type of carriers is characterized by 
the three main components of the effective mass tensor:

K X / ’ ( m 'X i and K ' L r  K ' L r  K ' ) ftor  The main axes P»
py, and pz of the électron ellipsoid may be not coïncident with the 
main axes px,, py,, py  of the hole ellipsoid. The concentrations 
of carriers n and p are now determined by the masses of the den- 
sities of states of électrons ( and holes (m*d)ho['-

(m'd)et =  \{tn\)el ( m'y)el { rn ^ J 1'
(m'i)hol =  [(m^)hol {m'y')hol (m)')ho,]'h (2.162)

Using formula (2.88) to détermine the concentrations of électrons 
n or holes p at H  =  0, and also the equality n =  p, we can find
the ratio of &ÿ (0 ) to eïot (0) at H =  0:

8 F W =  (md)hol
4 ° ‘ (0) ( md)el

(2.163)

But in the general case the cyclotron masses of électrons and
holes for an arbitrary direction of magnetic field H do not coïn
cide with the corresponding masses of the density of states. For
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lliat reason, with the anisotropic spectrum of current carriers, the 
oquality of the ratios

z ÿ ( H )  _  (h<ù)el 

4 ° l (H) (t<o)hol

which would generalize (2.157) for that case, is non-existent. This 
can be strictly shown by means of the expressions for n and p 
which are équivalent to formulae (2.155):

n =
V 2 (fia>)e/ n

h  L‘n2 h3
el

n= 0

( / / ) - ( » + 1 )  ( M eI] V

V 2  (h<ü)hoi( in dy i!ol

rfh3

n—(nmax)holI [«hol
n=0

( i ï ) - ( « + 4 ) ( M * o If  (2.164)

Thus, in the general case with an anisotropic spectrum of cur
rent carriers, the quantum levels of électrons and holes pass across 
the Fermi level not in synchronism with each other. The ultra- 
quantum limits for électrons and holes can be attained at different 
values of magnetic fields.

To simplify calculations, we shall discuss a two-zone métal in 
which only électrons hâve the anisotropic nature of the spectrum. 
This is sufficient to describe the effects related to anisotropy. Let 
the following désignations be introduced:

(mx')hoi =■■ (m*y’)hoi =  =  M
( m mx)ei =  tn i ; (m*y)el =  m2; (m'z)el =  m 3

(ma)et — rtii (2.165)

Then, obviously, ( md)hoi =
For real substances, the inequality md <  M is usually valid. We 

assume that it is satisfied. In addition, we assume a strong aniso
tropy of the électron ellipsoid, i.e. m2 <  m, and m3 <  t n The
discussion w ill be made for the magnetic field H orientated along 
the main axis of the first électron ellipsoid. The cyclotron mass m* 
of électrons then is V tn2m3 and obeys the inequalities

(2.166)

The cyclotron mass of holes coïncides with M at any orientation 
of the fiëldt

It is convenient to start the discussion for fixed zone boundaries, 
assuming the spin masses of électrons m8 and holes Ms coinciding 
with the corresponding cyclotron masses. The resuit obtained can
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be generalized for the case of an arbitrary motion of zone boun- 
daries.

Thus, we in itia lly  assume that the band overlap eov is fixed 
(Aet =  Ahoi =  0). Re-write relationship (2.163) in the new sym- 
bols:

*eF M

phol (2.167)

In our case, md <  M and zhF°l <  seFl.

The diagram of the band spectrum at H =  0 coïncides with that 
shown in Fig. 143. The condition m* «C M implies that (h(ù)ei >  
>̂(àto)hoi> so that, in magnetic fields for which (h®)e l< z eFl at 

H =  0, quantization of energy of holes can be neglected and their 
energy spectrum regarded as quasi-continuous (because of extre- 
mely small distances between Landau levels for holes). In other 
words, the numbers nhoi of Landau levels for holes Crossing the 
Fermi level exceed substantially the numbers of Landau levels 
for électrons, nhoi nei. A diagram of Landau levels in such fields 
is shown in Fig. 152,
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Under these conditions, the position of the Fermi level in the 
magnetic field dépends mainly only on the motion of électron 
Landau levels. When a next Landau level for électrons approaches 
the Fermi level, it moves upward and the Fermi ellipsoid expands. 
After the Landau level has been freed from électrons, the Fermi 
ellipsoid contracts and the Fermi level approaches the next quan
tum level. This results in oscillations of Fermi energy of électrons 
eÿ and, because of the equality 
eÿ +  zhF°l =  eot) =  const, also of 
Fermi energy of holes.

When the Fermi level moves 
upward, e ÿ 1 decreases. The con
centration of holes p and that of 
électrons n, which is equal to p, 
then diminish (more exactly, n 
and p pass through a local m ini
mum) : the électrons from the Lan
dau level which has been freed 
flow over into the valence zone.
Then, when the quantum level is 
completely freed of électrons and 
crosses the Fermi boundary, the 
Fermi level begins to lower rapi- 
dly toward a next quantum level 
onto which the électrons flow back 
from the valence zone. Thus, oscillations of n and p are related to 
the periodic flow of électrons from one zone to the other at which 
their total number is not changed.

Consider the transition to the ultra-quantum lim it for électrons, 
which is accompanied by passing out of the last quantum level 0+. 
The corresponding diagram of Landau levels is given in Fig. 153.

After passing out of the 0+ level, the Fermi ellipsoid for élec
trons begins to contract quickly, and the Fermi level lowers to the 
last O- level which has been left. This causes the Fermi energy 
of électrons to decrease and that of holes to increase. The élec
trons from the valence zone begin to flow over onto the électron 0* 
level, causing an increase of the concentrations n and p.

While at H — 0 the ratio between eÿ and eh°l was determined 
by the ratio M/md (2.167), now e ÿ - *0  as [l/f/ i© )^ ]2 and ehp°l
approaches the value of fixed overlap eov of the bands. The concen
tration of carriers, which in itia lly  increases sharply after the 
passage.of-the électron 0+ level because of the sharp lowering of 
the Fermi level, is further determined only by increasing degene- 
ration of the 0~ level and becomes proportional to the magnetic 
field H.
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A qualitative curve of the dependence of concentrations n =  p 
on magnetic field at the transition to the ultra-quantum lim it for 
électrons is shown in Fig. 154, where / / 0+ dénotés the magnetic 
field at which the level 0f passes out.

If the motion of zone boundaries is taken into account, the slope 
of the curve in Fig. 154 may slightly change on each of its sections. 
For instance, if the band overlap increases in the magnetic field, 
the curve w ill rise more steeply. On the contrary, at a smaller 
overlap, the curve passes lower and, beginning from a certain 
magnitude of the field, becomes dropping. At a large speed of 
decreasing of overlap (2.151), the curve w ill hâve no rising sec
tion. Cases of various ratios between the spin masses and cyclo
tron masses of électrons and holes require more detailed analysis 
which is beyond the scope of the book.



CHAPTER THREE

ELECTRIC CONDUCTIVITY OF METALS

3-1. PHENOMENOLOGICAL DESCRIPTION 
OF ELECTRIC CONDUCTIVITY

In the absence of température gradients and diffusion of current 
carriers the relationship between the electric current density / in 
a conductor and the electric field strength E in sufficiently weak* -V
fields is established by Ohm’s law: / =  oEy where the proportiona- 
lity factor a is termed the electric conductivity.

In an isotropie métal, the direction of current / coïncides with
that of the external field E and a is here a scalar quantity. Aniso-
tropy of a métal makes the vectors E and / non-collinear (in an

-y
anisotropic case, collinearity of E and / is observed with E di- 
rected along the main axes of symmetry of the crystal). Transfor-
mation of vector E into vector / is made by means of a second- 
rank symmetric tensor: the tensor of electric conductivity ou which 
has six independent components.

The expression for Ohm’s law ’ )

can be inverted
j i  =  OikEk 

£/ =  Pikjk

(3.1)

(3.2)

where the components of electric field È can be expressed through
the comp'onent of current density / by means of resistivity 
tensor p^.

The resistivity tenzor pih is an inverse of the conductivity 
tensor oih. The components and are related as follows:

QikPkj =  àij

where are Kroneker delta-symbols. The resistivity tensor 
Pij is also symmetrical: p ĵ =  pj .̂ Its components can be found

4) Summation is to be made over repeating indices.
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by measuring the electric field along the axes 1, 2, and 3 when 
a current flows along one of these axes. For instance, if the current 
flows only along the axis 1 (/ =  'ji), then

£ l =  Pll/l> ^ 2 = = P2l/l. ^3 =  P3l/l (3-3)
Measurements of fields Eu £ 2  and £ 3  give the components of the 
tensor, pu, p2i, P31. lf  the current is now directed along the axis 
2  (/ =  /2), we get three new expressions:

E\ — P12/2. E2 =  P22/2- £ 3 =  P32/2 (3.4)
which are used to détermine pj2, p22, p32, etc.

A cubic crystal possesses no anisotropy of electric conductivity. 
For it the non-diagonal components of the tensor p,-j are equal to 
zéro, and the diagonal ones are equal to each other. In such a 
crystal, ptj =  poôjj. With uniaxial crystals (those with prevailing 
direction 3), pu =  p22 ^  p33-

3-2. ELECTRIC CONDUCTIVITY 
AND ENERGY SPECTRUM OF ELECTRONS

IN A METAL

According to the concepts developed in the previous chapters, 
a métal may be regarded as a potential box containing various 
groups of current carriers and a phonon gas. The effective mass 
and nature of motion of the i-th group of carriers are uniquely 
determined by the shape of the corresponding constant-energy
surface and the dispersion law: eiF =  ei (p). Constant-energy sur-

faces in p-space may hâve very diverse shape and may be regarded 
as rigid structures on which the gas of current carriers is con- 
centrated.

Each group of carriers is characterized by its concentration 
2/\

m — (2 ^ ) 3  ■ where Ai is the volume bounded by the set of con
stant-energy surfaces in the i-th band. Note that each energy band 
(each group of carriers) retains its individuality even when the 
zones are overlapped.

The current carriers representing an idéal gas of quasi-excita
tions are diffracted by phonons in their motion in an electric field E. 
The processes of électron scattering on phonons w ill be discussed 
in the next section from the standpoint of their contribution to 
electric conductivity. Here, it should only be noted that each group 
of current carriers is characterized by its free-path length /,-. The 
rnean free time (or relaxation time) t,- is connected with /,• by the 
relationship where vlp is the velocity of électrons on
Fermi surface in the i-th band.
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Consider a group of current carriers in an external electric field■>
E assumniing its constant-energy surface differing not strongly
from an ellipsoid. Let the electric field E be directed along one 
of the main axes of this surface, for instance, along px (Fig. 155).

The électrons inside the volume bounded by the constant-energy 
surface cannot be accelerated by the electric field, since ail the 
states are filled. Only the électrons located near the Fermi surface
can be accelerated. Under the action of the force — |e|£, the mo- 
menta of these électrons vary in accordance with the équation of

motion (2.20), the variation Apx of the momentum during the re
laxation time tx being equal to

Ap* =  | e \Exxx (3.5)

Since ail the électrons on the surface in the external electric ->
field E hâve acquired an additional mean momentum Apx, the 
constant-energy surface is displaced as a rigid structure by Apx
in the direction opposite to the electric field vector E (Fig. 156).

There was no electric current before application of the field E, 
and the distribution of électrons was symmetrical relative to the 
origin of coordinates in the momentum space. This means that for
each électron with a momentum + p  we could always find an élec
tron with —p.

As a resuit of displacement of the Fermi surface, the central 
symmetry of distribution of électrons is disturbed. In volume 1 
(Fig. 156), there appear électrons whose total momentum has a
non-compensated component in the direction —px. Simultaneously, 
in volume 2, there disappear the électrons whose motion has com- 
pensated the flow of électrons présent in volume 3.
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Thus, the displacement of the Fermi surface gives rise to the 
appearance of non-compensated électrons in volumes 1 and 3. 
Since the displacement Apx is small compared with the Fermi mo- 
mentum pF, the volumes / and 3 are practically equal to one ano- 
ther.

For électrons in volumes 1 and 3, the projections of momenta
along the axes py and pz are mutually compensated. In other
words, for an électron with the momentum components + p y> +Pz
along these axes we can always find an électron with the corres-
ponding components — pyy —pz. For électrons in volumes / and 3,

>
only the component of momentum in the direction — px remains 
uncompensated.

The effective mass m* of quasi-particles on an electron-type sur-
face is positive, and therefore, the direction of momentum p coin-
cides with that of the velocity vg of quasi-particles.

Thus, électrons in volumes 1 and 3 give rise to a flow of negati- 
vely charged particles with velocities close to Fermi velocity in
the direction of the electric force — \e\E.

This can be explained in a different way. In the volume bounded 
by the Fermi surface displaced by ApXl we isolate a portion sym- 
metrical relative to the origin of coordinates. In Fig. 156, it is the 
internai volume A-A bounded from the left and right by dotted 
Unes. Electrons in this volume do not contribute to electric conduc
tivity because of the symmetry of their distribution over momenta;

The remaining portion of the volume (volumes 1 and 3) located 
asymmetrically relative to the origin of coordinates, forms a non- 
compensated flow of électrons (electric current) in the direction
—px. At an increase of the electric field E, the displacement of the 
surface increases, the non-compensated volumes 1 and 3 become 
larger, and therefore, the number of particles contributing to elec
tric conductivity also increases.

Consider now a hole-type Fermi surface bounding unfilled states
(Fig. 157). Let the electric field be again directed along the px 
axis. The variation of the momentum of quasi-particles on a hole- 
type surface can also be described by the équation of motiop 
(2.20). Then, under the action of electric field, as in the earlier 
case, the surface w ill be displaced in the direction of the force
— \e\E (Fig. 158), the magnitude of displacement Apx being again 
determined by expression (3.5) where t* should now be understood 
as the relaxation time of holes.

Displacement of the Fermi surface disturbs the central symmetry 
of distribution of particles over momenta. There appear particles 
in volume 1 (Fig. 158) whose total momentum has a non-competi--
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sated component in the direction + p x. In volume 2, particles 
vanish whose motion has compensated the flow of particles con- 
tained in volume 3. Thus, as in the earlier case, displacement of 
the surface gives rise to the appearance of particles with non-
compensated components of momenta in the direction + p x in vo
lumes 1 and 3. But the effective mass m* of particles on a hole-
type surface is négative, so that the direction of velocity ug of a
particle is opposite to that of its momentum p.

Thus, negatively charged particles in volumes 1 and 3 move
with velocities near the Fermi velocity in the direction —px, i.e.

form an electric current of the same direction as the électrons do. 
Hence it follows that in metals having constant-energy surfaces 
of both hole and électron type the total electric current is composed 
of the currents formed by the carriers of both types. Electrons and 
holes hâve an additive contribution to electric conductivity. Let us 
see whether the phenomenon of electric conductivity makes it pos
sible to reveal différences between the two concepts of quasi-parti- 
cles on hole-type constant-energy surface that we hâve introduced 
in Sec. 2-12, Chapter Two.

As has been just shown, regarding a hole as a negatively 
charged particle (e <  0) with a négative effective mass (m* <  0) 
gives an electric current coinciding in direction with that formed 
by électrons (e <  0, m* >  0).

Measuring the electric conductivity of two-zone metals with 
equal concentrations of électrons n and holes p corresponds to 
that the current of électrons and holes add together. If these cur
rents werevsubtracted from one another, then it would turn out 
in partic’ùlar that a two-zone métal in which électrons and holes 
hâve the same kinetic properties possesses no condictivity. But 
this contradicts ail the known experimental data.
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Thus, only such présentation of a hole is correct at which the 
contribution of holes to electric conductivity is additive to that of 
électrons.

From this standpoint, let a hole be regarded as a quasi particle 
with a positive charge (e >  0) and positive effective mass 
(m* >  0).

We again recall that the négative effective mass of quasi-parti- 
cles located on constant-energy surfaces of hole type is a consé
quence of expansion of their energy into a sériés over momenta -> ->
near the points p =  p0 in which the maximum values of the ener
gy e are observed in the band. For instance, for the simplest case 
of a spherical constant-energy surface we hâve near the maximum 
point

1 /)2p o n'2 ^  ■>
c =  co +  ÿ - ^ 7 ï P = c o +  ' ^ r -  where p ^ p  — Po

and

( m T '  =  - f k  a t?  =  0.dp

Since e <  eo and e — e0 <  0 near a maximum of energy, then 
m* is also négative. This only means in essence that the really 
existing électrons in a métal lattice are under such conditions at
which their energy reduces with removing from the point po.

If, however, we introduce imaginary particles with m* >  0 (and 
e >  0) to describe such électrons, then we hâve to change the 
direction of energy counting and the value e — eo must be positive. 
This in turn means that with these new particles (m* >  0, e >  0)
their energy in point p0 is at the minimum and increases with
moving away from this point. Since filling of p-space with quasi- 
particles always begins in the points where the energy of particles 
is at the minimum, then we hâve now to assume that the région
of p-space that has been empty, is now filled with imaginary quasi- 
particles with m* >  0 and e >  0.

A hole-type constant-energy surface then becomes entirely simi- 
lar in its properties to an electron-type surface to an accuracy of 
the sign of charge of quasi-particles. In other words, quasi-particles 
with m* >  0 and e >  0 fill a constant-energy surface of the hole 
type, while quasi-particles with m* >  0, K O  (électrons) fill a 
surface of the électron type.

Thus, the transition from one concept of a hole to the other con- 
sists not only in the change of sign of charge and mass, but also
in a different nature of filling of p-space with quasi-particles: par
ticles of négative mass are located beyond the corresponding con-
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stant-energy surface which in this case bounds an empty part of 
tlie space, whereas particles of positive mass are located within 
lhe constant-energy surface.

It can be easily shown that holes, if regarded as particles with 
m* >  0, e >  0, also give a contribution to the electric conductivity 
which is additive to that of électrons (m* >  0, e <  0). Let a sur
face similar to that shown in Fig. 155 be filled with quasi-particles

with m* >  0, e >  0. As before, the electric field E, is directed along
the + p K axis. The force acting on
particles is then equal to + |e |£  
and coïncides in direction with the 
electric field.

Under the action of the electric 
field the constant-energy surface 
will be displaced by a distance 
Apx =  |e | Extx in the direction

+Px (Fig- 159). Particles with 
m* >  0, e >  0, having a non-com- 
pensated component of momenta
along the +/?* axis, w ill then 
appear in volume 1. Simultaneously, particles whose motion was 
compensating the current of particles in volume 3 w ill vanish in 
volume 2.

Thus, the résultant current is determined by the particles in 
volumes 1 and 3. We now note that at m* >  0 the directions of 
momentum and velocity of a particle are coincident. The current 
of particles therefore corresponds to the transition of a positive

-V
electric charge in the direction of the electric field F, which is 
équivalent to the transition of a négative charge in the opposite 
direction, i.e. to the current of électrons.

The conclusion we hâve corne to is of deep sense. The sign of the 
effective mass of a particle, irrespective of the sign of its charge, 
is only determined by the sign of the curvature of the constant- 
energy surface relative to the volume filled with charge carriers. 
If a closed surface is empty then it has a négative curvature rela
tive to the external filled volume and the particles on that surface 
possess a négative effective mass. If however a closed surface is 
filled, then its curvature is positive relative to the internai volume 
and the particles filling it, of a charge of any sign, hâve a positive 
effective mass.

As regards the contribution of particles to various physical phe- 
nornena, it is entirely équivalent whether we consider a particle on 
a filled surface with m* >  0 or on an empty one, but with m* <  0?
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provided we hâve changed the sign of charge at the transition 
from m* >  0 to m* <  0. In that sense, negatively charged quasi- 
particles on electron-type (filled) surfaces (i.e. simple électrons 
with m* >  0, e <  0) can also be replaced by quasi-particles with 
m* <  0, e >  0, but located on a hole-type surface, i.e. filling the 
space around electron-type surface that has been empty before.

Considering this analysis, the transition from the concept of a 
hole with m* <  0, e <  0 to that of a hole with m* >  0, e >  0 is 
the transition from a real hole to a certain équivalent analogue of 
the positron.

The first concept of a hole, evidently, corresponds to the physical 
reality, since the maxima of energy really exist in bands, and there- 
fore, real quasi-particles in the vicinity of maxima behave as par
ticles of négative mass. In this région of momentum space, the 
reaction of a quasi-particle on the action of an external electric 
field is namely of this nature.

In addition, the concept of a hole as a particle with m* <  0, 
e <  0 follows logically from the general concept of construction 
of the energy spectrum in metals. The concept of a hole as a par
ticle with m* >  0, e >  0 is, however, a conditional one and holds 
true only for closed constant-energy surfaces surrounding the 
points of maxima of energy.

Namely for that reason the second concept of a hole has been 
firmly implanted in the physics of semiconductors, which deals 
only with small closed constant-energy surfaces.

Note that the use of particles of positive effective mass is much 
more convenient in practice. Indeed, regarding a particle assumed 
to hâve a négative effective mass, we hâve always to operate with 
a constant-energy surface surrounding an empty space, since these 
two concepts are inséparable. A particle of a positive effective 
mass is however similar qualitatively to a particle in free space 
moving under the action of external fields. In some cases this 
particle may therefore be separated from the corresponding con
stant-energy surface and regarded as an isolated particle in the 
field of external forces.

For that reason, in order to visualize various phenomena, we 
shall later regard a hole as a particle with rrf >  0 and e >  0.

Let us dérivé the formula of electric conductivity. For this, we 
write down expression for the vector of density of electric cur-
rent /'.

As has been shown earlier, both with electron-type and hole-type 
constant-energy surfaces, an electric current is formed by Fermi 
quasi-particles présent in volumes 1 and 3 (see Figs. 156 and 158).

Let us recall that for simplicity we consider constant-energy

surfaces close to ellipsoidal, with the electric field E directed along
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one of the main axes px. Because of this the current density vec-
tor / also coincides in its direction with the px axis. Vector / can 
be written as the following sum:

î = - \ e \ H { v PU  (3-6)
PX

where (vF)-> is the projection of Fermi velocity of a quasi-particle

on the’/?* axis, and the summation is done for ail particles présent 
in volumes 1 and 3 of p-space in Figs. 156 and 158. We hâve ob- 
tained an analytical expression for current density / and electric

conductivity a for a particular case of a spherical constant-energy 
surface. This simplest case, to which the scalar quantity a corres
ponds, makes it possible to establish the parameters on which the 
electric conductivity of a métal dépends.

For definiteness, let us consider a spherical constant-energy sur-
face of the électron type in an external electric field E. We intro- 
duce a spherical System of coordinates whose polar axis is directed
opposite to vector E (Fig. 160a).

Let quasi-particles on the surface be characterized by the iso- > ->■ 
Iropic relaxation time t . Under the action of the electric field E
the surface is displaced a distance Ap = |e |£ r  in the direction of
the polar axis giving rise to an electric current which is deter-
mined by quasi-particles in volumes 1 and 3 (Fig. 1606).
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Since Ap -C Pf. the velocity of any particle in volumes I and 3
->■

is directed along the radius vector p and practically coincidies in 
magnitude with the Fermi velocity vF.

The expression for current density (3.6) includes the projection
of velocity of particles onto the direction of the vector —F, equal 
to vF cos 6 in the given case.

At A p pFy the volumes 1 and 3 are equal to one another to
an accuracy of the values of the second order of A/?, so thatt it is 
sufficient to calculate the current formed by particles in voluime 1 
and then to double the value obtained.

According to formula (2.57), an element of spherical volume
2 d V p

dVp =  p2 sin 0 dpd 0 dq> contains elec r̂ons- When thiis ele
ment is inside volume 7, the contribution of particles containied in 
it to electric current is

a =  i n 2,,!i" ; y ,% f cose O.?)

Noting ail the earlier remarks, the total current produced by 
particles in volumes 1 and 3 can be written in the intégral form 
as follows:

2| . m  2, pf +Apcose
j  =  2—  ̂  ̂ p2sin9cos0dp (3.8)

0 0 pf

The limits of intégration for p correspond to the boundariies of 
volume 1 over the radius vector whose direction is given by the 
angles 0 and cp. After some calculations, we hâve

8.t | e | ohp \  Ap

3 ( W  (3-9)

The quantity 4np], equals the area SF of the constant-ener- 
gy surface of the given group of current carriers. Replacing 
Ap by \e\ £ —  , expression (3.9) is transformed as follows::

F . __  2 \ e \ * S p l  d

1 T  ’  (2nh)3 E  '  ^ 3 ‘ 1 0 ^

Comparison with Ohm’s law / =  oE gives the electric conducti
vity o related to the given group of current carriers as follows:

2 |e|S ,/
3 ' (2rtfi)3

< J  =  - (3-11)

Expression (3.11) for electric conductivity has been first derived 
by Lifshits [80], [13] and is called Lifshits’ formula. It is valid for
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.niy arbitrary law of dispersion at which the dependence of the 
riiergy of électrons on mcmentum is of the general form e =  /(p 2), 
whcre f(p2) is a continuons function of its argument. The con- 
stant-energy surfaces corresponding to this dispersion law are
concentric spheres with the centre at point p =  0.

n2
The expression e =  -^- for the quadratic isotropie law of dis

persion is a particular case of the law e =  f(p2). Another particu- 
lar case, for instance, is a linear law of dispersion e = d ta V p 2»
a =  const, for which the point p =  0 is conical.

It is of interest to compare Lifshits’ formula for the quadratic 
isotropie dispersion law with the formula of electric conductivity 
obtained in the Drude-Lorentz theory on the basis of the model 
of free électrons.

Let us recall that according to the Drude-Lorentz theory a métal 
is regarded as a potential box filled with the gas of free électrons
that obey Boltzmann’s statistics. In an electric field £, each elec-

I e I E xtron acquires an additional velocity Au =  J—!—  during the re-
-V

laxation time x in a direction opposite to E. The quanity Av has 
been termed the drift velocity, since the whole ensemble of élec
trons drifts with this velocity under the action of the electric field. 
The density of the electric current produced by drift of électrons is

/ = |  e \nAv (E) (3.12)

where n is the concentration of électrons. Substituting Av(E) into 
(3.12), we can re-write the expression for / as follows:

I e I2 nx g
m 0

(3.13)

whence we get the Drude-Lorentz formula for electric conductivity:
e 2 / i t  <T =  -—------ma (3.14)

The Lifshits formula w ill now be transformed by using the ex-
n2

pression for the quadratic isotropie dispersion law 8 =  - ^ - .  To 
do this, we express the area of the Fermi surface through the 
volume Ajr it bounds in p-space and the magnitude of Fermi mo-

mentum pF: SF =  3 - ^ - .  (indeed, Sf  =  4jip£, Ap =  -s- np^). Sub-
rj? '  '

stituting this quantity into (3.11) and noting that the relationship 
pF =  m*vF holds true for the quadratic isotropie dispersion law.
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we obtain
_  1 * 1 * 2 ^  1 \ e \2 t  2 , \p

°  m * ( 2 n f i ) 3 '  v p  n i* ’ (2jifi)3 (3.15)

According to (2.57), ^nh)3 *s concentration n of électrons
in the given group, including both the électrons located on the 
Fermi surface and those in the volume bounded by that surface. 
Then the Lifshits formula (3.11) for the quadratic isotropie dis
persion law can be written as

a = \elÆL
m (3.16)

which coïncides in the form with the Drude-Lorentz formula (3.14). 
The process of conduction in this particular case may be thought

of as if ail the électrons in /?-space were accelerated in the electric 
field, and not only those located on the Fermi surface. For the 
quadratic dispersion law, the product of the small number of élec
trons located in volumes 1 and 3 near the Fermi surface (i.e. those 
really contributing to electric conductivity) by the Fermi velocity 
is equal to the product of the total number of the électrons présent 
in the volume of the sphere by the small addition of drift velocity 
A v(E).

In other words, in the case considered the small number of fast 
Fermi électrons produces the same current as would be produced 
by ail the électrons inside the sphere which drift slowly under the 
action of the electric field.

Thus, having considered electric conductivity for the isotropie 
case, we can conclude that a is mainly determined by the area of 
Fermi surface SF and the free-path length of current carriers. 

With a closed anisotropic Fermi surface the current density vec-
tor j  in the general case does not coïncide in direction with the ->
electric. field E. Electric conductivity then becomes a second-rank 
tensor o,j (i, j  =  1, 2, 3), but the diagonal components of tensor 
Oij for the main axes of Fermi surface px, py, pz are again deter
mined by the area SF of the surface and the free-path lengths lx, 
l v and lz along the corresponding axes.

Let us discuss some particular examples of the effect of the shape 
of the Fermi surface on electric conductivity of metals.

1. Fermi surface is a cylinder located along the praxis. A cylin- 
drical Fer/ni surface is an infinité (open) surface in the direction
px and passes in this direction through ail cells of the reciprocal 
space.
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Such a surface can be displaced under the action of an electric> -> 
field only in the direction of the py axis. Let the electric field E be
directed, for instance, along the axis —py. The displacement of
the surface of the cylinder along the -\-py axis by a distance 
Apy ^=\e\Exy gives rise to an electric current which is formed by 
électrons in the doubled volume 1 (Fig. 161).

The component of velocity of électrons along the px axis on the
(5 6surface of the cylinder is absent, since the velocity vg =  ~£- of a
dp

q
I

(b)
Fig. 161 Fig. 162

quasi-particle should be orthogonal to the Fermi surface and the
surface itself be parallel to the direction px. With a cylindrical 
Fermi surface the motion of électrons along the axis of the cylin
der is therefore forbidden. In this direction of the electric field the 
energy band behaves as a filled one.

With an arbitrary direction of electric field E relative to the 
cylindrical Fermi surface, electric current can only be produced
by the component Ey of the field along the py axis, which is equal
to E cos <p, where cp is the angle between E and py. The dependence 
of electric conductivity of such a métal on angle (p is as follows:

a (q>) =  CTmax cos q) (3.17)

where amax is the maximum electric conductivity that corresponds
to an electric field E directed perpendicular to the axis of the cy
lindrical Fermi surface.

2. Fepmi surface is a weakly warped cylinder located along
the py axis (Fig. 162a). In that case the cylindrical portions of the
surface which are parallel to the py axis do not contribute to the
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electric conductivity in the direction of this axis (i.e. to the con
ductivity at E =  Ey). The electric conductivity in the direction py 
is only determined by the électrons located on the crimp. Its mag
nitude coïncides with the electric conductivity of a métal whose 
Fermi surface has the form of a “ ring” (Fig. 1626) of the same 
shape as the crimp.

The conductivity in the direction perpendicular to the axis of the 
warped cylinder is, as in the former case, rather high. Hence 
it follows that the electric conductivity of a métal having the Fer
mi surface in the form of a warped cylinder is strongly aniso- 
tropic. But in real metals having such a surface in one of the 
bands, a low conductivity along the axis of the cylinder can be 
masked by a rather high conductivity in this direction provided 
by current carriers in other bands.

3. Fermi surface is a strongly elongated ellipsoid. The electric 
conductivity of a métal having such a surface is also strongly 
anisotropic, its maximum being observed with the electric field 
directed along the smallest semi-axis of the ellipsoid.

If the direction of the electric field coïncides with neither of the 
main axis of the ellipsoid, the collinearity of the vectors of current

-y ■>
density / and field E is disturbed.

In experiments, the direction of electric current in a métal is 
usually given by the geometry of a specimen. The absence of colli-
nearity between / and E implies that with a current flowing in an 
anisotropic specimen, an electric field in a transverse direction, si- 
milar to the electric field in Hall effect, is formed in addition to 
the electric field along the specimen, i.e. to the voltage drop on it.

In a métal having the Fermi surface in the form of a strongly 
elongated ellipsoid the nature of dependence of conductivity on 
field orientation is close to that in a métal with the Fermi surface 
in the form of a slightly warped cylinder.

3-3. TEMPERATURE DEPENDENCE 
OF ELECTRIC CONDUCTIVITY

Let us discuss the dependence of electric conductivity on tempe- 
rature for a métal with an isotropie spectrum of current carriers. 
In Lifshits’ formula for electric conductivity (3.11), which is appli
cable in this case, only the free-path length l of carriers is tempe- 
rature-dependent. The température dependence of this quantity 
in an isotropie métal therefore completely détermines the tempe- 
rature dependence for electric conductivity.

In a model of a métal where électrons on the Fermi surface are 
regarded as an idéal gas of quasi-particles, the free-path length / 
is inversely proportional to the number of acts of scattering A^.
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In the phenomenon of electric conductivity, an act of scattering 
is thought of as a process causing an électron to départ from the 
number of Fermi particles contained in volumes 1 and 3 
(Fig. 1606). Departure from these volumes can occur owing to a 
change of the momentum of a quasi-particle either in magnitude 
[changing the energy of the particle e =  f (p2)] or in direction.

Scattering of électrons is caused by their interaction with osci
llations of the lattice (phonons), with other électrons, ionized or 
neutral impurities, lattice defects, etc. For Fermi électrons, the 
most probable are processes in which the change of energy is 
small compared with the Fermi energy. At scattering, an électron 
practically always remains on the Fermi surface (or in direct vici- 
nity of it). In other words, scattering of Fermi électrons is in most 
cases a'process close to a constant-energy process when departure 
from volumes 1 and 3 is only équivalent to the rotation of the mo-
mentum vector in p-space or to transition into volume 2 
(Fig. 1606).

In adequately pure and perfect monocrystalline specimens in 
the région of not very low températures compared with Debye 
température 0 D the main process of scattering which détermines 
electric conductivity is the scattering of électrons on phonons. Let 
us recall that the energy of phonon zph at température T practi
cally does not exceed kT. On the other hand, the fact that an élec
tron gas in a métal is degenerated at any température corresponds 
to the inequality kT C  zf or zPh <C e*-. It then follows that interac
tion of an électron and phonon in a métal is accompanied by only 
a slight variation of the energy of the électron. The momentum of 
the électron in this process practically remains the same in magni
tude and can only be varied through rotation in phase space.

Note, however, that not every act of electron-phonon interaction 
can resuit in scattering, since at a small change of momentum the 
électron remains within the volumes / and 3 and continues to 
contribute to electric current. In other words, a single interaction 
of an électron and a phonon, which has a small momentum, is not 
identical to the scattering in the process of electric conductivity. 
Scattering can be caused by either a single act (at a large change 
of momentum) or many successive acts of interaction if the total 
variation of the momentum is such that the électron passes from 
volumes 1 and 3 to volume 2 (Fig. 1606).

Owing to numerous acts of électron scattering, a dynamic equi- 
librium is established between the displacement of the Fermi sur
face in thé electric field, whose action results in a continuous re- 
plenishment of volumes 1 and 3, and the transfer of électrons back 
into volume 2 so that volumes 1 and 3 are exhausted. With no 
scattering, the Fermi surface would be displaced periodically in



236 Ch. Three. Electric Conductivity of Metals

Substituting T/Sd for Pph/Peu we obtain for Aper.

h P e l^ Y Pel (3.20)

Owing to scattering, the mornentum pet of the électron should 
vary by a magnitude of the order of the mornentum itself. With 
the constant-energy scattering, this is équivalent to the change 
of its projection in the in itial direction also by a magnitude of the 
order of pei. The number of acts of interaction giving rise to this 
process, equal approximately to the ratio pei/Apei, increases sharply 
as the température is reduced proportional to (Sd/T )2. Essentially 
the inverse quantity (T/SD) 2 détermines the effectiveness of a 
single act of electron-phonon interaction with scattering at 
T <  0 D.

Let us now discuss the température relationship for the free- 
path length / at low températures, assuming, as before, that the

main mechanism of relaxation is the 
scattering of électrons on phon
ons.

The free-path length is determined, 
on the one hand, by the number of 
interaction centres Nin, which coïn
cides with the number of phonons, 
and on the other hand, by the effecti

veness of each centre, which is proportional to (T/@D) 2. As is 
known, the number of phonons in a three-dimensional lattice dé
pends on température at 7 <  0 D as T3. Hence Ni„ is also propor
tional to T3. With électrons being scattered on phonons, the équi
valent number of scattering centres is

N ln (3.21)

This relationship is a conséquence of the fact that only a large 
number of successive interactions, of the order of (0d/T)2, can 
produce scattering. This is équivalent to a réduction of the num
ber of scattering centres Nsc by a factor of (®d/T )2 compared with 
the number of centres of interaction Nin. Since Nin ~  T3, it then 
follows from (3.21) that Nsc ~  T5 and l ~  1 /Nsc ~  T-5. Thus, for 
scattering of électrons on phonons, the température dependence 
for electric conductivity at T 0d is governed by the relationship

a ~ r 5 (3.22)

The équivalent expression for resistivity p ~  T5 is called Bloch’s 
law. The exponent in this relationship is related to the number of 
dimensions of the lattice. For instance, with a two-dimensional
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lattice the number of phonons is proportional to P , and therefore, 
p should obey the law p ~  T4.

If the eleetric résistance of a métal were only determined by the 
scattering of électrons on phonons, then it would be practically 
zéro at very low températures (T 0°K). Such a conclusion 
would be valid for a métal with an idéal crystal lattice having no 
foreign atoms. Actually there always are various disturbances of 
the periodicity of a lattice (dislocations, vacant places, impurity 
atoms, etc.). It results in that électrons in a real métal lattice are 
subject to other kinds of scattering apart from being scattered on 
phonons.

Note that with the scattering on impurities and lattice defects, 
the free-path length is determined by the mean distance between 
impurities and by the velocity of électrons, being only slightly 
dépendent on température. For that reason the résistance of a real 
métal at very low températures, when the phonon mechanism of 
scattering (the so-called residual résistance p0) can be neglected, 
is determined only by the concentration c and the nature of the 
additional centres of scattering.

With a low concentration c of impurities and defects in a métal, 
the résistance pmei can be represented as a sum of two terms

P m e t =  Po ( c )  +  Qld ( T )  ( 3 .2 3 )

where pi d ( T )  is the temperature-dependent résistance of the idéal 
métal and po(c) is the residual résistance depending only on con
centration c. This constitutes Matthiessen’s empirical rule [69] 
which is based on that the résistance owing to scattering on addi
tional centres is additive and independent of (or only weakly dé
pendent on) température.

This concept corresponds to the model of a métal having an 
idéal crystal lattice within which relatively scarce additional cen
tres of scattering are rigidly fixed. The magnitude of residual ré
sistance of a métal may therefore serve as a criterion of the purity 
of the métal and the perfection of its crystal lattice.

The purity of monocrystals is estimated in practice by the ratio of the résistance at room température to that at the boiling point of liquid hélium (7, = 4.2°K), P3 0G0 k/P4.2° k* For crys^als of
high purity this ratio can attain a value of an order of 103 and 
higher.

The température dependence of résistance of a métal for which 
Matthiessen’s rule holds is shown in Fig. 164.

The résistance of an idéal lattice pi d ( T )  at any températures has 
been calculated by Bloch [70] and Grüneisen [71] for an idealized 
model based on the following assumptions:

(1) the électron gas in the lattice is regarded as an idéal one,
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the electric field by a magnitude of the order of the Fermi momen
tum, which would produce an alternating current of a high ampli
tude. It should be recalled that the cause of periodic motion of an 
électron in a métal under the action of a constant electric field 
and the nature of this motion hâve been discussed in Sec. 2-4, 
Chapter Two.

We now shall find the number of individual acts of interaction 
of an électron at various températures.

Let us start from the région of high températures T >  0 P.
As has been shown in Chapter One, the whole spectrum of ther

mal vibrations of the lattice is excited in this région. The number 
of phonons of each frequency is proportional to T and their dis
tribution over frequencies o (or energies ePh =  h(ù) is such that 
phonons with an energy eP/t ~  k@D prevail in the total acoustic 
spectrum. The energy of optical phonons is of the same order of 
magnitude.

Thus, at high températures T >  0 D, the phonon gas can be des- 
cribed adequately by means of Einstein model with the characte- 
ristic frequency co£ which is close to the lim it frequency of vibra
tions of the lattice. In other words, the concept of phonon gas is 
applicable for this région of températures, provided that the ener
gy of an individual phonon eph is assumed to be k@D and the num
ber of phonons increases proportional to T.

The total thermal energy of the lattice EŸJt is then also propor
tional to 7\ which is équivalent to a constant value of spécifie heat 

d E U l
Cv=  dp- at T >  0 D in accordance with the Dulong-Petit law.

Let us now estimate the momentum of phonons. As has been 
mentioned, the spectral density of acoustic phonons has maxima 
at oscillation frequencies close to the lim iting ones. The corres- 
ponding momenta of phonons attain the order of magnitude of the 
boundary momentum. Thus, phonons with a momentum pphy equal 

k&n
approximately to are prédominant in the spectrum of

VSOtl
acoustic oscillations at T >  0 D.

The magnitude of pPh can be estimated by means of expression
k &  2 h

(1.30) for 0D- Then we hâve: pph ~  æ —  . It may be shown
v son a

that the momenta of the phonons that prevail in the optical band 
of oscillations are also of the order of magnitude of Æ/a.

The momentum of an électron peï on the Fermi surface is close 
in magnitude to nh/a. Consequently, for the région of high tempe- 
ratures the momentum of a phonon pph is practically of
the same order of magnitude as that of an électron, peh This 
means that at every act of electron-phonon interaction the mo-



3-3. Température Dependence of Electric Conduciiviiy 235

mentum of fhe électron can vary by a magnitude of the order of 
the in itial momentum, i.e. scattering of the électron occurs practi- 
cally at each interaction with a phonon.

The number of scattering centres NSCy which in this case coïn
cides with the number of phonons, increases proportional to tempe- 
rature. It then follows that at T >  0 D the free-path length l of 
électrons, determined by NSCy is inversely proportional to tempe- 
rature.

Finally, using Lifshits’ formula (3.11), we find the température 
dependence for electric conductivity in the région of high tempe- 
ratures to be as follows:

a ~ -  (3.18)

At T >  0 D, the resistivity p =  I/o of a métal increases as T.
Let us now consider the région of low températures T <C 0 D- 

Here, only acoustic phonons with an energy ePh'^- kT are excited 
in the oscillation spectrum. The momentum of phonons pph in its 
order of magnitude is equal to kT/vl0n. Since the momentum of 
an électron on the Fermi surface pei ænh/a is close to k0Dfv \on, 
the ratio pPhlPei is of the same order as T/QD. In other words, at 
low températures T -C @d the inequality pPh *C Pei holds true. It 
then follows that a single act of electron-phonon interaction gives 
no scattering. The process of scattering can only be caused by a 
sériés of successive interactions.

Let us estimate the number of interactions required to scatter
an électron at T «C 0 D- Let the momentum pei of the électron be
rotated through a small angle a and become equal to p'ei through 
an interaction with a phonon. The corresponding triangle of mo- 
menta is shown in Fig. 163. Since pPh <C pei and zph <. zei, the
magnitude of the momentum pgi remains practically the same 

| p 'J  »  |pei|, but the électron now contributes less to electric con-
-y

ductivity because the projection pel onto the in itia l direction pet 
has been reduced by Apei (see Fig. 163):

^Pei =  Pet~ p'el cos a æ pel(\ — cos a) (3.19)

The angle a is expressed through the momenta pph and pef- 

sina =  ppA/p,/ <  1

whence it follows that

sin a «  a «  pph/pei and 1 — cos a »  a2/2 =  P2A/2pJ,
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(2) description of thermal vibrations is made by using Debye’s 
model of phonon spectrum, and

(3) the radius rD of Debye screening of the Coulomb potential 
of ions is taken equal to zéro (assuming the screening of the 
electrostatic potential to be complété).

Under these assumptions the following formula has been ob* 
tained for the résistance p,d(7’) of an idéal lattice:

&Diï{
, T v a t 5 r

M 9 6n J

z5 d z

( e * - l ) ( l - e - * )
(3.24)

where M is the atomic weight of the métal and K is a constant
related to the spécifie volume. For 
the régions of low (T <  ®D) and 
high (T >  0 D) températures, for
mula (3.24) gives

124.4
M 9 %

T5

at 7 <  O.100

)td(T)~ ^
at T >  O.50n

(3.25)

ture Ti (where T\ <  0.10 D) 
TziTz '^> O.50d) is

9id{Ti) 
Ptd ( T2)

It follows from formulae (3.25) 
that the ratio of the résistance of 
an idéal métal at a low tempera- 
to that at a high température

497.6

“ ë T
(3.26)

This relationship is determined by only one parameter, i.e. Debye 
température 0 d. Then for a métal for which the température de- 
pendence of résistance is close to the idealized one, the quantity
Q — lSLÛ. . 1±. niust be independent of température. The depar- 

9.(^2) ^1
ture of G from its constant value characterizes imperfection of a 
métal from the standpoint of Bloch-Grüneisen’s model.

Bloch-Griineisen formula holds well for simple metals at 
T >  0d. In this région of températures the ratio p/T is practi- 
cally constant. Using the measured value of resistivity of a métal 
at a certain température T' >  0 D we can calculate the parameter 
00 in formulae (3.24) and (3.25). This parameter, relating to the
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région of high températures, is a constant quantity which is term- 
cd the lim iting value of Debye température 0om. The same para- 
meter ®D found by Bloch-Grüneisen formula, differs noticeably 
from ®D,n at lower températures.

For one-zone metals for which the Fermi surface is almost 
spherical (i.e. alkali metals), the ratio ©d/©{)W remains practi- 
cally constant up to the région of low températures. For sodium, 
for instance, this ratio © d /© ^  remains constant to an accuracy 
within 5 per cent down to the température T =  0.1@D. It then 
follows that anisotropy of the électron spectrum has a substantial 
effect on variation of the parameter 0 D. For metals with a high 
anisotropy of the Fermi surface Bloch-Grüneisen formula (3.24) 
is obviously inapplicable in the région of low températures T <C ©d. 
This is linked with large différences of momenta of électrons for 
different directions in the lattice, the resuit being that the effecti- 
veness of the electron-phonon interaction at low températures dé
pends substantially on direction.

Note that the Debye température 0 D found from the electric 
conductivity for most metals differs from the value of this para
meter determined through spécifie heat. This différence is linked 
with that longitudinally polarized phonons are most essential for 
the scattering at the flow of an electric current, whereas spécifie 
heat of the lattice is due to equal contribution from oscillations 
of ail types of polarization.

Among the assumptions underlying Bloch-Grüneisen’s model the 
one least justified is that on full screening of the electrostatic po- 
tential of an ion, which is équivalent to assuming that rD =  0. 
Houston [72] succeeded to show that using the potential of an 
individual ion in the form of (2.2) with a finite rD, it is possible 
to select the radius of screening such that the parameter 0 D in the 
formula for température dependence of resistivity be a constant 
®om practically within the whole range of températures.

It is essential that the value of rD required for this is only one- 
third to one-fifth of the radius of ion r{. Houston’s resuit is of in- 
lerest for verifying the validity of OPW-approximation of the 
wave function of an électron in métal. This resuit shows indirect- 
ly that valence électrons moving in a métal actually penetrate 
ion-cores. Scattering of électrons on a Coulomb potential occurs 
only in the direct vicinity of the centre of an ion at distances 
of (0.2-0.3) r {.

To conclude this section, it w ill be noted that the scattering of 
électrons, op phonons at low températures is actually somewhat 
more effective than in the simplified model considered, the resuit 
being that the résistance of a real métal obeys the law p ~  Tm, 
where the exponent m <  5. Generally speaking, the réduction of
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résistances with température occurs in common simple metals 
not so rapidly as would be expected from Bloch-Grüneisen’s for
mula (3.24).

3-4. ELECTRIC CONDUCTIVITY
OF METALS IN A MAGNETIC FIELD. GENERAL CONSIDERATIONS

A magnetic field H varies the nature of motion of current carri
ers in a métal thus changing its electric conductivity. Our dis
cussion of galvano-magnetic phenomena in metals w ill be 
restricted here when the magnetic field is directed perpendicular
to electric current. With the vectors j  and H directed so, the résis

tance of the métal is termed the 
transverse magnétorésistance.

Earlier (see Secs. 2-12 and 2-14) 
we hâve introduced the criterion 
of cyclic motion of électrons in a 
métal and the division of magne
tic fields into weak (H <  //;) and 
strong ones (H >  Ht). The limit- 
ing value of a magnetic field
H t »  . | dépends on the pa-
rameter a of the lattice and the 
free-path length l. Let us recall 
that the characteristic size rH of 
the orbit of an électron in weak 
magnetic fields H <  Ht exceeds 

the free-path length l so that the cyclic motion of the électron 
is not realized, the électron moving between two successive acts 
of scattering along a rather short arc of the path. For that reason
its motion under the action of an electric field E occurs practi- 
cally along a straight line, as in the absence of magnetic field 
(Fig. 165).

In strong magnetic fields H ~> Ht, on the contrary, the free-path 
length / exceeds the size rH of the orbit, and therefore, the électron 
can make a number of full acts of motion during the relaxation 
time t .

Thus, the nature of motion of the électron varies substantially 
when the free-path length becomes commensurable with the cha
racteristic size of the orbit. In pure metals at low températures 
this can even occur in rather weak fields. It then follows that the 
perturbation of the path of an électron caused by a magnetic field 
dépends not only on the field strength H but also on the free-path 
length /. In this connection, the concept of effective magnetic field

® w
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H eff has been introduced, the value H eff at the given température 
is determined by the following expression

Heff=H P(eo) 
P ( T )

H
O ( T )

a (%)
(3.27)

The ratio a (T )/a (0D) shows how many times the free-path length 
[see Lifshits’ formula (3.11)] is varied with the température chang- 
ed from 0 D to T. Debye température has been taken as the initial 
one for sake of convenience.

The introduction of the effective magnetic field Heff is based on 
that the effect produced by a field H =  1 oersted on the electric 
conductivity of a métal at température T is équivalent to that of 

/ / /0 ) \  ^
a field oersted at Debye température.

In other words, the effect of a magnetic field on electric conduc
tiv ity  obeys a certain law of similarity; this effect is the same if 
the magnitude of the effective field Heff remains constant (i.e. if 
the product H - l  is constant). Using low températures makes it 
possible to attain very high values of the effective magnetic field 
(up to 109 oersted).

Let us discuss in more detail the electric conductivity of a métal 
in weak and strong magnetic fields.

3-5. WEAK MAGNETIC FIELDS

The analysis of the effect of a magnetic field on the transverse 
magneto-resistance w ill be begun from discussing the simplest 
case of a one-zone métal with a spherical Fermi surface.

In the absence of electric field E, the Fermi surface is located
symmetrically relative to the centre of the Brillouin zone p =  0,
so that each électron with the momentum -\-p w ill always hâve a
corresponding électron with an equal opposite momentum —p. 
According to this feature the whole ensemble of Fermi électrons 
may be divided into électron pairs with opposite momenta. 

Consider the motion of these électrons in a constant magnetic—V
field H. The path of each électron is curved owing to the action of-> I £ I -> ->
the Lorentz force FH — ---------------‘ H]. But during the relaxation
time, the électrons in a pair deviate from the straight path by the 
same distance in opposite directions so that their déviations in the 
magnetic field are pairwise compensated.

Consequently, with only a magnetic field applied to the System 
of électrons in a métal, no electric current can be produced.
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Consider the behaviour of électrons when the electric (E =  
=  —Ex) and magnetic (H =  Hz) fields cross one another. The 
action of the electric field causes the Fermi surface to be displaced
by Apx = ê \ E-xl in the direction + p x (Fig. 166). The resuit is

V F
that non-compensated électrons moving with velocities of the
order of Fermi velocity in the direction -\-px appear in volume L 
Simultaneously, an equal number of Fermi électrons that hâve

had the velocity component in the
direction —px vanish from vol
ume 2.

With H =  0, the removal of 
particles from volume 2 had the 
same contribution to the electric 
conductivity as the filling of vol
ume 3 with Fermi particles (see 
Sec. 3-2 of this chapter). But this 
is no more true of the magnetic 
field, since we hâve to take into 
account the displacement of Fer
mi particles in the latéral direc
tion under the action of the Lo- 
rentz force. In this connection, 
with a magnetic field applied, it 

is more convenient to consider the pairs of électrons in which one 
électron is on the left-hand and the other, on the right-hand side 
of the Fermi surface displaced by Apx. A pair is composed of two 
such électrons that had oppositely directed Fermi momenta at 
E =  0, H =  0.

Fig. 166

If the Fermi momenta on the left-hand and right-hand sides of 
the Fermi surface were equal in magnitude, the déviations of the
électrons in a pair along the py axis were equal and mutually 
opposite, as in the case of the central symmetry of Fermi surface. 
But with the Fermi surface displaced by Apx its central symmetry 
is disturbed; it causes disturbance of the mutual compensation of 
displacements along the py axis in électron pairs. Let this pheno- 
menon be discussed in more detail.

Let the projections of Fermi momenta of the électrons in a pair
onto the px axis be equal to -\-pFx and — pFx. With the Fermi 
surface being displaced by Apx under the action of an electric
field E, the projection of the momentum for the électron located 
on the right-hand side of the surface becomes equal to pFx -f- Apx, 
and that for the électron on the left-hand side, — pFx +  Apx. The 
Fermi velocity of each of the électrons located on the Fermi sur-
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face is changed by Ao^ — -^ r-  =  ê ^ * T . The projections of the

Fermi velocities of the électrons of the pair considered onto the px 
axis are then equal to vFx +  Au* and — vFx +  Au*.

Using the équation of motion (2.58), we calculate the incrément
of momentum Apv of each électron during the relaxation time t  -> ->
in the direction of the py axis under the action of Lorentz force F h. 
For the électrons on the right-hand and left-hand sides of the 
Fermi surface these incréments are:

(A Py)r =  +  ~r~ {vPx +  ^vx)Hx

(Apy), =  +  ^ ( - v Fx +  Au,) H t  (3.28)

The total incrément (Apy) Pair of the transverse momentum of 
the électron pair during time t  is:

(bpy)Pair =  2 1ÿ - b v xHx (3.29)

This quantity is equal for ail électron pairs on the Fermi sur
face and dépends only on the drift addition Au* to the Fermi 
velocity.

Thus, owing to the displacement of the Fermi surface by the 
electric field by Apx, a non-compensated variation of the momentum
of each pair of électrons (&py) pair in the direction — py is formed 
in the magnetic field. This variation of the momentum is équiva
lent to an additional displacement of the Fermi surface by
J ^

-g-(Apy)patr >n the direction —py and a transverse flow of électrons
in the same direction.

Making the same calculations as in the dérivation of the Lif- 
shits formula (3.11), and transforming it to the form of (3.16), 
we may show that the density of transverse current j v for the iso
tropie quadratic law of dispersion of électrons is

• , i * (&Py) pair . . . Iel ^  ..ly =  \ e \ n ^ ------^ ------=  |e|nAux - ^ - T  (3.30)

where ri is the concentration of électrons. The quantity |e|/zAux
détermines the component j x of the electric current along the px 
axis. Relationship (3.30) can be re-written as follows

j y  —  j x (ù t  (3.31)

Hence it follows that an electric current / with the components j x 
and j y along the axes px and py is formed in an infinité piece of
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métal placed into Crossing electric E =  — Ex and magnetic H =  
=  Hz fields. The total current / makes an angle (p with the direc-

-> j y
tion of the electric field E, its tangent being tan <p =  ̂ -  =  (ût. TheJx
angle qp is termed H all’s angle.

In a finite-size specimen of métal, the transverse current of élec
trons causes the formation of an excess charge of électrons at 
the lower portion of the specimen. This in turn causes the ap- 
pearance of a transverse electric field Ev directed from above down- 
ward (Fig. 167). The electric field Ey is called H a ll’s field. It pre-

vents électrons from being 
deviated toward the lower 
boundary of the specimen. 
Hall’s field increases until the 
transverse component of the 
current of électrons becomes 
zéro. A dynamic equilibrium 
is then established between 
the transverse current of élec
trons j y (3.30) produced by 
the Lorentz force and the 
current in the opposite direc

tion Ev appearing in the Hall field. This equilibrium is expressed 
by the following equality:

^ j ± \ e \ E yx =  ^ - A v x- ^ - H zx (3.32)

from which the magnitude of the Hall field Ev can be found. It 
follows from (3.32) that

Ey =  ̂ - H z Au, (3.33)

Expression (3.33) shows that H a ll’s field Ey is determined by the 
drift addition kvx to the Fermi velocity of électrons.

It w ill be noted in this connection that H all’s field cannot 
straighten the curvature of paths of the électrons on the right- 
and left-hand sides of the Fermi surface that has been caused by 
the application of the magnetic field. These électrons move with 
velocities close to vF with the Lorentz force of the order of 
I 6 I-—- HzvP acting upon them. In order to straighten their paths, an
equal transverse force of opposite direction would be required, ex- 
ceeding the electric strength e\Ey of H a ll’s field Vf / A vx times 
(approximately 105 times!). Actually the Hall field is only related 
to that the transverse flow of électrons, which is determined by 
the différence between the flows produced by électrons in pairs, is
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equal to zéro. The corresponding expression (3.32) is of the form 
as if the Hall field were straightening only the paths of électrons 
at their motion with the additional drift velocity Au*. Otherwise, 
the equality (3.32) implies that the electric force \e\ Ey formed 
by the Hall field conterbalances only a certain effective Lorentz
force F* =  Hz Au*.

The electric current j x along the px axis is proportional to Au*. 
Thus, it follows from (3.33) that the Hall field is proportional to 
the product of the current density j x by magnetic field Hz:

Ey =  RjxHz (3 34)

The coefficient of proportionality R has been termed the Hall 
coefficient. For the simple case of a one-zone métal considered 
this coefficient is

— —  (3.35)\e\nc ' ’

Note again the fact of high importance that the magnitude of 
H all’s field Ey is independent of Fermi velocity vF and is fully 
determined solely by the drift addition Auf- For that reason, in 
cases where this w ill not cause contradictions, we can use the 
model in which électrons move with only the drift velocity Au* 
and possess no Fermi velocity.

-V -V
With crossed electric E =  —Ex and magnetic H =  Hz fields 

applied to a métal specimen of finite dimensions, the Hall field Ey 
is established within a time interval of an order of (10-9-10~10) sec 
and results in vanishing of the transverse current of électrons.
Owing to it, the mean drift velocity of électrons in direction -~EX 
in the magnetic field is maintained equal to the drift velocity at 
H =  0. It then follows that the electric conductivity along the x 
axis must not change, in the first approximation, after the Hall 
field has been established.

Actually, however, the additional drift velocities of électrons 
in the field Ex are not the same, but are distributed statistically 
about a certain mean value; we may dénoté it as v(Ex). The main 
part of électrons move with a velocity sufficiently close to v(Ex), 
but owing to the statistical distribution of velocities there are 
électrons whose velocity is either greater or lower than v(Ex). 
These électrons w ill be deviated by the Hall field Ey and magnetic 
field Hx in  different directions, since the Hall field can only 
straighten the paths corresponding to the mean velocity v(Ex). 
(Here we use the model of électrons moving solely with the drift 
velocity which has been discussed earlier.)
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The force formed by the Hall field in a métal is lower than the 
effective Lorentz force for the électrons moving with velocities 
greater than v(Ex) and higher for those whose velocity is less 
than v(Ex). Then, considering their contribution to the electric
current along the px axis, we may assume that the électrons whose 
drift velocities exceed v(Ex) are deviated downward, and those 
with velocities less than v(Ex), upward from the straight path 
(Fig. 168).

Thus, taking into account statistical distribution of velocities, 
we corne to the fact that for a part of électrons the projections

—y
of the drift velocity onto the direction of the electric field Ex are

smaller than at H =  0 owing to 
their déviation upward or down
ward under the action of the mag- 
netic field. This is équivalent to a 
réduction of the free-path length 
of these particles, and therefore, 
to a reduced electric conductivity-y
along the px axis. We are to esti- 
mate this réduction of electric 
conductivity. Let â be the mean 
angle by which the électrons 

deviate from the straight-line path. The mean free-path length in 
the direction of the x axis in the magnetic field lx(H) can be writ- 
ten as

l x (H) =  l x (0) cosâ (3.36)

where /*(0) is the free-path length at H =  0.
The déviation by angle à is caused by the différence between 

the effective Lorentz force and the force of the Hall field. Since 
each of these forces is proportional to the magnetic field H, then 
the angle à in weak magnetic fields must_also be proportional 
to H and small in magnitude. Let â =  V 2 p //, where p is a pa- 
rameter independent of H. Expression (3.36) can then be writ- 
ten as

l x (H )æ l (0) (1 - p / / 2) (3.37)
Ct ̂which takes into account that for small à, c o s â æ l -----^  =

=  1 — pH2. Hence for the conductivity ox(H) proportional to 
lx(H) we get:

ax (H) œox ( 0) (1 — p H2) (3.38)

The traiisverse magneto-resistance pX(H), equal to 1 /ox(H) 
in the isotropie case considered, is found by the expression:

P *(tf)« P *(0 )( l + p t f2) (3.39)



3-5. Weak Magnetic Fields 247

which follows from (3.38) at 15N2 <  1. The relative variation of 
résistance in the magnetic field is:

9 x ( H )  Pat (0)   kpx(H)  p r/2
pjc(O) 9 x ( 0 )  ~ p n

(3.40)

We shall now discuss a more general case of a one-zone métal 
with a closed anisotropic Fermi surface. It may be easily shown 
that the relationship obtained for the transverse magneto-resistan- 
ce (3.40) w ill not quaiitatively change. Indeed, in weak magnetic 
fields an électron passes between two successive acts of scattering 
only a small portion of the path determined by the shape of the 
corresponding section of the Fermi 
surface by a plane perpendicular to the 
magnetic field, so that the singularities 
of this path cannot appear in the first 
approximation.

But the anisotropy of the Fermi sur
face causes the anisotropy of électron 
paths, so that velocities of électrons 
are more scattered about v(Ex) than 
in the isotropie case, since the électrons 
located in various points of the Fermi 
surface now differ more strongly 
from each other in their properties. 
coefficient p in formula (3.39) for metals with an anisotropic 
Fermi surface must be greater than that for metals with an iso
tropie constant-energy surface. The dependence of the form (3.40) 
is observed in weak magnetic fields and with an open Fermi sur
face. The latter is then équivalent to a strong anisotropy of the 
properties of électrons on the Fermi surface, which only increases 
the coefficient p.

More complicated is the case when the Fermi surface in a one- 
zone métal is composed of several electron-type surfaces. Various 
Fermi surfaces are displaced in different ways in an electric field
Ex, and therefore, électrons on them acquire different mean drift 
velocities Vi{Ex), where i is the number of surface (i =  1, 2, 
3, . . . ) .  The Hall field Ey formed in the magnetic field Hx ensures 
that the resulting transverse electric current equals zéro. Then the
effective Lorentz force E*Hl =  - ^ - ü t (Ex} Hz calculated for each
mean value of the drift velocity Vi(Ex) is no more balanced by 
the Hall, fiedd force \e\Ey.

In that*case the departure of électrons in each group from 
a straight-line path (note that the path is considered from the 
standpoint of its contribution to electric conductivity ox) is deter
mined by the finite différence F*m — \ e \Ey and is no more a weak

F n r  t h a t  re a s n n  th e



24Ô Ch. Three. Electric Conducttvity of Metals

effect connected solely with scattering of drift velocities from 
their mean values in the groups. This situation for the case of 
three groups of électrons is shown in Fig. 169. This circumstance 
must induce the transverse magnétorésistance to increase more 
strongly.

With several constant-energy surfaces, the coefficient p in 
formula (3.40) becomes substantially larger than in the previous 
case of one surface.

3-6. WEAK MAGNETIC FIELDS.
HOLE-TYPE FERMI SURFACES

Let us discuss the behaviour of current carriers on a hole-type 
constant-energy surface (Fig. 157) in crossed electric and magne- 
tic fields.

As has been found earlier, the contribution of holes to the elec
tric current is additive to that of électrons. Let us détermine the

magnitude and sign of the con
tribution of holes to the Hall 
effect. We shall proceed similarly 
to what has been done in the pre
vious section when analyzing the 
Hall effect on électrons.

Let the electric field E be direc- 
ted along —px and the magnetic

—>• -y
one //, along —pz. The electric 
field causes the hole-type constant- 
energy surface to displace by
&px =  \e\ET in the direction -\~px 
(Fig. 170). This disturbs the 
central symmetry of distribution 

of électrons over momenta, so that quasi-particles having a non-
compensated component of momenta in the direction — px appear 
in volume 1. Simultaneously, particles that hâve compensated 
the flow of particles located in volume 3 w ill now vanish from 
volume 2.

It w ill be recalled that the velocity of électrons on a hole-type 
surface is opposite in direction to their momentum, so that the 
particles in volumes 1 and 3 produce an electric current correspond- 
ing to the transfer of a négative charge in the inverse direction

-V
relative to the field E.

In the presence of a magnetic field the particles in volumes 2 
and 3 deviate under the action of the Lorentz force in different 
directions, which violâtes the équivalence between the empty
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volume 2 and filled volume 3. For that reason we again w ill 
consider électron pairs in which one of the électrons is on the 
right-hand and the other, on the left-hand side of the Fermi sur
face. With E =  0, the momenta of the électrons in a pair were 
equal in magnitude and opposite in direction. Let their projec-
tions onto the px axis be denoted respectively as -\-pFx and —pFx 
for particles on the right and left.

With the Fermi surface being displaced by a distance Apx to 
the right, the projection of the momentum of an électron on the 
left-hand side reduces in magnitude and becomes equal to — pFx +  
-J- Apx. Simultaneously, the projection of the momentum of an 
électron on the right increases and becomes equal to -\-pFx +  
+  Apx. The Fermi velocity of an électron on the left is directed
along the - f px axis, its projection onto this axis being equal to 
vFx — Avx, where Avx is the magnitude of variation of the Fermi 
velocity during the relaxation time t  under the action of the elec- 
tric field. Accordingly, for an électron on the right, the projection
of Fermi velocity onto the px axis is — vFx — Avx. By analogy 
with expressions (3.28) we can write the variation of the momen
tum of each électron in the direction of the pv axis under the 
action of the Lorentz force. We shall write down only the total 
variation of the latéral momentum of an électron pair:

{APy)pair= 2 ^ A v xHx (3.41)

The variation of the momentum is positive and équivalent to dis- 
placing the hole-type Fermi surface by —-(Apy)pair in the direction

+ p y. Owing to this displacement, électrons having a non-compen- 
sated component of Fermi velocity directed upward w ill appear 
in volume V and électrons that hâve had a non-compensated com
ponent of Fermi velocity in the inverse direction w ill vanish from 
volume 2'. This is équivalent to the formation of a flow of nega-
tively charged particles upward along the + p y axis. In a finite- 
size specimen of métal, négative charges w ill be accumulated at 
the top of the specimen and a Hall field Ey directed upwards w ill 
be formed.

Thus, as distinct from their contribution to the electric conduc- 
tivity, the contribution of holes to the Hall effect is opposite in 
sign to that pf électrons. The Hall field Ey for holes is again found 
by equatihg to zéro the latéral flow of particles, its magnitude 
being determined by the drift addition Aux and independent of 
the Fermi velocity of holes. It is easy to show that expressions 
similar to formulae (3.33), (3.34) and (3.35) hold true for holes.
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When analysing the Hall effect, we hâve regarded holes as par- 
ticles with rrf <  0, e <  0, which follows naturally from the con
struction of a hole-type Fermi surface. But the conclusions made 
earlier remain valid if holes are regarded as particles with 
m* >  0, e >  0 filling a constant-energy surface. There is no need 
to discuss it in more detail since the proof can easily be made on 
the basis of the earlier analysis.

That the Hall effect on holes is opposite in sign to that on 
électrons is in good agreement with the experimental data for the 
metals possessing both electron-type and hole-type constant-energy 
surfaces. The effects from holes and électrons in such metals 
compensate one another completely or partially. If the concen
tration of électrons n and that of holes p are equal and the pro- 
perties of these particles are the same (i.e. if their free-path 
lengths and relaxation times are equal), then the contribution of 
électrons to the Hall effect exactly compensâtes that of holes, so 
that the Hall field is zéro.

When an impurity of a different valence is introduced in such 
a métal, the Hall field w ill dépend on the concentration of this 
impurity which détermines the différence between the concentra
tions of électrons n and holes p. Replacing the impurity of a lower 
valence by one of a higher valence in the same métal results in 
the Hall e. m. f. changing sign.

If in a two-zone métal with n =  p the Hall field is zéro, then 
the effective Lorentz force causes the particles to deviate from the 
straight-line path of their motion with the drift component of 
velocity Avx. The coefficient p in formula (3.40) then must attain 
its maximum.

If the concentrations of électrons and holes are not equal or 
the Hall e. m. f. is not fully compensated at n =  p since the par
ticles of different types are not identical in their dynamic proper- 
ties, then a Hall field is formed corresponding to the transverse 
electric current of zéro magnitude. The Hall field reduces some- 
what the departure of particles from straight paths as they move 
with the drift velocity Avx, but for each group of particles the 
action of the Lorentz force is not fully compensated. This means 
that for metals containing both électrons and holes the coefficient 
P in formula (3.39) for the magnétorésistance is always large.

3-7. STRONG MAGNETIC FIELDS

The shape of paths of current carriers, which has no essential 
importance in weak magnetic fields, becomes critical in strong 
fields. This is linked with the fact that an électron moving in 
a strong field has time during the passage along its free-path 
length to describe a complex closed curve on the Fermi surface or
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to cover a large portion of an open curve. In both cases the nature 
of its motion is uniquely determined by the shape of constant- 
energy surfaces and their orientation in the magnetic field.

Before discussing the conductivity of a métal in a strong mag
netic field, let us recall the nature of motion of free particles

-y
with the electric E and magnetic H fields being crossed.

With E =  0 and H ^  0, a free particle having the in itia l vélo-
city Vq in a plane perpendicular to the magnetic field describes

Fig. 171

a circle of radius rH — j f y f f  • The direction of motion of a néga
tive particle in the magnetic field is shown in Fig. 116. A positively 
charged particle precesses in the oppositce direction. In both cases 
the particle is acted upon by the same centripetal force
-> g -> ->
fcp= —-| v0H | in ail points of its path.

->
Let an electric field E directed as shown in Figs. 171 and 172 be 

applied in addition to the magnetic field. The action of the electric
field gives an additional force eE of constant direction, which
results in a continuous variation of the magnitude of the velocity
of the particle and, as a conséquence, in a change of the shape of-> | e | -> -> -> 
its path. For instance, the forces f =  ±^L [vH] and \ e \E  acting
on a positively charged particle in point A in Fig. 171 coincide in 
direction, whereas in point B they act in opposite direction.

In addition, when moving from A to 5, a positively charged 
particle is accelerated by the electric field, so that its velocity
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in point B is higher than that in point A. As a conséquence, the 
radius of curvature of the path in point B must be larger than in 
point A (dotted .Unes in Fig. 171 show the curvature of the path 
that must be in points A and B). When moving from point A to 
point B, the curvature of the path must monotonously increase, 
and when moving from B to A , decrease.

These variations resuit in that a positively charged particle
acted upon by Crossing fields E and H describes a trochoid, its 
trochoidal motion being accompanied with its drift in a direction

© "

Fig. 172

perpendicular to E and H: the particle is displaced to the right 
with each turn of the trochoid. With a negatively charged particle, 
the direction of its precession in the magnetic field must be 
changed to the opposite one, the same must be done with the 
direction of its interaction with the electric field.

The motion of a negatively charged particle in Crossing fields E
and H of the original orientation is shown in Fig. 172. Compar- 
ing Figs. 171 and 172, we can see that the paths of a positive and 
négative particles pass into one another upon a mirror reflection
in a plane perpendicular to E. The drift of the particles of both
signs occurs in the same direction perpendicular to vectors E
and H.

The drift velocity vdr dépends on neither magnitude nor sign 
of the charge of the particle and is fully determined by the mag
nitude and direction of the fields E and H. It may be shown that
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vdr is related to vectors E and H as follows:

tdr =  i ï [E H ] (3.42)

The motion of charged particles in an electric Ê and magnetic H 
fields of an arbitrary mutual orientation can easily be understood
if we départ from the above case of Crossing fields E and H. For
this, we décomposé the electric field E into two components: Eu
parallel to the magnetic field, and E i  perpendicular to it. The 
motion of a particle w ill then be composed of a uniformly accele- 
rated motion along a magnetic line of force under the action of
force eE\\ and the motion along the trochoid in a plane perpen- 

dicular to the magnetic field under the action of forces — |

and eÊ±.
These data on the motion of particles of unlike signs in an 

electric and a magnetic field can be used for discussing the motion 
of current carriers in real metals, with the following to be had 
in view:

(a) the paths of current carriers in the métal at application of
->

a magnetic field H are determined by the shape of the constant-
energy surface and the orientation of the field H and may differ 
strongly from a circle;

(b) under the action of external fields Ex and Hz, an additional
-V

Hall field Ev is formed in a finite-size piece of the métal, the cur-
rent carriers moving in the resulting electric field Eres =  Ex -\- Ey\

(c) free motion of particles in the métal can only occur along 
the free-path length, the path being changed sharply at scatte- 
ring of the particle.

With a drift in Crossing fields E and H, no displacement of
a free particle in the direction of vector E occurs. It then follows
that in an infinité métal placed into Crossing fields E and H with 
an infinitely large free-path length of current carriers, there 
vvould be no conductivity in the direction of the electric field. The 
combined action of the fields would cause in that case only a 
transverse current of carriers to appear in the direction of the 
drift. The electric conductivity of a real métal in Crossing fields can 
be connected with two causes: the formation of a Hall field in a 
finite-size specimen of the métal and the scattering of carriers.
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The efïect of scattering on electric conductivity can be related to 
that the cyclic motion of the carriers along the trochoid is dis|- 
turbed and there appears a component of displacement of the par-
ticle in the direction of the electric field E.

This process can be visualized by the motion of particles in
Crossing fields E and H at l ~  rH

©

(i.e. when the magnitude of 
the magnetic field in the mé
tal relates to an intermediate 
région H ~  Ht between weak

which is accompanied with the loss of the drift addition v(E) to 
the Fermi velocity or the stoppage of the particle in the model of 
motion selected earlier, from which the Fermi velocity has been 
excluded. The similar motion of a negatively charged particle at 
l =  oo and / -—- Tjt is shown in Fig. 173b.

Let us now discuss the mechanism of electric conductivity in a 
strong magnetic field at l !»  rH as illustrated in Fig. 174 which 
shows the motion of a negatively charged particle (électron). Let 
the électron begin its motion in point A (for instance, after 
being scattered) and be scattered again in point A'  located in
the same plane perpendicular to the electric field E, as point A 
(Fig. 174a). In that case the électron would acquire no additional
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energy in the electric field during the relaxation time x, and there- 
fore, no addition Au* (F) to the Fermi velocity vF- 

A similar situation arises at the motion of an électron between 
two acts of scattering in points D and D'  in Fig. 174a. But when 
the points where acts of scattering occur do not lie in the sanie
plane perpendicular to F, a certain effective displacement of the
électron along the field E or in the reverse direction occurs during 
the relaxation time. Two such cases are illustrated in Fig. 1746. 

When passing from point B to point B', an électron is displaced
against the electric field F, its Fermi velocity increasing by 
Au*(F) dépendent on the field strength F and the distance of its 
displacement. On the other hand, the passage from point C to 
point Cf results in a displacement of the électron in the direction
of the field F and a decrease of its Fermi velocity. Note that the 
variation of the velocity of électron Au*(F) in both cases is in
the same direction opposite to vector F. In other words, the 
Fermi velocity of an électron in a certain point of the crystal, 
which is displaced relative to the other point in the direction op
posite to the electric field F, is always larger by a definite mag
nitude Au*(F), provided no scattering has occurred between these
points. __

As w ill be seen from Fig. 1746, the mean distance Ax through
which an électron can be displaced along the x axis parallel to F 
between two acts of scattering coïncides in the order of magnitude

m * v F c

with the size of the Larmor orbit rH— \ 'e \H • The whole passage
between the points in which scattering occurs (for instance, bet
ween B and B'  in Fig. 1746) is performed during the relaxation 
time x, the path of motion being composed of several turns of 
a trochoid. In the course of the passage, the électron oscillâtes 
along the x axis and changes periodically its Fermi velocity. 
Through the averaging of these oscillations of the Fermi velocity 
there remains the différence between the final and in itia l velocities 
equal to Au*(F).

The total variation of velocity Au*(F) is formed on the last 
turn of the trochoid during the time of the order of the period of

2 n m * cLarmor precession TH =  which constitutes only a small
fraction of the relaxation time t. It w ill be noted for comparison 
that for ‘thé case illustrated in Fig. 174a the averaging of oscil
lations of the Fermi velocity during the relaxation time at the 
passage from point A to point A'  gives a zéro variation of the 
velocity: Avx( E ) =  0.
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The incrément of velocity Au* (E) acquired during the finie of
the order of TH under the action of the electric field E, is, evi-

\ e \ Edently Avx (E) — 1 . TH, which is proportional to 1/// as TH.
But this incrément Avx(E) responsible for the contribution of the 
given électron to electric conductivity, must be related to the 
whole period of time t  during which the électron is moving with- 
out scattering. For that reason, the 
time-averaged real contribution to 
electric conductivity along the x 
axis is related to the mean incrément 
of the Fermi velocity vx(E) of the 
électron, which is of the order of 
T

——Avx(E) and in turn proportional 
to El H2.

Fig. 175

Thus, the conduction current /*  along the x axis, which is de- 
termined by the concentration of électrons and the mean incré
ment of Fe-mi velocity vx(E) during the relaxation time is also 
proportional to the ratio E/H2. This current is produced solely 
through the processes of électron scattering. For convenience, it 
w ill be termed collision current The corresponding electric con
ductivity ox(H) dépends on magnetic field as 1 /H2, and the cor
responding transverse magnétorésistance p*(//) increases propor
tional to H2.

Let us now analyse the electric conductivity of a finite-size 
metallic specimen with different structures of Fermi surfaces.

a. A one-zone métal with a closed Fermi surface. Consider 
the motion of a group of current carriers (électrons) in a piece
of métal of finite dimensions. Let the electric field Ex be directed
along the x axis, and the magnetic field Hz, along the z axis 
(Fig. 175).
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At the first instant upon application of the fields, électrons begin 
to drift in the direction of the y axis thus forming an excess 
négative charge at the upper boundary of the specimen (the charge 
is formed in a thin superficial layer whose thickness is a few 
interatomic distances for good metals). The excess charge at the
surface forms a Hall field Ey directed upward. After the Hall field 
has been established, the drift of électrons occurs lu the resulting
electric field Ercs equal to the sum Ex Ey. The drift velocity Var 
is proportional to Eres/H [see (3.42)] and directed perpendicular to 
Eres (Fig. 175). This motion of électrons has a corresponding
drift current /]  — —- p .

This drift is not related to électron scattering and is determined
->■ ■>

solely by the magnitude and direction of the fields Eres and H. In 
addition, scattering of électrons produces another drift of the
field Eres which is connected with the appearance of the collision

->• ->
current / 2 ~  Eres/H2. The directions of the currents / 1  and / 2 are
shown in Fig. 176, where qp is the angle between Eres and the x 
axis.

The Hall field Ey increases until the current component along 
the y axis becomes equal to zéro. The magnitude of the field Ey
is determined from the condition that the projections / 1  and / 2 
onto the y axis are equal, which may be written as:

/1 cos cp =  / 2 sin cp (3.43)

Since /, ~  , J2 ~  , Eres sin <p =  Ey, and Eres cos cp =  Ex,
it follows from (3.43) that

E y ~ E x • H (3.44)
c o t(p ~ l/H  (3.45)

The conduction current Jx may be thought of as a sum of two
components (see Fig. 176):

h  =  J'x +  J'x =  7i sin qp +  J2 cos qp 

The components J'x and J"x of the conduction current are:

(3.46)
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The current component J"x decreases rapidly with an increase 
of the magnetic field, the angle <p increasing and tending to 
90 degrees.

In very strong magnetic fields the component J" can be neg- 
lected, the main contribution to the current Jx being made by 
the component J'x:

(3.48)

Noting (3.44), it then follows that in strong magnetic fields

l x ~ - Êjj r ~ E x (3.49)

and ox(H) becomes independent of the magnetic field.
This means that in specimens of real metals with a single group 

of current carriers a continuous increase of the Hall field Ey ~  
~  EXH fully compensâtes the réduction of the collision current / 2. 
In strong magnetic fields the conduction current is mainly deter-
mined by the drift of électrons in the Hall field Ey which practi-
cally coincides with the resulting field Eres. Thus drift is directed

along the x axis. The transverse 
magnétorésistance becomes satu- 
rated in strong magnetic fields as 
a resuit of that drift.

Thus, the following dependence 
of electric conductivity on magne
tic field is observed in a one-zone 
métal. In weak fields the conduc
tiv ity  first decreases with an in
crease of the field by the law 
g =  oo(l — $H2) y then there is a 
région of transition to strong 

fields where the dependence of a on H deviates from the quadratic 
law, and finally, the conductivity in strong fields tends to a con
stant Qoo which is lower than the conductivity Go in the absence 
of magnetic field (Fig. 177).

This may be explained by the fact that an électron in a strong 
field passes during the relaxation time t  a large distance (of the 
order of Z) along a complex trochoidal path, but is displaced 
during that time against the electric current by a substantially 
smaller distance Ax, the resuit being that it undergoes a substan- 
tia lly greater number of scattering acts per unit length of the 
specimen than at H =  0.

b. A two-zone métal with closed constant-energy surfaces. 
We shall analyse the dependence of the transverse résistance on
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magnetic field in a métal having current carriers of two types, i.e. 
électrons and holes. Consider separately a case when the concen
trations of électrons n and holes p are not equal and another case 
when they are equal.

It will be recalled that in multi-zone metals of any valence the 
constant-energy surfaces are formed through overlapping of 
zones, the concentrations of électrons and holes in a pure métal 
being always equal to one another. The inequality of the con
centrations n and p in such metals is only possible with the 
presence of the impurities whose va
lence is either greater or lower than 
that of the métal.

For simplicity, we assume that the 
métal has only two overlapping 
zones and correspondingly only two 
closed constant-energy surfaces of 
the électron and hole type.

The earlier analysis of a one-zone 
métal with an electron-type or hole- 
type constant-energy surfaces has 
made it possible to build a model of 
motion of carriers in a magnetic 
field in which Fermi velocities are 
neglected and ail operations are 
carried out only with the additional drift velocities appearing 
under the action of external forces. The model, which is very con- 
venient owing to its good visualization, is based on division of the 
ensemble of Fermi électrons into pairs whose momenta at equi- 
librium are equal in magnitude and mutually opposite in direc
tion.

Having thus substantiated the model of this motion, wre need 
not always to make a complicated analysis of the motion of élec
trons with the velocities of the order of Fermi velocities. Note 
that in this model a hole may be more conveniently regarded as 
a particle with m* >  0, e >  0, since it is then an “electron-like” 
particle with a positive effective mass, which makes it possible 
to visualize its drift motion.

Thus, we consider the simultaneous drift of électrons and holes
in a métal specimen placed into Crossing fields E and H. A ne- 
gatively charged électron and a positively charged hole then
drift in the same side in the direction of vector [E-H] (Fig. 178).
Consequetitly, the electric currents J ei and Jho i  that are produced 
by the drifts of électrons and holes respectively are directed op- 
positely and the resulting transverse current J is equal to their 
différence Jho i  —

® "

Jhol

(+>■

Jfl
OO

(-)

Fig. 178



260 Ch. Three. Electric Conduciivity of Metals

When the drift currents Jei and Jhol are equal in magnitude, the 
transverse current J becomes zéro (which corresponds to the equa- 
lity  of concentrations n =  p and relaxation times of électrons and 
holes). Then, no Hall field Ey is formed in a finite-size specimen 
of métal. It then follows that the conduction current Jx in strong 
magnetic fields is fully determined by the mechanism of collisions 
and is proportional to Ex/H2y as has been shown earlier. The 
corresponding conductivity ox dépends on magnetic field as \ /H2.

A feature characteristic of the particular case considered is that, 
both for weak and strong magnetic fields, the transverse magnéto
résistance p.Y(//) increases proportional to H2. But the mechanisms 
of appearance of electric conduction in a weak and a strong field

are of different nature (Fig. 179), though resuit in the same de- 
pendence on magnetic field. It has therefore been agreed to dis- 
tinguish between the sections of the first (I) and second (II) 
quadraticity on the curves of dependence of magnétorésistance 
on //, related respectively to the régions of weak and strong fields. 
Figure 179 shows a typical curve of the transverse magnétorési
stance for a métal with equal concentrations of électrons and holes.

When the concentrations of carriers of different types are not 
equal (i.e. n p ) t the drift currents of électrons and holes cannot 
compensate one another and the resulting transverse current /  =  
=  Jhoi — Je\ in a finite-size specimen of métal establishes a Hall 
field Ev whose direction for the given orientation of the external 
electric and magnetic fields dépends on which type of carriers in 
the métal is prédominant in its concentration. For instance, the
direction of the Hall field Ey in Fig. 180 corresponds to n >  p.

After thé Hall field Ey has been established, particles drift in 
the resulting electric field Eres =  Ex -\-Ey. As for the case of a
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one-zone métal discussed in “ a” , the sum of the projections onto
—>■

the y axis of the drift current Jdr, directed perpendicular to Eres 
and proportional to Eres/H , and also of the collision current JcoU
vvhich is parallel to Eres and proportional to Eres/H2, must be equal 
to zéro. But, as distinct from a métal with carriers of only one 
type, the drift current Jdr is equal here to the différence between 
the corresponding drift currents of électrons and holes and is 
determined by (n — p).

In very strong magnetic fields the drift current Jdr becomes sub-
stantially greater than the collision current Jcot and the resulting

->■
electric field Ere.s practically coïncides with the Hall field Ey whose 
magnitude, proportional to EXH , then exceeds substantially the 
external electric field Ex. Under such conditions the conduction 
current Jx is mainly decided by the drift current Jdr in the Hall 
fields. This gives a constant value of electric conductivity in the 
lim it of strong fields, similar to what occurs in a one-zone 
métal.

A circumstance of high importance should then be emphasized. 
However strong the magnetic field would be, we cannot fully 
ignore the collision current Jcoi. For any //, its projection onto 
the y axis always compensâtes the projection of the drift current 
Jdr onto the same axis and ensures that the latéral current Jy is 
zéro (see Fig. 176). In the lim it of strong fields, the angle cp bet
ween Jcoi and the y axis (or between Jdr and the x axis) reduces 
unlimitedly, but the equality Jcoi cos cp =  Jdr sin cp remains always 
true.

The lim iting value of electric conductivity Oœ is the lower and 
is attainable in stronger fields, the less is the différence of the 
concentrations of électrons and holes \n — p\. This may be ex- 
plained as follows. In the lim it of strong fields the conduction 
current Jx tends to the value of drift current proportional to 

£
\n — P\~ff~-  The resulting field Eres in this région practically
coïncides with the Hall field Ey ~  Ex-H. Consequently, the con-

E  Hduction current is proportional to | n — p |—- -  =  | n — p \EX and
the conductivity a» is decided solely by the différence \n — p\ and 
is independent of external fields. The smaller this différence, the 
lower the drift current, so that the inequality Jdr Jcoi, owing 
to which the conductivity becomes saturated, holds true for stron
ger fields.% In the lim it of n =  p, no saturation occurs with any 
high strerigth of the magnetic field.

Figure 181 shows the curves of dependence of the magnétorés
istance on magnetic field for various values of the différence 
An =  |n — p\. Given in the same figure is a parabolic dependence
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of p on H , which corresponds to the case of equal concentrations 
of électrons and holes n =  p.

c. A one-zone métal with an open Fermi surface. In order to 
study the effect of open paths on the dependence of magnétorésis

tance on magnetic field, we shall 
in itia lly  consider a strongly aniso- 
tropic (i.e. strongly extended in 
one direction) Fermi surface of 
the électron type. An open surface 
may be regarded as the lim iting 
case of anisotropy whcn the Fer
mi surface reaches the boundaries 
of the Brillouin zone in the direc-

_______________  tion of its extension.
Figure 182a shows a central 

section of an anisotropic Fermi 
surface by a plane perpendicular 
to the magnetic field and the di
rections of the main axes of the 
surface. The path of an électron 

in real space, corresponding to the section in Fig. 182a is 
illustrated in Fig. 1826. Both figures relate to a case when

Fig. 181

Fig. 182

the magnetic field H is perpendicular to the direction of exten
sion of Fermi surface. If an electric field E is applied orthogo
nal to H , the pattern of motion of électrons in the métal w ill dé
pend substantially on the orientation of the field E relative to the 
main axes of the surface.
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An electric field orthogonal to H can evidently be orientated 
arbitrarily in the plane pxpy, and in particular, be directed along
the extension of the surface (E =  Ey) or perpendicular to it
(E =  Ex). Let us discuss these two orientations of the field in 
more detail.

Let the electric field be in itia lly directed along the px axis 
(E =  Ex) perpendicular to the extension of the Fermi surface. In

a finite-size specimen of métal, a Hall field w ill be established
and the drift of électrons w ill occur in the resulting field Eres. The 
path of the drift motion of an électron then is as shown in 
Fig. 183a. Shown in the same figure is the shape of the path at 
E =  0.

With an increase of the anisotropy of the Fermi surface the 
turns of the path become more and more extended and finally 
the length of one turn exceeds the free-path length. Scattering 
then occurs before an électron travels a full turn of the path. Un- 
der such circumstances the condition of strong magnetic fields 
(i.e. the condition of cyclic motion of carriers) is disturbed. This 
means that if the anisotropy of the Fermi surface is increased for 
the same magnitude of the magnetic field, then at a definite value 
of this-anisotropy the conditions of motion of carriers in a strong 
field change to those in a weak field.

The paths of électrons in a weak magnetic field between the 
points of successive acts of scattering represent q small portion
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of a turn of a trochoid and are curved only slightly (compare 
Figs. 165 and 184), the mean direction of a path being coïncident

with the direction of the electric field E. It is also évident that 
paths of the type a and b shown in Fig. 184 hâve equal probability 
to exist. They correspond to the motion of Fermi électrons located 
respectively on the left-hand (type a) and right-hand (type b) 
sides of the Fermi surface.

The nature of motion of électrons in a weak magnetic field has 
been discussed in qualitative terms earlier in this book (see 
Sec. 3-5, Chapter Three). Let it be recalled that the electric 
conductivity is then determined by the additional velocity v(E),

which is a change of the Fermi 
velocity along the free-path 
length, rather than by the Fer
mi velocity proper. This may be 
verified by considering a pair 
of électrons located on the 
right-hand and left-hand sides 
of the Fermi surface. The con
tribution to the electric current 
is due to the différence between 
the motions of these two parti- 
cles.

The Hall field that is formed 
is also proportional to the addi
tional velocity v ( E ) .  The force 
of the Hall field counterbal- 

ances the effective Lorentz force and straightens the respective cur- 
vature of the paths corresponding to the additional velocity v ( E) .  
For this pattern of motion of carriers the conduction current is 
proportional to v(E), and the conductivity a is dépendent here on 
magnetic field only owing to the scattering of the additional velo- 
cities about their mean value v(E).

Thus, in the whole interval of magnetic fields in which the 
conditions of a weak field are maintained for the given value of 
anisotropy of the Fermi surface, the following dependence of the 
transverse magnétorésistance p (//) on magnetic field is observed: 
with an increase of the magnetic field, p increases in itia lly  by 
a quadratic law and then cornes to saturation.

The saturation takes place because the mechanism of growth 
of the résistance in the magnetic field, linked with the spread of 
the additional velocities of électrons, is effective only within a 
limited intçrval of fields at which the mean angle â of déviation of 
the paths from a straight line is small (see Sec. 3-5, Chapter 
Three). In stronger fields, angle â becomes a constant; it is linked

Fig. 184
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physically with that the majority of the électrons hâve additional
velocities close to the mean value v(E). The conductivity de- 
creases in itia lly owing to a small portion of the électrons whose

velocities differ noticeably from v(E). With an increase of the 
magnetic field, électrons having these velocities are deviated more 
and more strongly by the effective Lorentz force and practically 
cease to contribute to the electric conductivity, which then conti
nues to be formed by the motion of the électrons of the main 
group.

Thus, with an increase of the magnetic field, the contribution to 
the electric conductivity is due to the lower number of électrons 
which hâve a small spread 
of their additional velocities. J3,
If the conditions of a weak field 
are maintained, this process 
causes saturation. The total 
change of the magnétorésist
ance Ap at the transition from a 
low to a high strength H of the 
field for an anisotropic Fermi 
surface is rather large, of the P> 
order of p0.

The dependence of p on H for 
the case considered is illustrated 0 
in Fig. 185. [The total change 
of the résistance Ap dépends 
on the width of the curve of 
spread of the velocities of électrons about £(£).] The same depen
dence of p on H must then remain with a transition from a stron
gly anisotropic Fermi surface to an open one, provided that the 
electric field remains perpendicular to the mean direction of open- 
ness. The différence consists only in that, for an open Fermi sur
face, the motion of carriers under conditions of a weak magnetic 
field is retained with any strength H of the field. The shape of the 
paths of électrons then remains such as shown in Fig. 184.

Let us now consider a case when the orientation of the electric 
field coïncides with the direction of extension of an anisotropic

Fermi surface (E =  Ey). Then, after establishing a Hall field,
électrons begin to drift in the resulting electric field Eres as shown 
in Fig. 183b<

With a sufficiently high anisotropy, an électron is scattered 
before finishing a single turn along its path. But in that case the 
direction of motion, which is rig id ly determined by the shape of 
the anisotropic Fermi surface, is practically perpendicular to the
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external electric field. The shape of paths of électrons in real 
space is illustrated in Fig. 186.

The mechanism of formation of the conduction current is then 
of the same nature as the mechanism of the collision current 
considered earlier. As has been shown, the electric conductivity o 
is then dépendent on magnetic field as \ /H2.

A continuous decrease of electric conductivity may be explained 
by that, as the magnetic field H is being increased, this shape of

the paths of électrons 
(Fig. 186) gives a continu
ous rise of the number of 
scattering acts per unit 
length of the specimen of 
métal along the y axis.

The transition from a 
strongly anisotropic Fermi 
surface to an open one, as in 
the earlier case of the orien
tation of the electric field 
perpendicular to the direc
tion of extension, only means 
that the described conditions 
of the motion of carriers with 
an open surface are retained 
for any strength of the mag
netic field, the transverse 
magnétorésistance increasing 
unlimitedly proportional to 
H2.

To conclude this section, 
v/e give the main types of 

dependence of the transverse magnétorésistance on a strong mag
netic field in a métal with an open Fermi surface. Letabethe angle
between the conduction current J (i.e. the external electric field E) 
and the mean direction of openness of the Fermi surface.

In the general case, as has been shown by Lifshits and Kaganov ni], three main types of dependence of p on H and a are possible 
in strong magnetic fields:

(1) for the given direction of the magnetic field, there are no 
open sections of the Fermi surface and the volumes of hole-type 
and qlectron-type portions of the Fermi surface are equal to one 
another (fi =  p)\ in that case, for any a:

p  ( / / )  —  / / 2 ( 3 . 5 0 )

(2) for the given direction of the magnetic field, there are no 
open sections, but the volumes of the electron-type and hole-type
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portions of the Fermi surface are not equal (n=£p) ;  then for 
any a:

p (H) =  B =  const (3.51)

(3) for the given direction of the magnetic field, there is a layer 
of open sections with a single mean direction of openness; then

p (//, a) =  AH2 cos a +  6 (3.52)

where A and B are constants.
The relationships for strong magnetic fields discussed in tliis 

chapter hâve been obtained on the basis of quasi-classical ap- 
proach to the motion of current carriers. They are valid for the 
monotonous (non-oscillating) portion of the magnétorésistance 
in the région of magnetic fields H <  Ha in which quantum effects 
are still insign ifiant. For large groups of current carriers in 
metals (in which the size of the Fermi surface is of the same order 
of magnitude as the size of the Brillouin zone), these relationships 
hold true for ail really attainable magnetic fields. They cease to 
be valid for small groups of carriers in polyvalent metals and 
semi-metals in the ultra-quantum région of magnetic fields. The 
electric conductivity of a métal then requires a spécial analysis, 
which is beyond the scope of this book.



CHAPTER FOUR

EXPERIMENTAL METHODS FOR STUDYING 
THE ENERGY SPECTRUM 

OF ELECTRONS IN METALS

4-1. GENERAL REMARKS

Experimental methods for studying the band structure of metals 
are mostly based on investigation of various physical effects in 
metals occurring in the presence of an external magnetic field. 
A feature common of ail these methods is the use of strong mag
netic fields in which cyclic motion of current carriers is observed. 
This is linked with that the nature of cyclic motion is determined 
by the topology and shape of the Fermi surface, and therefore, 
allows a certain information on that surface to be obtained.

According to the type of effect used and the magnitude of the 
magnetic field methods for studying the électron energy spectrum 
can be divided into two groups. The first of them includes:

(a) galvano-magnetic effects in strong magnetic fields;
(b) the Azbel-Kaner cyclotron résonance in metals;
(c) the Gantmacher size radio-frequency effect; and
(d) the Pippard magneto-acoustic résonanse.
Of the methods of the second group, the following may be men- 

tioned:
(a) quantum-mechanical magneto-acoustic résonance, otherwise 

called gigantic oscillations of ultrasonic absorption in metals; 
and

(b) oscillational quantum effects.
The division of physical effects and related methods of studying 

the spectra into two groups is linked with what concepts, whether 
quasi-classical or quantum, are used to interprète the given effect. 
The methods of the first group may be conditionally termed quasi- 
classical by this feature. The related phenomena are observed in 
such magnetic fields where the energy of orbital splitting fia is 
small compared with the energy of external actions.

Notwithstanding the cyclic nature of motion in that région of 
magnetic fields, the energy spectrum of électrons behaves as a 
quasi-continuous one. Under the influence of external actions, 
électrons pass easily from one Landau level to another, i.e. vary 
the quantum number n. For that rçason, account of the quanti-
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zation of energy for these effects is not critical for the analysis 
of motion of électrons.

The second group of methods uses the phenomena which may 
conditionally be termed quantum effects. They are observed in 
substantially stronger magnetic fields *) where the distance be- 
tween Landau levels, fico, becomes sufficiently large compared with 
the energy of external actions. External factors then either cause 
no passage of électrons from one Landau level to another or these 
passages are of résonant nature.

To conclude the general characteristic of the methods for stu- 
dying the energy spectrum, it should be emphasized that a com- 
plex study using various methods is actually required for determ- 
ining the band structure of some or other métal. For simple? 
metals, the starting point for such a study is the construction of 
the Fermi surface by Harrison’s method which is used as the basis 
for interpreting the experimental data obtained.

4-2. GALVANO-MAGNETIC METHODS 
FOR STUDYING THE ENERGY SPECTRUM

The galvano-magnetic methods for studying the zonal structure 
of metals are based on measurements of electric conductivity and 
Hall effect in weak and strong magnetic fields having different 
orientations relative to the axes of the crystal being studied. The 
total complex of these data makes it possible to find the compo- 
nents of the tensor of magnétorésistance as a function of the 
magnetic field H. Interprétation of the data of galvano-magnetic 
measurements is essentially made on the basis of the data on 
electric conductivity of the métal in weak and strong magnetic 
fields (see Secs. 3-4-3-7 of the previous chapter).

An essential merit of the galvano-magnetic methods is that 
they are simple and do not require a high purity and perfection 
of monocrystals. These methods were historically the first to be 
employed for systematic studies of electrophysical parameters of 
metals owing to these circumstances. Thus, for instance, first 
indications on the complexity of energy spectrum of électrons in 
metals were obtained by measuring the anisotropy of the trans- 
verse magnétorésistance in strong magnetic fields at low tempe- 
ratures. Exactly these data played a substantial part in develop- 
ing the theory of Fermi surfaces of metals, and especially in prov- 
ing the existence of open paths of électrons.

4) In one and the same métal, there is no sharp boundary between the 
intervals of magnetic fields in which the effects of the first and second groups 
are observed. These intervals actually overlap, owing to which the quasi-classi- 
cal concepts (for instance, the path of motion of électrons) are used to inter
prète qualitatively the quantum effects.



270 Ch. Four. Experimental Methods

The complex nature of the dependence of transverse magnétoré
sistance of some metals having open électron paths on magnetic 
field may be illustrated by Fig. 187 [78], which shows the anisotropy 
of the magnétorésistance of gold in a magnetic field H =  23 500

oersteds whose vector H is located in the plane [110] of the crystal. 
The unusually strong dependence of résistance on the magnetic 
field orientation is linked with that in the given plane of crystal

of gold there exist a num- 
ber of close directions in 
which the Fermi surface is 
open.

It should be noted, how- 
ever, that the possibili- 
ties of a detailed investi
gation of the Fermi sur
face on the basis of gal- 
vano-magnetic measure- 
ments are rather restric- 
ted. This follows from that 
the contributions of vari- 
ous zones to the electric 
conductivity of the métal 
are additive, so that a low 
conductivity in some di
rection in one zone may 
be masked by a high con
ductivity in another zone.

Interprétation of meas- 
ured data on magneto-con- 
ductivity and Hall effect 

in a multi-zone métal whose Fermi surface is composed of a num- 
ber of closed constant-energy surfaces requires, in essence, the 
knowledge of the particular model of the zone structure built on 
the basis of independent studies.

Let us discuss in detail a very important feature of the galvano- 
magnetic methods for studying the energy spectrum which are 
based on measuring the components of the galvano-magnetic ten- 
sor pij in weak magnetic fields H <C //;. This feature is that such 
measurements can be made within a very wide température in
terval from very low températures T <  0D to high températures 
T ^  ©d- Measurement of the components of galvano-magnetic 
tensor in weak fields is practically the sole means for determining 
the température relationships for various parameters of a métal 
(such as relaxation time t of carriers, free-path length /, etc.) in 
a wide température région, provided that the given structure has

Fig. 187
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been sufficiently reliable found by other methods at low tempe- 
ratures. The point is that ail the methods for studying the energy 
spectrum that w ill be discussed later are related to the cyclic mo
tion of carriers and essentially are low-temperature methods.

In order to explain what has been said above, let us consider 
in more detail the structure of the components of galvano-mag- 
netic tensor and establish the characteristics of the métal spectrum 
they are linked with.

We introduce the concept of mobility of current carriers. As has 
been shown earlier, the density / of an electric current formed by 
the carriers on some constant-energy surface may be expressed 
through the drift addition Au(E) to the Fermi velocity, which 
dépends on the magnitude of the electric field. In that case the 
expression for the current density is of the following form: / =  
=  \e \nkv(E)t where n is the concentration of électrons (or 
holes) inside the constant-energy surface. For simplicity, we re
duce our discussion only to closed surfaces whose anisotropy is 
not very high.

Within the applicability of Ohm's law, the current density / is 
expressed linearly through the electric field strength E: / =  oE, 
and therefore, the drift addition Au(E) to the Fermi velocity is 
proportional to E. The coefficient of proportionality between Au(£) 
and E is termed the mobitily p of current carriers:

>(£)
E (41)

Thus, mobility p is determined by the variation of the Fermi 
velocity in an electric field of a unit strength. The electric field 
strength is usually measured in volts per centimètre, and velocity, 
in centimètres per second, so that the unit of mobility is cm2/V-sec.

For an anisotropic constant-energy surface, the drift velocity 
Av(E) dépends on the orientation of the electric field. The mobility 
of carriers is then described, as electric conductivity, by a second- 
rank tensor termed the tensor of mobility p

It follows from (4.1) that the vector of current density can be 
expressed in terms of the mobility tensor as follows:

i i — \ e I niiikEik (4.2)
By comparing formulae (4.2) and (3.1), we can establish the 

relationship between the tensors and p*&:
oik =  \e | nxik (4.3)

This expression refers to a single constant-energy surface and 
implies that the mobility tensor \iih is symmetrical, as also is 
the conductivity tensor, i.e. the equality [Hk =  p/u holds true. For 
a number of surfaces, the total conductivity tensor is the sum of
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expressions of the type of (4.3) over ail the existing constant- 
energy surfaces.

The relationship between mobility and other characteristics of 
current carriers can be established on a simple example of the 
quadratic isotropie law of dispersion. For this, we compare ex
pression (4.3) with the Lifshits formula for electric conductivity 
in the form of (3.16). For isotropie mobility p, we then hâve:

In 1956, Abeles and Meiboom [79] hâve shown theoretically 
that the current density vector / in a finite-size specimen of métal 
in the presence of a magnetic field H of an arbitrary orientation 
relative to an external electric field E can be written as:

h =  alk (E +  E „ alt)k =  otk (E  +  —  [7  H ] \  (4.5)

where the conductivity tensor oih is expressed in terms of the 
mobility tensor pî7l by means of formula (4.3) and is independent 
of magnetic field (the subscript at the parenthesis implies that 
the expression includes the M h  component of the vector given in 
the parenthèses).

Expression (4.5) is valid for the given closed constant-energy 
surface under the quadratic law of dispersion of current carriers. 
It has been shown later that, for a closed surface of not a very 
high anisotropy, expression (4.5) also holds true for more com-
plicated dependences of e on p. It follows from the structure of 
formula (4.5) that the Hall field EHaii is determined by the com
ponent of the magnetic field H perpendicular to the electric cur- 

->
rent / (or to the external electric field E) and is equal to:

EHall =  j — i i -  H] (4.6)

Equation (4.5) can be solved for the electric current density / 
and written as:

U =  On{H)Ek (4.7)

where the components of the new conductivity tensor Oih(H), 
depending on magnetic field, are expressed through the compo
nents of tensor p,* and vector H:

oik(H) =  \ e \ n ( n - ' + ± B lk) (4.8)
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where the “ —1” sign at the top implies that the matrix of the 
corresponding tensor AJ^ (for instance, p ^ 1) is an inverse one 
relative to the matrix A^. (Let it be recalled that [iik is indepen- 
dent of H.)

The antisymmetrical tensor Bih can be found in a certain System 
of coordinates as follows:

where H i, / / 2, and H3 are the components of vector H in this Sys
tem. The components of magneto-ccnductivity tensor aî7t (//), 
written in the form of (4.8), evidently obey Onsager reciprocity 
principle, which is expressed by the equality:

The total conductivity tensor a \ ( H )  of a multi-zone métal 
in a magnetic field is obtained by summing up expressions of the 
type of (4.8) written in one and the same System of coordinates, 
over ail constant-energy surfaces. In the end, this makes it pos
sible to express the components of magnétorésistance tensor 

(//) =  [cf^* (Z/)]” 1, which can be measured directly in the ex- 
périment through the concentrations of the carriers of each type, 
the components of their tensors, and the magnitude of the mag
netic field. For a component of the magnétorésistance tensor, On
sager principle also holds true: p ^ ( / / ) = p ^ ( — H). For weak 
magnetic fields H <C Ht, we can expand the complicated expres
sion (4.8) into powers of the magnetic field and lim it ourselves 
to the second-order terms. The parameter of expansion is the ratio 
H/Hi which, as may be easily shown, is equal to o t  or \iH/c in an 
isotropie case.

The components of galvano-magnetic tensor can be measured 
at any température in such a weak magnetic field H for which the
inequality <C 1 deliberately holds true for any component of
the mobility tensor, and therefore, conditions of a weak field are 
retained (for good monocrystalline specimens of a métal, the 
strength of the magnetic field required for measurements at low 
températures is a few oersteds).

Thus, me^surement of température dependences of the magnéto
résistance tensor in very weak magnetic fields makes it possible 
not only to simplify expression (4.8) for Oih(H), but also to ex- 
clude the influence of such a factor as température dependence of 
the effective magnetic field H en [see formula (3.27)].

<*ik(H) =  Oik (— H) (4.10)



Ô74 Ch. Four. Èxperimenfal Methods

The particular shape of the formula relating the components 
magnétorésistance tensor dépends on the number of consta 
energy surfaces, their mutual orientation, and also on the ori 
tation of the electric and magnetic fields. The magnetoresistai 
tensor is usually written in a System of coordinates related to 
crystallographic axes, the electric and magnetic fields being tl 
directed along different coordinate axes. Directions of the fie 
are determined by the number of unknown parameters which ; 
to be found by measurements. These parameters include the co 
ponents of the mobility tensor for each group of carriers, the ; 
gles determining the orientation of a constant-energy surface, a 
the concentrations of carriers.

This may be explained on the simplest example of a one-zc 
métal with a spherical Fermi surface of the électron type. We 
troduce an arbitrary System of three Cartesian axes (directed, 
instance, along the three mutually perpendicular crystallograpl 
axes). The mobility tensor pfft w ill evidently hâve the form: p^ 
=  pôik. The unknown parameters which characterize the curn 
carriers are the isotropie mobility p and the concentration n 
électrons.

Let the magnetic field H be directed along the axis 3: H — h 
Noting that ô<t, tensor of magnetoresistanPi* (̂) =  ° u  (H) can be written according to (4.8) as:

In order to find the two unknown parameters p and n, it suffio
for instance, to direct the electric current / along the axis 1 a 
measure the two values of the electric field, E\ and E2> in the < 
rection of axes 1 and 2 (E2 is H a ll’s field).

Let it be recalled that the direction of current is given in t 
experiment by the geometry of the crystal. In the case considen 
the specimen of métal must be eut in the form of a rectangular b 
with the long side along the axis 1, as shown in Fig. 188. Sho\ 
in the same figure are électrodes for measuring the potential dif 
rence along the specimen («i) and in a latéral direction (u2). T 
ratios of U\ and u2 to the distances between the correspondi: 
électrodes give the magnitudes of electric fields E\ and E2.

Using expression (4.11) for the tensor p,&(//), we can write:

(4.1

£'2=P2i/i =  \ e \ nc (4.1
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from which \i and ri' can be found by the measured values of Eu 
E2, and / 1.

Note that expression (4.5) for the current density does not take 
into account the scatter of drift velocities about the mean value 
v(E). As has been shown in Secs. 3-5 and 3-7, Chapter Three, the 
transverse magnétorésistance in a métal with a single closed con- 
stant-energy surface increases by a quadratic law in weak mag- 
netic fields only owing to the scatter of drift velocities and be- 
comes saturated in strong fields. If we neglect the scatter of drift 
velocities, then, as follows from 
the shape of tensor p ,&(//)
(4.11), the transverse magnéto
résistance becomes independent 
of magnetic field H. This occurs 
owing to that the force formed 
by the Hall field E2 compensâ
tes the effective Lorentz force 
F'h at any magnitude of the 
magnetic field and completely 
straightens the paths of élec
trons moving with the same 
drift velocity v(E\) =  àv(Ex).

It can be easily shown that the 
transverse magnétorésistance 
in an infinité specimen of métal 
in the absence of Hall field (E2 =  0) w ill grow by a quadratic law 
with any magnitude of the magnetic field because the paths of élec
trons are curved through the action of the force/7/ / . For this, we in
vert the magnétorésistance tensor pih(H) (4.11) and write the cor- 
responding magneto-conductivity tensor Oih(H) as follows:

Fig. 188
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P___
. . 2 •P «3

C2
<Jik(H) =  | e |n H3

Hî
[ +  »2̂ r

2W2
1 +

^H.
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With the current directed along the axis 1 and the Hall field 

equal to iero (E2 =  0) as before, we get:

h =
e | «n

.1 +
„ 2 r/2\i n s

~ ~ ç T

Ex (4.14)
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Hence it follows that the transverse magnetoresistancep^ (//) =  
=  El / j l of a specimen which is infinité along the axis 2 is a qua- 
dratic function of magneiic field:

pii ( H )

1
I e | nu (4.15)

This simple example shows, to some extent, how the components 
of the magnétorésistance tensor of a métal can be calculated and 
measured. For multi-zone metals with a complicated Fermi sur
face, the components are expressed through a large number of 
unknown parameters. This results in a rather complicated expres
sion and a large volume of calculations required. But, notwith- 
standing the difficultés connected with processing of the measur
ed results, the method of the galvano-magnetic tensor in weak 
magnetic fields is s till in use for investigations of électron energy 
spectrum of metals. The use of this method is of interest when 
studying the recombination of the in itial band spectrum under the 
influence of various external effects (such as strong three-dimen- 
sional or uniaxial compression, introduction of alloying impurities, 
etc.). In particular, this method was employed for studying vari- 
ous électron phase transitions under pressure, which had been 
predicted by I. M. Lifshits [80], and also transitions into a new 
state of matter, termed the gapless state, in alloys of semi-metals 
antimony and bismuth.

4-3. THE AZBEL-KANER CYCLOTRON
RESONANCE

The phenomenon of the cyclotron résonance in metals was pre
dicted theoretically by Azbel and Kaner in 1956 [75] and has been 
named after them. Experimentally, it was observed on tin by 
Fawcett [81] in the same year.

The phenomenon is essentially in that électrons of a métal, 
provided certain conditions are observed, undergo a résonant 
accélération under the action of an alternating electromagnetic 
field, similar to what occurs with électrons in a cyclotron.

Let the vector of a variable electric field dP in a linearly pola- 
rized electromagnetic wave be parallel to the surface of a métal
specimen and let a constant magnetic field H be also parallel
with that surface and perpendicular to vector &. This mutual loca
tion of external fields and of the surface of a specimen such as 
shown in Fig. 189, has been called the Azbel-Kaner geometry.

Let <r0(0) and 2/6o(0) be the amplitudes of alternating electric 
and magnetic fields on the surface of a métal. The strengths of thç
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>
fields <?f(0) and 26 {0) on the surface in dependence on time can 
be written as:

§ 0 =  £ 0(0 )e{Qt and 26 (0) =  â 0 (0) em

where £2 is the frequency of the electromagnetic field.
As is known from electrodynamics, an alternating electromagne

tic field atténuâtes by an exponential law at the depth of a métal.
The amplitudes of the electric éf0(y) and magnetic 260{y) fields
at a depth y can be expressed through <Ë?0(0) and 260{0) as fol
io ws:

5o(y) =  £o(0)e-»»
+ -> (4-16)

260(y) =  260(0)e-«iô

The parameter ô defines the 
effective depth of pénétration of 
the electromagnetic field into a 
métal and is termed the depth 
of the skin layer.

Since the depth of skin layer 
ô is one of the main parameters 
determining the conditions of 
formation of cyclotron accéléra
tion of électrons, we shall discuss in more detail the dependence 
of ô on characteristics of the métal and frequency £2 of an alter
nating field.

The physical cause that an electromagnetic field pénétrâtes a 
finite depth in a métal consists in its interaction with électrons of 
the métal owing to which the energy of the electromagnetic field 
is absorbed. The nature of this interaction dépends essentially ori 
the ratio between the effective depth of pénétration ô and the free- 
path length l of électrons.

With l ô, ail Fermi électrons located within the layer of a 
thickness of an order of 6 interact with an equal effectiveness with 
the electromagnetic field. The values l <  6 correspond to the 
région of normal skin effect. It has been shown in electrodynamics 
that the depth of skin layer can then be determined by the classical 
expression:

ô c
V  2npcr£2

(4.17)

where p and <s are respectively the magnetic susceptibility and 
conductivity of the métal.

The normal skin effect is observed in metals at températures 
close to room température up to the frequencies of oscillations
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relating to the SHF range. Indeed, for a good conductor (o ~  
5 X  105 ohm-1 cm-1 «  5 X  1017 sec'1) at room température and

frequency — 3 X  10'° Hz, the depth of skin layer Ô, according
to formula (4.17), is of the order of magnitude of 10"* cm. This 
magnitude of ô exceeds by several orders the free-path length /, 
which is 10~M0“ 8 cm under the same conditions.

With a réduction of température the free-path length increases 
and may become greater than the depth of skin layer. Thus, at 
températures of liquid hélium the typical values of the free-path 
length for électrons on a Fermi surface in good monocrystalline 
specimens of metals attain 10'2 cm and more.

The values l >  ô correspond to the région of anomalous skin 
effect. In this région, the effectiveness of interaction between the 
électrons within the skin layer and the electromagnetic field dé
pends on direction of their motion. For instance, the électrons tra
velling almost parallel with the surface of a métal remain in the 
electric field for a sufficiently long time to absorb a substantial 
amount of energy from it. On the other hand, the électrons moving 
at large angles to the surface rapidly leave the skin layer and 
penetrate the depth of the métal.

According to Pippard [28], only the électrons moving within an 
angle of the order of ô// with the surface of métal can interad 
effectively with the electromagnetic field. The concentration of
effective électrons nefj is \  — n, where n is the total concentration
of électrons ir. the métal and y is a proportionality factor of an 
order of unity. The expression for the depth of skin layer ô in the 
région of anomalous skin effect includes the conductivity oeft 
which is mainly contributed to only by the électrons effectively 
interacting with the electromagnetic field. For an isotropie métal 
for which formula (3.16) holds true, this effective conductivity is:

<*«/? =
I g I neffx 

m*
| e |2 t n  ô
— (4.18)

If oef is substituted for a in expression (4.17) and the équation 
obtained is solved for ô, then for the effective depth of skin layer 
we shall hâve:

4- j- (â ^ â f <4-19>
This formula détermines the depth of pénétration of an electro

magnetic field into métal in the région of anomalous skin effect.
Thus, with the passage from the région of normal skin effect to 

that of anomalous one, the form of dependence of ô on a and £} 
changes and expression (4.17) transforms into (4.19).
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Let us now discuss the phenomenon of cyclotron résonance. 
As has been shown by Azbel and Kaner, cyclotron accélération of 
électrons in a métal under the action of an external electromag- 
netic field can only occur under the following conditions:

l >  r hh r H ^  & (4.20)

whence it follows that the cyclotron résonance is observed in the 
région of anomalous skin elîect.

The first of inequalities (4.20) is the well-known condition of 
cyclic motion. It is easily understood that this condition is required 
for cyclotron accélération of élec
trons: for an électron to pass over 
into the résonant conditions of accé
lération and to acquire a sensible 
additional energy from an alternat- 
ing electromagnetic field, it must 
complété, in any case, more than one 
rotation around a closed orbit before 
scattering occurs. The second of the 
inequalities must be discussed in 
more detail.

In a magnetic field parallel to the 
surface of the métal, électrons either 
describe closed orbits in planes per- 
pendicular to the surface or move 
along helices whose axes are parallel 
to the direction of the magnetic field.
The paths of the first type correspond to central sections through 
constant-energy surfaces at /?„ =  0. The second type corresponds 
to sections at pl{ ¥= 0.

With a closed Fermi surface of an arbitrary shape, the path of 
électrons (or its projection onto a plane perpendicular to the mag
netic field) is a closed curve which may differ substantially from a 
circle. The characteristic sizes of the orbit are determined by the

cp p
quantity rH =  ye . The inequality rH »  ô implies that only a
small portion of the orbit of individual électrons is located within 
the skin layer.

When discussing the physical essence of the cyclotron réson
ance, we shall assume for simplicity that the Fermi surface of 
the métal is sufficiently close to a sphere. An électron orbit passing 
through the skin layer in that case -is shown in Fig. 190. It follows 
from the figure that at rH >  ô the interaction of an électron with 
the electric field within the skin layer occurs during a small frac
tion of the period TH of its cyclotron motion. The action of the

Fig. 190
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electric field is then similar to a short impact after which the élec
tron travels along its path into the depth of the métal and conti
nues to move there only under the action of the static magnetic
field H.

It is then évident that the résonant absorbtion of the energy of 
an electromagnetic wave occurs only if the électron each time 
returns into the skin layer at one and the same phase of the elec
tric field.

This synchronism of the motion of the électron with oscillations 
of the electromagnetic field can only appear if the period Tn of 
électron rotation is an integer k times greater than the period of 
oscillations, equal to 2jt/Q.

Thus, the main condition of résonant accélération of électrons 
is the following equality:

TH = k ^  (4.21)

This condition can also be written as a 
cyclotron frequency co and the frequency 
field:

relationship between the 
Q of the electromagnetic

Q =  k® (4.22)

The integer k in the Azbel-Kaner résonance is termed the résonant 
harmonie index.

The fact that cyclotron résonance of électrons in metals can be 
observed at different values of k  =  1, 2, . . .  is a conséquence of 
the second of inequalities (4.20): rH »  Ô. In semiconductors, 
where skin effect is practically non-existent because of the low 
conductivity and the electromagnetic field penetrating the métal 
can be assumed to be homogeneous, the cyclotron résonance is 
only possible with k =  1 (it is then called the semiconductor 
cyclotron résonance). The mechanism of accélération of an élec
tron with the semiconductor résonance is as follows.

A linearly polarized oscillation of an electric field may be re- 
presented as superposition of two circularly polarized oscillations 
in which the vectors of the electric field rotate towards one another 
with the cyclic frequency Q. With the frequencies being equal, co =  Q ( k  =  1), the électron travelling on its orbit in the magne-
tic field H is constantly acted upon by the electric field rotating 
in the same direction as that of precession of the électron. An 
electric field rotating in the opposite direction practically does not 
interact with the électron. Under such conditions, résonant ab
sorption of the energy of the electromagnetic wave is observed.

This mechanism of résonant interaction can only be at work 
with the frequencies being strictly equal to one another, co =  £2,
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since only then the energy from an alternating electric field can 
be transmitted to the électron during a sufficiently long interval 
of time (during the whole relaxation time t).

With any value of the harmonie index k >  1, the condition of 
résonant interaction between the électron and field is disturbed.

This mechanism of energy transfer in the Azbel-Kaber réson
ance, consisting in that the électron acquires synchronous impacts 
from the electric field during its short passages through the skin 
layer at rH >  6, differs substantially from the mechanism of ener
gy transfer in the semiconductor résonance. If the inequality 
rH >  6 becomes less and less strict and finally ô becomes of the 
same order of magnitude as rH, the conditions of Azbel-Kaner 
cyclotron résonance pass over into those of the semiconductor 
résonance. It is then évident that résonant transfer of energy on 
harmonies higher than the first (k >  1) w ill gradually diminish 
and vanish at rH ô.

Simultaneous fulfilment of inequalities (4.20) for reasonable 
values of the frequency Q of electromagnetic field (in practice, 
Q/2n does not exceed 1011 Hz) is only possible with a sufficiently 
large free-path length / of électrons which is only observed at the 
températures of liquid hélium in rather pure and perfect mono- 
crystalline specimens of métal. This means that the cyclotron 
résonance is a purely low-temperature effect and disappears with 
an increase of température.

Let us analyse the conditions of synchronism of (4.22). For an

arbitrary law of dispersion, the cyclotron frequency co= 
dépends on the component of the momentum pB of the électron

y
parallel to the constant magnetic field H. This dependence is linked

1 dSwith that the cyclotron mass m* of the électron, equal to
[see expression (2.73)], is determined in the general case by the
position of the sécant plane =  const of the Fermi surface in

which the orbit of the électron is located in p-space: m* =  /(p ().
If the relationship m* =  f ( p is monotonous, then the électrons 

belonging to different sections w ill undergo résonant accélération 
at different frequencies Q of the electromagnetic field. Quite large 
groups of électrons having frequencies close to Larmor precession 
are located on the Fermi surface near the sections for which the 

dm*condition —  =  0 holds true. 
dP V

Let it be recalled that with a spherical or ellipsoidal Fermi sur
face and a quadratic dispersion law, the cyclotron mass of élec
trons is independent of pr  In such cases, ail électrons on the Fermi
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surface precess with the same cyclotron frequency and at the same 
time participâte in résonant accélération.

With a more complicated dispersion law, the condition of the
extremal value of cyclotron mass =  0 is in most cases satis-

dP h
fied simultaneously with the condition of the extremal value of the 
area S of the section of the Fermi surface by a plane perpendicu-
lar to the magnetic field pu =  const: ~ -= = 0 .  Coincidence of

these two conditions implies that résonant électrons are located 
in “ belts” of a width of the order of A n e a r  the maximum or mi
nimum sections of the Fermi surface, as shown in Fig. 115.

Consider a group of électrons whose cyclotron masses practi- 
cally coïncide. These électrons precess in the magnetic field with 
the same frequency. We select from them the électrons whose or- 
bits are located near the surface of métal and pass through the 
skin layer, as shown in Fig. 190. These separated électrons, howe- 
ver, precess with arbitrary phases (relative to the phase of the 
electromagnetic field) and pass through the skin layer in different 
instants of time which are distributed with equal probability (uni- 
formly) within the time interval equal to the period TH. This 
means that among the électrons selected there are such (similar 
to the électron in point B of the orbit in Fig. 190) that pass 
through the skin layer at the instant of the maximum of the elec-
tric field when the force of interaction — \e\<£ coïncides in direc
tion with their Fermi velocity.

For the électrons (similar to the électron in point A of the orbit 
in Fig. 190) lagging behind them a half-period of rotation, the 
instant of passage through the skin layer coïncides with the maxi
mum of an electric field of the opposite sign. For these électrons,
the force of interaction with the electric field — \e\<£ is directed 
opposite to their Fermi velocity. Between the first and second 
group, there are other électrons on the orbit passing through the 
skin layer when the electric field changes sign and the time M  of 
their passage through the skin layer is zéro on the average.

Since the time of passage At is small compared with the period 
THi it is more correctly to speak about the momentum of force
— \e\&/S.t, which causes a variation of the Fermi velocity by
Aü(éT), rather than about the force of interaction with the electric
field. Au(<?f) dépends on the amplitude of electric field <^o(0), the 
depth of skin layer ô, and the path of the électron and the magni
tude of it$ Fermi energy.

It can be proved by simple transformations that, for elliptical 
paths of électrons, such as shown in Fig. 191, and a quadratic
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aw of dispersion of carriers, Au(<§T) is proportional to 
' (0) ô T/s

where m* is the effective mass of the électron

in point Bof its path. It then followsthat the maximum incrément 
of velocity Av (S1) (and also of energy Ae) of an électron w ill be at 
motion along a path of type 3, provided that the comparison of the 
magnitude of Au(^T) for various paths shown in Fig. 191 is made 
with the same values of gj and eF- 

The électrons of the first group, as the électron in point B of 
the orbit in Fig. 190, w ill evidently be accelerated by the electric

Fig. 191

field and acquire an additional velocity Av(S>) with each passage 
through the skin layer. The électrons of the second group, as the 
électron in point A of the orbit in Fig. 190, are decelerated by the 
electric field and their velocity reduced by the same value 
Av(&) with each passage through the skin layer. But in both
cases the change of velocity Av (S’) coïncides with the direction 
of the momentum of the force — |e|<ffAf and is directed opposite
to the electric field &  at the instant of passage through the skin 
layer.

The number of passages through the skin layer of the relaxa
tion time t  during which an électron covers along its path a dis
tance coinciding with the free-path length l is equal to l/L, where 
L is the length (perimeter) of the closed orbit for électrons with 
Pu =  0 or thè length of one turn of the hélix for électrons with 
pu =#= 0. The final velocity of électrons of the first group in the end

of the accelerating cycle w ill be of the order of vP +  Av{&).
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Similarly, for the second group of électrons the final velocity is 

vF ---- ^-Aî) (ÿ). Electrons of both the first and second group con-
tribute to the high-frequency surface current / sur (the frequency 
of this current being coïncident with the frequency of electromag*
netic field Q, since the change of their Fermi velocity — l\ v (S)
always be the same with the reverse direction of the electric field 

^  *
vector —ê?).

The électrons participating in the résonance reduce the skin 
impédance Z of the specimen at the frequency of the electromagne- 
tic field. In order to record the cyclotron résonance, a specimen 
of métal is usually placed inside an oscillating contour or a cavity 
tuned to the frequency of electromagnetic oscillations Q. At the 
instant of résonance, the amplitude of oscillations of the contour 
increases sharply in accordance with an increase of its quality 
factor. The latter occurs as a resuit of réduction of the skin im
pédance (or an increase of conduction surfaces), which causes 
an increase of the coefficient of reflection of the electromagnetic 
field from the métal. Absorption of electromagnetic energy in the 
métal then reduces sharply.

In practice, the amplitude of radio-frequency oscillations on a 
contour can, for instance, be recorded directly, a change of this 
amplitude at résonance being proportional to the change of the 
real component of the skin impédance Z =  R +  iX. But a different 
method is more often employed, which makes it possible to sub- 
stantially improve the sensitivity of instruments; in this method, 
a quantity proportional to the dérivative of the real component of
the skin impédance over the magnetic field is recorded. This
method of recording the cyclotron résonance uses modulation of 
a constant magnetic field H at a low frequency of the audio-fre- 
quency range.

The résonant peculiarities of the skin impédance Z in a speci
men being studied are observed at a slow increase of the magnetic 
field H. With an increase of the magnetic field, the size of cyclo
tron orbit rH and the cyclotron period TH reduce. The first peculi
arities of the skin impédance, corresponding to high values of the 
résonant harmonie index k begin to appear when TfI is reduced 
down to a magnitude of the order of the relaxation time x, i.e. 
with the passage to the cyclic motion of électrons.

The résonant peculiarities of impédance, resulting in a decrease 
of its real component, appear each time when equality (4.22) is 
fulfilled for successive whole values of the index k [of course, the 
second inequality (4.20) is then assumed to be fulfilled]. The am
plitude of résonant peaks increases with a réduction of A as a
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resuit of an increase of the number of passages through the skin 
layer during the whole cycle of accélération of an électron deter-
mined by the ratio — ~ ~ r - ~  H. The last résonant peak, corre-

//
sponding to k = \ , is observed with the equality of the frequencies, co = Q. With a further increase of the magnetic field, the main 
condition of cyclotron résonance (4.21) ceases to hold true.

The greater x, the lower is the field strength H at which résonan
ces appear, and the greater number of résonant peaks can be ob
served with the same frequency Q of electromagnetic oscillations.

Qe{z)=R

An increase of the number of résonant peaks by increaslng the 
frequency Q at a constant relaxation time x of the métal is limited 
by the possibility of forming a SHF high-quality cavity of
extremely small dimensions. The lim iting values of frequencies
usually employed in experiments are of an order of 40-80 GHz.

The dependence of the real component of the skin impédance R 
on magnetic field at appearance of the cyclotron résonance at 
various harmonies of frequency co is shown schematically in 
Fig. 192.

An experimental curve of the cyclotron résonance for copper,
obtained at a frequency of the electromagnetic field of -^ -  =
=  2.4 X  1010 Hz, and a corresponding curve calculatedby the Azbel- 
Kaner theory for the suitable values of m* and x are shown in 
Fig. 193. Note that recording of the cyclotron résonance of copper 
has been done by means of the modulation technique.

If for the given direction of the magnetic field H there are a 
number of sections of the Fermi surface corresponding to the ex-
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tremal values of the cyclotron mass m* (p(|), then the pattern of 
résonant peaks becomes more complicated, since superposition of 
résonances from électrons located near different sections is then 
observed. But these électrons, as a rule, contribute differently to 
the cyclotron résonance. As has been noted earlier, the incrément 
of energy of an électron at passing through the skin layer is pro- 
portional to the effective mass to the power of 3/2. In addition, the 
amplitude of each résonant peak dépends on relaxation time of 
the carriers of the given type. In practice, ail other conditions be- 
ing equal, the maximum amplitude is observed for the résonances

in which the électrons located near 
the section pB =  0 participate. In 
that case the électrons describe 
circles in planes perpendicular to 
the surface of the specimen and 
retain their synchronism with the 
electromagnetic field and invari- 
ancy of the orbit during the whole 
relaxation time. The électrons 
corresponding to sections with 
pl} ¥= 0 describe a hélix with the 
axis directed along the magnetic 
field. With a slightest non-paralle- 
lism between the magnetic field 
and the surface of the specimen 
they départ from the hélix into 

the depth of métal and disappear from the accelerating cycle long 
before scattering. For that reason, résonance can be most easily 
observed experimentally for électrons located near the section

Let us find the periodicity with which successive résonant peaks 
appear at an increase of the magnetic field. For this, we find the 
value of the magnetic field Hk corresponding to the résonance at 
the k-th harmonie of cyclotron frequency from the main condition 
(4.22) of the résonant accélération of électrons. Substitution of 
the cyclotron part into (4.22) gives

\ e \ H k
Q =  k * cmextrc

(4 23)

where m*xtf is the extremal cyclotron mass satisfying the condi- 

tion =  0 at m* =  m*xtr. Hence the reciprocal value of the 

magnetic field at which résonance at the 6-th harmonie is ob-
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served is
1 k k l (4.24)

It follows from this expression that the interval of reciprocal
magnetic fields — ^------- between the k-Vn and ( £ + l) - t h
résonances is independent of the index k of the résonance and is 
a constant. This interval is termed the period of cyclotron réson
ance in a reciprocal magnetic field.

Derioting the period as A we write the following equality:

A k l
m*xtrc£2

(4.25)

The period of cyclotron résonance in a reciprocal magnetic field 
can be found from an experimental résonance curve from which 
the values of magnetic fields Ht, (or reciprocal magnetic fields
l / / / ft) are determined. With the period A ( j f j  and frequency of
electromagnetic oscillations Q being known, we can détermine the 
extremal mass m*xtr of current carriers corresponding to the given

direction of magnetic field H:

rthxiT = k l
cQ (4.26)

To find the period a curve of the résonance index k as

a function of the reciprocal magnetic field - is usually plotted. 
The experimental points of the curve détermine the position of a

straight line whose équation in the coordinates k and —  is é =
m* xUcQ 1 m* ircQ

=  — — m~ff- The tangent of this line, equal to — ^ — , gives
the value of the cyclotron mass. For better accuracy in determin- 
ing tn*e<u, the slope of the straight line can be found by the least 
square method, the relative error of m*xtr> calculated, for instan
ce, from a résonance curve containing 10 peaks, being not higher 
than 1 per cent. Owing to this the cyclotron résonance is at pré
sent the mosi accurate method for measuring the cyclotron masses 
of carriers in metals.

By varying the direction of the magnetic field relative to the 
crystallographic axes of the specimen? it is possiblç to détermine
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the extremal values of cyclotron masses relating to different sec
tions through the Fermi surface. As has been mentioned earlier, 
the frequency of the Azbel-Kaner cyclotron résonance is indepen- 
dent of the magnitude of electron-phonon interaction in metals. 
In other words, the cyclotron résonance makes it possible to find 
the renormalized cyclotron mass of électrons and holes at the 
Fermi level, which differs from the band cyclotron mass by a 
multiplier (1 + À -f-p .)  (see Sec. 2-12, Chapter Two).

Owing to a high accuracy with which the cyclotron mass can 
be found when measuring the Azbel-Kaner résonance, this effect 
can be used for establishing how various physical actions (for 
instance, three-dimensional or uniaxial compression of the crystal) 
influence the renormalization parameter X.

To conclude this section, it should be mentioned that an experi
mental record of the cyclotron résonance curve makes it possible 
not only to détermine with a high accuracy the magnitude of the 
cyclotron mass, but also to estimate the relaxation time t  of the 
corresponding group of carriers. An analytical computation of 
the surface impédance Z made by Azbel and Kaner [83] has shown 
that the real portion is proportional to the following approximate 
expression:

Thus, the ratio of amplitudes Ak and Ah+i of two successive ré
sonant peaks corresponding to the indices k and k 1, approxi- 
mately is:

Hence the relaxation time can be estimated by the expression:

Thus, an analysis of the cyclotron résonance in metals makes 
it possible to détermine important dynamic characteristics of each 
group of current carriers. Note, however, that observations of 
cyclotron résonance require a complicated experimental technique 
and are linked with large practical difficultés (the effect is only 
observed on monocrystalline specimens of a high purity and per
fection, with very high requirements being set to the quality of 
the surface of the specimen and the accuracy of its orientation 
relative to the magnetic field vector, etc.).

(4.27)

(4.28)

(4.29)
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4-4. GANTMACHER’S RADIO-FREQUENCY
SIZE EFFECT

Size effects include physical phenomena in which a characte- 
ristic parameter determining the path of motion of an électron 
becomes commensurable with the linear dimensions of the spé
cimen. The peculiarities of the behaviour of the parameters of 
the métal then make it possible to find the dimension of the orbit 
of the électrons corresponding to the extremal section of the 
Fermi surface, and therefore, to détermine the dimensions of this 
section.

The conditions of appearance of the size effect présumé that 
a portion of the électron paths is eut off at the boundaries of 
the specimen owing to the interaction of électrons with the sur
face. This interaction is usually described purely phenomenologi- 
cally by means of what is called the coefficient of peculiarity q, 
which is defined as the proportion of the électrons mirror reflected 
from the surface (i.e. so that the angle of incidence is equal to 
the angle of reflection). Accordingly the proportion of électrons 
reflected diffusely is 1 — q. The diffuse reflection is here thought 
of as such that can occur with equal probability at any angle, 
irrespective of the angle of incidence.

Since the de Broglie wavelength of Fermi électrons is of the 
same order of magnitude as the interatomic distance, while the 
characteristic dimensions of unevenneses of the boundary largely 
exceed it, it is natural to assume that the majority of électrons 
w ill be diffusely reflected from the surface of métal. Exceptions 
may only be the électrons moving practically parallel to the sur
face and having extremely small angles of incidence. It may be 
noted in passing. however, that some experimental facts hâve now 
become known which show that reflection of électrons incident at 
the surface of métal at large angles may sometimes be not of 
diffuse nature. These facts include, for instance, the observation of 
cyclotron résonances corresponding to the motion of électrons 
along their paths with a cut-off, which is accompanied with their 
reflection from the surface of métal.

The radio-frequency size effect considered in this section is not 
one of such spécial cases of interaction between électrons and 
surface. Its interprétation is based on the common concept that 
électrons impinging a boundary at large angles are diffusely 
reflected from it.

The radio-frequency size effect consists in appearance of sin
gularises of tbe skin impédance Z of a thin metallic plate in 
cases when the thickness of the plate exceeds a whole number 
of times the diameter of the cyclotron orbit of électrons located 
in a plane perpendicular to the surface of a specimen. This effect
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was discovered by Gantmacher [76] in 1962 in a specimen of tin. 
He also proposed the physical interprétation of the phenomenon 
observed which is now widely used as a method of investigation 
of Fermi surfaces of metals and has been called Gantmacher’s 
size effect.

Gantmacher’s size effect is observed in metals in the région 
of anomalous skin effect at ô <  /. A specimen is used in the 
form of a plane-parallel plate whose thickness satisfies the 
condition:

ô < d < /  (4.30)

A variable electromagnetic field of frequency Q and a constant 
magnetic field H are applied to the plate. The orientation of the 
vectors of external fields relative to the surface of the specimen

Fig. 194

is the same as in the Azbel-Kaner geometry described earlier 
(Fig. 194). The frequency Q of the electromagnetic field is selected 
so as to satisfy the condition of quasi-stationary field during the 
relaxation time i  of électrons:

—  =  (4.31)

The size effect is naturally connected with the cyclic motion 
of carriers in the métal and is observed at cor >  1. From this, 
and also from inequality (4.31), it follows that the frequency 
Q of the electromagnetic field with the size effect must be sub- 
stantially lower than the frequency co of Larmor precession. Thus, 
as distinct from the Azbel-Kaner cyclotron résonance, Gant
macher’s size effect is observed on radio-frequencies rather than 
on super-high frequencies. This feature of the phenomenon is 
emphasized in its name: radio-frequency size effect.

The physical essence of the phenomenon may be explained by 
considering first the pénétration of an electromagnetic field into 
a métal in the région of anomalous skin effect in the presence of 
a constant magnetic field-
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Let a magnetic field H , whose magnitude obeys the inequality 
H >  Hly be directed strictly along the surface of the métal filling
a half-space, and let the electric field 8  of an electromagnetic 
wave be directed parallel to the surface and perpendicular to vec-
tor H. We also assume that the diameter DH of the orbit on which 
an électron performs Larmor precession during the relaxation 
time t is substantially greater than the depth ô of skin layer.

Let us show that the electromagnetic field under these conditions 
can be brought in by électrons to the métal to a depth substan
tia lly exceeding the depth of skin layer.

A variable electric field penetrating the métal to the depth of 
skin layer interacts with électrons and accelerates them, so that 
a variable surface current Jsur appears in the layer of the thick- 
ness of an order of ô near the surface of métal.

Under conditions of anomalous skin effect (6 /) with the ab
sence of magnetic field ( / / =  0), the majority of électrons pass 
only once through the skin layer on their free-path length, the 
time A t during which they stay in the skin layer and interact with
the electric field 8  being small compared with the relaxation time 

t  (the time tsi in its order of magnitude is equal to y sin q t,
where a is the angle made by the path of an électron with the 
surface of métal).

Exceptions are sliding électrons, i.e. those moving at extremely 
small angles to the surface. The variation of Fermi velocity Au 
of each électron, and therefore, its contribution to the surface 
current, are determined by the angle a, and also by the magni
tude of the electric field 8  during the time of stay of the électron 
in the skin layer, which is practically constant owing to the quasi- 
stationary condition (4.31) and is equal to the momentary magni
tude of the field at that instant of time. It then follows that the 
frequency of the surface current coïncides with the frequency Q 
of the electromagnetic field, while the amplitude of current is 
proportional to the amplitude of electric field 8o.

In the presence of a magnetic field H >  Ht parallel with the 
surface of métal, the nature of motion of électrons varies. Condi
tions are formed in that case under which électrons may pass many 
times through the skin layer, and therefore, may interact repeated- 
ly with the electric field, each time gaining an energy from the 
latter. We consider the électrons whose cyclic orbits pass through 
the skin layer, as shown in Fig. 195. In the presence of a magne
tic field, these électrons are resonantly accelerated and provide a 
résonance contribution to the surface current Jsur. In addition, the 
surface current is also çontributed to by non-resonance électrons
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whose orbits pass through the skin layer and end at the surface 
of métal.

Thus, a high-frequency surface current in the presence of the 
magnetic field is the total effect from the motion of électrons on ail 
possible orbits passing through the skin layer. Some of such orbits 
are shown in Fig. 195.

It is easy to show that no surface current can be formed under 
the action of only a magnetic field at S  =  0. For this, we consider, 
for instance, the motion of électrons only on orbits corresponding 
to the central section /?„ =  0 of the Fermi surface, assuming for 
simplicity these orbits to be circular. We can also make use of 
Fig. 195, assuming S  =  0. With these conditions posed, électrons

of the central section move 
on their orbits with the same 
Fermi velocity.

Since the centres of the 
orbits are distributed uni- 
formly over the whole crys- 
tal, these électrons do not 
contribute to a microscopie 
current of any direction. In- 
deed, the motion of an élec
tron in each point of a given 
orbit is compensated by the 
motion of other électrons in 
the opposite direction on one 
of the neighbouring orbits. 
Examples may be the points 

A and B on one of the électron orbits (Fig. 195). With df =  0, the 
motion of électrons in these points is compensated by the motion 
of électrons in points A'and B' on neighbouring orbits. Similar 
compensation is obviously observed on orbits corresponding to 
any other sections of the Fermi surface.

Thus, the balanced nature of distribution of Fermi électrons over 
velocities is not disturbed notwithstanding the fact that the 
straight paths of électrons hâve changed to closed or helical ones 
in the magnetic field.

The situation w ill change if an electric field &  parallel with the 
surface is présent in the skin layer. The électrons on ail orbits
passing through the skin layer now attain an incrément Av to the

Fermi velocity which is directed opposite to vector S. Though the 
motions with the Fermi component of velocity on neighbouring 
orbits on average compensate each other, the motions with the
additional velocity Av give an additive contribution to the surface

Fig. 195
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current (see, for example, the motion of électrons in points A and 
A ' in Fig. 195). With DH »  Ô, the time At of stay of électrons in 
the skin layer is substantially smaller than the period TH of Lar- 
mor precession. During this time, an électron actually acquires a 
short “ impact”  from the electric field, which results in a change

t i •* * I e | &  h tof velocity Au «  -— — .
With the quasi-stationary condition (4.31), ail passages of élec

trons through the skin layer during the time x occur at one and 
the same magnitude of the electric field S’. In that case the con
tribution of each électron to the surface current is proportional to 
both Av and the number of passages through the skin layer along 
the free path length. Since Au varies in time with the frequency 
of the electromagnetic field, the variation of the surface current 
in the presence of the magnetic field occurs with the frequency Q, 
rather than with the frequency of Larmor precession.

Let us now follow the motion of the électrons, which hâve ac- 
quired an additional Fermi velocity Au, in the depth of métal. We 
first suppose that ail these électrons hâve the same diameter Da 
of their orbits. In that case, their velocity at a depth DH becomes 
again parallel with the surface of métal, the resuit being that a 
current layer (“ current sheet” ) of a thickness of an order of ô is 
formed at that depth. Indeed, with these électrons moving parallel 
with the surface of métal, no total pairwise compensation can 
occur, since in points of the type C the Fermi velocities of the 
électrons which hâve passed the skin layer are not equal on the 
average to the Fermi velocities of the électrons in points of the 
type C' located on deeper orbits. The appearance of a layer in 
which a high-frequency current flows at a depth DH is accompanied 
with a splash of the electric field S ' with the frequency Q, this 
field actually reproducing the field in the skin layer.

The electric field <§' causes accélération of secondary électrons 
at the depth Da , which in turn results in the formation of a cur
rent layer and a new splash of the electric field & "  at the depth 
2Du, etc.

Thus, a chain of électron orbits is formed under the conditions 
indicated, penetrating the depth of the métal, and a corresponding 
chain of splashes of the electric field is also formed. The ampli
tude of field splashes in a real case decreases rapidly with an in- 
crease of depth at passage from one current layer to another. 
This is linked, first of ail, with the scatter of the diameters of 
orbits of the électrons belonging to different sections of the Fermi 
surface. Thus, for instance, if the Fermi surface is an ellipsoid, 
then the diarneters of électron orbits vary from DH =  0 in referen- 
ce points (where a plane perpendicular to the magnetic field tou-
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ches the Fermi surface) to DH =  DHmSLX in section p { =  0, de- 
pending on the position of the sécant plane.

The scatter of the diameters of orbits results in that only a small 
portion of électrons whose cyclic orbits pass through the skin 
layer is collected at any depth in a layer of a thickness of the 
order of ô. A relatively numerous group of particles with approxi- 
mately the same diameters of orbits is formed by the électrons 
located in the belt on the Fermi surface near the extremum sec
tion. Depending on the sharpness of the extremum, they give a 
more or less pronounced splash of the field <S' at a depth Dnextr 
coinciding with the diameter of the extremal orbit. The électrons 
belonging to other sections only provide a monotonous background 
in the form of an electromagnetic field of a low amplitude only 
weakly dépendent on the depth in the métal.

Thus, the formation of the surface current JKur is due to ail 
the électrons whose orbits pass through the skin layer, whereas 
the first splash of the field at the depth D H extr  is only formed by 
the électrons of the extremal section. It then follows that only 
a small portion of the additional energy gained by the électrons 
from the electric field in the skin layer is spent to form a splash 
of the field at the depth D H extr . Let the ratio of the amplitude 
of this splash to the amplitude <S§ of the field in the skin layer be 
termed the transmission coefficient £ of the electric field. The 
amplitudes of subséquent splashes w ill evidently decrease as 
terms of a geometrical progression with the exponent For 
Fermi surfaces close to ellipsoidal ones, the transmission coef
ficient l  is of the order of (ô/D//ext r ) • ( c d t ) 5/6. Atténuation of the 
amplitudes of splashes at a depth becomes substantially greater 
in cases of complicated and especially of non-convex Fermi sur
faces, at which the contribution of non-extremal électrons to the 
surface conductivity increases.

The formation of splashes of the field in a sufficiently thick 
specimen of métal results only in an insignificant additional ab
sorption of the energy of the electromagnetic field because of the 
rapid atténuation of their amplitudes at a depth, and practically 
has no effect on the surface impédance. In particular, such splash
es should evidently be formed with the Azbel-Kaner cyclotron 
résonance. But they were not discussed in the section dealing 
with that effect, since their appearance remains unnoticed in ob
servations of the cyclotron résonance.

The situation changes radically when the thickness d of the 
layer of métal becomes commensurable with the depth to which 
splashes of the electromagnetic field penetrate. In that case the 
formation of field splashes results in a number of new physical 
effects.
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In a plate oî métal of a sufficiently small thickness d placed 
into a variable magnetic field, the condition

d =  fiD fjexti (4.32)
w ill periodically hold true with various integer numbers n =  
=  1, 2, 3, . . .  (it may be recalled that the diameter Du of an 
orbit is proportional to 1 /H ). Condition (4.32) implies that one 
of the splashes of the electromagnetic field in the plate coïncides 
with the latter’s opposite side. In that case the “ current sheet” 
corresponding to this splash forms a surface current on the op
posite side of the plate, which in turn excites a variable electro
magnetic field behind the plate. Thus, the formation of splashes 
of the field under condition (4.32) results in that the plate of 
métal of thickness d, exceeding substantially the depth of the 
skin layer 6(d ô), turns to be transparent for the electromag
netic field. Transfer of the field through the métal is effected by 
résonance électrons through a chain of paths.

Sélective transparence repeats periodically with condition
(4.32) fulfilled for various whole numbers n =  1, 2, 3, . . .  . This 
phenomenon makes it possible to correlate the diameter of the 
extremal orbit with the size of the specimen, and therefore, may 
be related to size effects. Periodical transparence of a plate is 
very difficult to be observed experimentally because of the 
extremely low amplitude of the electromagnetic field penetrating 
the plate. Another effect can be observed experimentally, which 
is also connected with the passage of splashes of the field onto 
the back side of a métal specimen. This phenomenon manifests 
itself in a periodic variation of the surface impédance of the 
plate. Namely this effect was detected by Gantmacher and has 
been called the radio-frequency size effect.

In order to characterize the Gantmacher effect, we hâve to 
elucidate the dependence of the impédance of a metallic plate on 
the number of units of the chain of paths that is formed in it, 
and also the mechanism of formation of singularises of the im
pédance at fulfilment of condition (4.32).

For this, we consider the formation of a chain of paths in a 
plate of thickness d with a graduai increase of the magnetic 
field H.

In relatively weak magnetic fields, where the diameter D Hextr 
exceeds the thickness d of the specimen, precession of électrons 
relating to the extremal section of the Fermi surface is impossible 
(Fig. 196). In that case the additional energy which these élec
trons gain {rom the electric field in the skin layer is dispersed 
through théir diffuse reflection from the back side of the plate 
and is spent to increase the energy of oscillations of the métal 
lattice.
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In stronger magnetic fields, where the diameter D l I e x tr is com
parable with the thickness d of the plate [condition (4.32) being 
fulfilled for n =  1], apart from various paths of électrons ending 
in the surface of the métal (we still consider only the électrons 
relating to the extremal section of the Fermi surface), there may 
exist cyclic orbits, similar to what is shown in Fig. 197.

In that case, a single unit of the chain of résonant paths is 
formed across the thickness of the plate. The électrons moving 
on an orbit such as in Fig. 197, are not scattered at the surface

of métal during the relaxation 
time t  and are repeatedly acce- 
lerated under the action of the 
electric field in the skin layer 
(the number of passages across 
the skin layer being of the or- 
der of magnitude of l / D H e x t T - )  

Because of this, they provide a 
résonance contribution to the 
high-frequency surface current 
JSut, resulting in that the am
plitude of this current increases. 

This is équivalent to an increase of the surface conductivity on the 
plate, or more strictly, to a decrease of the real part of the surface 
impédance Z =  R - f  tX  

At the same time, there are observed a maximum of the surface 
current at the back side of the plate and a maximum of the 
amplitude of the electromagnetic field penetrating through the 
plate owing to the effect of transparence. The ratio of amplitudes of 
the fields on the back and 
front sides of the plate is evi- 
dently equal to the transmis
sion coefficient g of the field.

In the région of magnetic 
fields at which Z)Hextr <  d <
<  2D/jcxtr a splash of the d 
field at the depth DHextr is 
not coincident with the back 
side of the plate. In that case 
the second unit of the path 
chain is not closed. The élec
trons of the extremal section that are accelerated at the depth 
D H e x tr  are dispersed through diffuse scattering from the back side 
of the plate (Fig. 198) and transfer to the lattice an additional 
energy gained'by them through the splash of the electric field.

The next minimum of absorption of the electromagnetic field 
energy in the plate is observed at formation of a second closed

JT %(o)etStt
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chain of paths, i.e. at fulfilment of the condition d =  2DHextT. 
Simultaneously, a maximum of the surface current and a minimum 
of the real part of the skin impédance are formed.

Our discussion shows that the absorption of the electromagnetic 
field energy in a metallic plate passes through a local minimum 
each time when the condition (4.32) is periodically fulfilled at an 
increase of the magnetic field. Actually, at fulfilment of this con
dition, the additional mechanism of scattering of energy from 
the back side of the plate, which is related to the diffuse reflection 
of électrons of the last unit of the chain of résonant paths, ceases 
to be effective. The amount of the additional energy carried by 
these électrons decreases as l 2n with an increase of the number n 
of units in the chain. Accordingly, the amplitude of singularity 
[the depth of the minimum Re(Z)] 
of the skin impédance also de
creases.

Thus, if we measure the real 
part of the skin impédance Re(Z) 
of the plate (as has been indica- 
ted, it is proportional to the am- d 
plitude of oscillations of the field 
in the cavity or oscillational con
tour into which the plate is placed) 
with a slow increase of the mag
netic field //, then in addition to 
the monotonous variation of Re(Z) there w ill be observed periodic 
singularises whose amplitude decreases in the magnetic 
field.

To calculate the period of singularities, we pass from the path -> ->■
of an électron in r-space to its path in p-space. The diameter 
ï>Hextr of the extremal orbit in the direction of a normal to the 
plate can then obviously be expressed through the diameter 
Ppextr of the extremal section of the Fermi surface in the direction 
of the electric field vector <S.

Substituting Ppextr for D//extr into (4.32), we get:

d =  fl | g | Ppextr (4 .3 3 )

where Hn is the magnitude of the magnetic field at which the 
n-th singularity is observed. It follows directly from (4.33) that 
the period A (H) of répétition of singularities in the direct field is

A  (H) =  Hn+ l-  Hn =  Ppextr (4 .3 4 )

The singularity of the maximum amplitude (n =  1) corresponds 
to the magnetic field H\ =  A (H). Further singularities are obser-

%(o)eQt
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ved in fields multiple of A (H). The dependence of the real part 
of the skin impédance on magnetic field is shown schematically 
in Fig. 199. Such a dependence, obtained experimentally for 
a métal, makes it possible to find the period A (//), which ac- 
cording to (4.34) détermines the diameter of the extremal section 
of the Fermi surface.

Note that experimental investigations of Fermi surfaces of 
metals by means of the Gantmacher size efïect encounter large 
difficulties. In order that the efïect could be practically ob- 
served, a thin monocrystalline plate is required whose outer 
surfaces must be optically clean and parallel to one another to an 
accuracy of fractions of angular minutes. Not ail metals allow

such plates to be prepared. Up 
to the présent, Gantmacher’s 
efïect has been only observed 
for tin, bismuth, rubidium, and 
cadmium. The minimum thick- 
ness of the plate which is prac
tically feasible is a few tenths 
of a millimétré. Inequality
(4.30) w ill then only be ob
served if the free-path length / 
is at least 1-2 mm. Such free- 
path lengths are only observed 
in the région of liquid-helium 
températures, because of which 

Gantmacher’s efïect is related to the group of low-temperature 
phenomena.

To conclude this section, consider Gantmacher’s efïect in an 
oblique magnetic field making an angle (p with the surface of the
specimen. In a magnetic field H strictly parallel with the surface 
of métal (qp =  0), électrons related to any section of the Fermi 
surface are repeatedly returned back into the skin layer and con- 
tribute to the surface current Jsur. Since a splash of the field at 
depth DHextr is formed by the électrons located in the belt near 
the extremal section, whose number is not large, the transmission 
coefficient £ of the field is small (g <C 1) and the amplitude of 
splashes decreases rapidly with an increase of the number n. In 
that connection, not more than three singularities of the skin 
impédance can be observed in a magnetic field at cp =  0.

With a field H inclined by an angle (p, the électrons having the 

velocity component t>( in the direction H turn to be in different

conditions relative to the high-frequency electric field 8  in the 
skin layer that the électrons relating to the extremal section for
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which «u =  0. *) Indeed, the électrons with ¥= 0 drift along H, 
leave the skin layer, and penetrate the depth of the métal. This 
process begins at angles of dR 
inclination of the field q) ^  dH 
>, 6/1. As a resuit of this, N°

I i (a)

1

r

m

the contribution of the élec
trons with u|( 0 to the
surface current decreases, 
as also does the amount 
of energy they gain from the 
electromagnetic field in the 
skin layer. The contribution 
of the électrons relating to 
the extremal section to the 
surface current, on the con- 
trary, increases, because the 
motion of these électrons is 
not affected noticeably by
the inclination of the field H 
at small angles <p.

Thus, in an oblique field 
(with q> >  6/1), the transmis
sion coefficient |  increases 
with angle q>, resulting in an 
iricrease of splashes of the 
field and of the amplitude of 
singularities of the skin im
pédance. The coefficient g 
continues to increase until 
the électrons relating to the 
belt near the extremal sec
tion also begin to leave the skin layer at certain values of the 
angle of inclination. This process begins at angles q> of the order

‘ ) The component of velocily is zéro for any extremum-area section of
the Fermi surface, and not only for its central section corresponding to

p„ =  0. Indeed, o, =  by définition, where the sub-" 11 9P il vds;P|l V A
scipts p« and e at the dérivatives indicate what quantities are constant in par- 

tial différentiation. From the condition of extremality of the section (  —— l =  0

de
there follows the equality Uy =  0, since is a finite-value quantity

equal to , where m*  is the cyclotron mass corresponding to the extremal 

section.

_L
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Fig. 200
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of ô/DHextr, at which the électrons of non-extremal sections prac- 
tically cease to contribute (at <p ~  ô/DHextr, an électron with 
oH ~  vF leaves the skin layer after having made a single rotation 
on a hélix path). With a further increase of the angle of inclina
tion, the transmission coefficient g reduces. The maximum value 
of g is observed at such values of (p when the relative contribution 
of the électrons of the extremal section to the surface conductivity 
of the métal attains its maximum.

As has been shown by Kaner [85], for a spherical Fermi surface, 
an inclination of the field can provide conditions at which one 
and the saine group of électrons w ill practically participate in the 
formation of the surface current and the formation of a splash of 
the field. The transmission coefficient g of the field then approaches 
unity.

The influence of the angle of inclination of the field on the am
plitude of singularises of the skin impédance is illustrated in 
Fig. 200 which gives the record of an experimental measurement 
of the radio-frequency size effect for cadmium for a num- 
ber of values of <p [84], The effect was recorded at the frequency
-^ -  =  3.15 MHz at T =  1.8° K by the modulation technique (see
the previous section), in which the dérivative of the real part of 
the skin impédance Z =  R +  iX over the magnetic field, 
d  R-~j- =  f(H ), was measured.

The amplitude of the first singularity in Fig. 200 is shown reduced 
by a factor of 10. Horizontal strokes dénoté the calculated inten- 
sities of the singularities. At <p =  0 (curve a) three weak sin- 

d  Rgularities of are observed. Curves b and c (corresponding to
the angles cp =  50' and <p =  3° 10') visualize the growth of the 
transmission coefficient g with inclination of the magnetic field.

4-5. PIPPARD’S MAGNETO-ACOUSTIC
RESONANCE

Magneto-acoustic effects consist in a periodic variation of the 
absorption of ultrasound in a métal placed into a magnetic field. 
In order to explain physically the essence of these effects, we 
hâve first to, discuss the influence of conduction électrons on the 
propagation of sound in a métal.

As has been established, électrons play an essential part in the 
formation of a metallic bond, i.e. the formation of forces acting
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between ions in the crystal lattice of a métal. The elastic proper- 
ties of a métal are determined to a substantial extent by conduc
tion électrons whose presence ensures the very existence of a 
stable System of likely charged ions.

As has been given earlier (see Chapter Two, Sec. 2-12), account 
of the displacement of ions at motion of électrons results in in
teractions of the électrons with elastic oscillations of the lattice 
(phonons). This interaction is the basis underlying the électron 
mechanism of absorption of the energy of an ultrasonic wave, 
which is the most essential mechanism of absorption in normal 
metals with the concentration n of électrons of the order of 
1023 cm-3.

Let us make a distinction between the concept of an individual 
phonon and that of an ultrasonic wave excited in the lattice by 
an external periodic action. An ultrasonic wave is thought of as 
an intense flow of cohérent phonons with the same frequencies 
and wave vectors. In order to describe a great number of cohé
rent phonons, it is reasonable to use the concept of a classical 
wave field which forms a sequence of compressed and rarefied 
régions in the lattice, this sequence moving with the velocity of 
sound.

Owing to cohérence of the phonons in the flow, the propagating 
of ultrasonic wave forms an ordered perturbation of a suffiçiently 
high intensity in the lattice. From this standpoint, non-coherent 
vibrations of the lattice, whose spectrum consists of a set of 
various frequencies co* (thermal oscillations), can be more con- 
veniently represented not as an ensemble of ultrasonic waves, but 
as an ensemble of phonons that participate in the processes of 
interaction (for instance, with électrons) as individual quantum
particles of energy fio* and momentum hkt.

The formation of compressed and rarefied régions in the ionic 
lattice of the métal at the propagation of an ultrasonic wave in 
it results in a periodic variation of the density of space charge, 
this variation moving together with the wave. It may be ex- 
plained by the valence électrons being displaced from the com
pressed régions (i.e. régions of higher density of ion-cores) into 
those rarefied, with a positive space charge being formed in 
the compressed régions and a négative one, in the rarefied régions, 
as a resuit of which a periodic distribution of the electric field is 
formed in the métal. Since the Fermi velocity of électrons uF is 
several orders of magnitude greater than the velocity of sound 
vSon (mean values of vF and vson in metals are respectively 
~ 1 0 8 cm/sec and ~ 1 0 5 cm/sec), the picture of this electric field 
for the électrons is praçtically fixed at çaçh instant of 
time,
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Being accelerated in the electrie field, électrons are then scat- 
tered on phonons and thus transfer to the lattice their energy 
gained from the ultrasonic wave. This in essence is the électron 
mechanism of absorption of the energy of ultrasound.

The nature of interaction of électrons with an ultrasonic wave 
dépends on the ratio between the wavelength taon of Sound and 
the free-path length /.

Let us first consider the région of low-frequency oscillations at 
taon >  l- The classical description of Sound as of a wave process 
in a continuous medium is valid for this région. At taon >  1, the 
electrie field connected with the sound wave in the métal is prac- 
tically uniform along the free-path length. In such a field, élec
trons are repeatedly accelerated and repeatedly scattered on pho
nons. In the lim it of low acoustic frequencies Q <  1/x (t being 
the relaxation time of électrons), the absorption coefficient T of 
Sound at taon / can be expressed in terms of quasi-static cha- 
racteristics of the métal and is proportional to the concentration 
of électrons n and the square of the frequency Q.

At a passage to the région of high-frequency oscillations 
taon <C 1, the interaction of électrons with the ultrasonic wave 
undergoes a qualitative change. According to the nature of their 
interaction, électrons may now be divided into two groups, the 
first, not numerous, group including the électrons moving together 
with the sound wave, i.e. those for which the projection of the

Fermi velocity onto the direction of the wave vector kson of sound 
is equal to the sound velocity vson.

Since vF >  vsor), these électrons move practically in the plane 
of constant phase of the wave at an angle close to 90 degrees

-V
to the vector k$on (the direction of motion of these électrons 
making an angle of the order of vson/vF with the constant-phase

plane). Their displacement in the direction of vector kso„ during 
the relaxation time t is substantially smaller than the wavelength 
Xson. In other words, électrons of this group move in a practically 
constant electrie field during the whole relaxation time and owing 
to it interact intensively with the ultrasonic wave.

The second group are the majority of électrons that move at an
angle a <  90 degrees to the direction of the wave vector 6.so„. 
Electrons of this group pass a number of compressed and rarefied 
régions during the relaxation time. Since the electrie field changes 
sign at each passage from one such région to another, a moving 
électron is alternately accelerated and braked by the electrie 
field during a short length of time A t of the order of X*,,,,/ vF, so 
that its energy is practically not çhanged during the relaxation 
time.
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Thus, électrons of the second group are inefïective in absorption 
of energy of the ultrasonic wave and do not contribute sensibly 
to the atténuation of this wave.

The appearance of this group of électrons at Xson / causes 
a variation of the frequency dependence of the atténuation coef
ficient T. Indeed, the proportion of the électrons participating in 
the dissipation of the sound energy at Kon <C / is of the order of 
kson/ l ,  which is proportional to 1/Q. The correct order of F can 
be obtained if the classical atténuation coefficient T ~  nQ2 is 
made to take into account that the number of the électrons that 
absorb effectively the energy of ultrasonic wave at kson <C / is 
smaller by a factor of l/k8on than the number of the électrons ab- 
sorbing effectively at XSOn L It then follows that the coefficient 
of atténuation of ultrasound increases linearly with frequency in 
the région of high-frequency oscillations.

Let us now discuss the interaction of électrons with an ultra-
—V

sonie wave in the presence of the magnetic field H.
In the low-frequency région (/ «C ^son), the effect of the mag

netic field reduces to a variation of the number of électrons on 
the Fermi level which détermine the magnitude of atténuation 
coefficient T. As has been shown in Sec. 2-16, Chapter Two, oscil
lations of the density of électron states on the Fermi level occur 
in a magnetic field, as a resuit of which oscillations of various 
kinetic and thermodynamical characteristics of the métal occur 
at / >  rH and /zco >  kT [see (2.115)], one of these characteristics 
being the atténuation coefficient T for ultrasound. Quantum oscil
lations of ail these characteristics are of the same nature and 
w ill be discussed together in Sec. 4-7, Chapter Four.

The propagation of high-frequency sound (/ >  ÀSOn) in the 
presence of a magnetic field has some spécifie features. In that 
case, résonant accélération of électrons in the magnetic field can 
be observed under certain conditions.

For clarity, we consider an ultrasonic wave of transverse pola- 
rization. With propagation of such a wave, ions of the lattice are 
displaced from their equilibrium positions in transverse directions, 
which gives a periodic distribution of the electric field in the lat
tice, as shown in Fig. 201.

Let the magnetic field H be directed perpendicular to the plane
of wave polarization (i.e. the plane in which the vector kson and
the vector of the electric field E connected with the wave are 
located). In a strong magnetic field H >  Ht (i.e. at rH <  /)
électrons precess in a plane perpendicular to H. When the diame- 
ter of the orbit of an électron, DH, in the direction of vector kson 
exceçds an odd number of times (2k 1, k =  0, 1, 2, 3, . . . )  half
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the wavelength Kson/2, there exist paths, such as shown in Fig. 201, 
on which électrons may undergo a résonant accélération in the
electric field E.

A noticeable contribution to the résonant absorption of ultra- 
sound in a magnetic field is evidently provided by the group of

Fig. 201

électrons relating to the extremal section of the Fermi surface, for 
which the condition is fulfilled:

J W  =  ( 2 6 + U - ^ f 5- (4.35)

The diameter DHextr of the extremal orbit of an électron in the 
direction of vector kson can be expressed in terms of the diameter 
P p e x t r  of the extremal section of the Fermi surface in the direction 
of the wave polarization vector:

•Otfextr =  \ e \ H  P p e x t r

The condition of résonant accélération of électrons (4.35) can be 
re-written for Ppextr as follows:

Ppeu tr —  '
2fe+i kltffe

v60tlG (4.36)
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Hence it follows that the maxima of the absorption coefficient T 
for ultrasound are observed at discrète values of the magnetic 
field Hh

Hk 2 c
2 *  +  l \ e \ K o n

Ppextr ( * •# }

The maxima of absorption are repeated periodically in the re- 
ciprocal magnetic field with a period A ^-^-), which is:

A f- i-W - jj- ! -------4 -  =  1 el Xson- (4.38)
\ H )  H k +1 H k  cPf.ex tr '  '

Thus, the period of maxima of absorption coefficient A
makes it possible to détermine the diameter of the extremal sec
tion of the Fermi surface in a direction perpendicular to vectors*> ->
foson and H.

Note that résonant absorption of ultrasound can also be obser
ved when the magnetic field is located in a plane perpendicular 
to the vector of polarization of the ultrasonic wave, so that its
direction makes an angle a 0 with the direction of vector kson. 
It may easily be seen that condition (4.35) must then be written 
as follows:

Dtfextr S in  a =  =  0, 1,2, . . .  (4.39)

whence the diameter Ppextr of the corresponding extremal section 
in the direction of polarization vector is expressed in terms of a 
and Hh as follows:

n 2* + l  \e\Hk ,
Hpextr 2 csjna Ason (4.40)

The amplitude of the maxima of absorption of ultrasound in- 
creases with magnetic field H. This is linked with that an increase 
of the magnetic field increases the number of rotations of the 
électron on its orbit during the relaxation time t  which is of the 
order of magnitude of l/rH and proportional to H. The effectiveness 
of absorption of the energy of ultrasound by each of the électrons 
relating to the given extremal section is then increased.

The phenomenon of periodic variation of the coefficient of 
absorption of ultrasound in a magnetic field, which is based on 
the described mechanism of accélération of électrons in the elec- 
tric field of a wave, has been called the magneto-acoustic réso
nance. It has been discovered experimentally by Bômmel [86] in 
1955. Pippard has first indicated [87] that in this effect the size of 
the électron orbit becomes comparable with the wavelength of 
ultrasound, because of which the phenomenon has been named 
Pippard’s geometrical résonance.
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As the Azbel-Kaner cyclotron résonance and Gantmacher size 
effect discussed above, Pippard’s résonance relates to typical 
quasi-classical effects in which the discrète nature of the energy 
levels of électrons in a magnetic field is not revealed. This 
effect can be observed at high values of quantum numbers ny the 
électron passing freely from one Landau level to another in the 
course of its accélération by the electric field of an ultrasonic 
wave. In this région the energy spectrum behaves as a quasi-con- 
tinuous one: the presence of a magnetic field is only required to 
form the cyclic orbit of the électron on the Fermi surface.

With an increase of the magnetic field, first résonant maxima 
of the absorption coefficient T are observed in such fields for

r

which the condition rH ~  l or cd— ^  holds true. The amplitude 
of résonances then increases monotonously. The last résonant 
maximum of absorption is observed at Dh^ u =  s£n , i. e. in the

2c
magnetic field H0 =  1—r.—  Ppextr. In stronger magnetic fields,

I e I hson
the conditions of résonant accélération of électrons cease to be 
valid.

Since électrons can effectively interact with sound only during 
a small portion of their precession period TH when their velocity 
is approximately perpendicular to the wave vector, then succes
sive fulfilment of condition (4.35) at different k results in a pe- 
riodic relationship of the absorption coefficient T of ultrasound on 
reciprocal magnetic field, rather than in appearance of sharp 
résonant peaks.

An experimental record of magneto-acoustic résonance obtained 
by Ketterson and Stark [88] for magnésium at an ultrasonic 
frequency Q/2n =  260 MHz is shown in Fig. 202. The effect was 
observed in a specimen of magnésium of extremely high purity
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in wich the condition co ~  1/t was fulfilled in magnetic fields of 
a strength H <  100 oersted.

Note that simultaneous fulfilment of inequalities Z KSOn and 
/ >  rH at reasonable values of ultrasonic frequency Q is only 
possible in the région of sufficiently low températures, because of 
which Pippard’s magneto-acoustic résonance is also essentially a 
low-temperature effect.

For experimental observations of this effect, the main difficulty 
consists in that a reliable acoustic contact must be ensured bet- 
ween the specimen of the métal being studied, on the one hand, 
and the exciter of ultrasound and receiver, on the other. Records 
are usually made of the amplitude of an ultrasonic wave passing 
through the métal, but it is also possible to record a wave reflected 
from the back face of the crystal. In the latter case ultrasound is 
excited in the form of short puises and the exciter of ultrasound 
serves as the receiver of “ sound écho” in the crystal during pau
ses between the puises.

Various piezo-electric oscillators (for instance, crystals of 
quartz or Seignette’s sait) or magnetostrictive oscillators are 
employed as exciters. The output signal of the receiver, which is 
proportional to the amplitude of the ultrasonic wave passing 
through the métal, makes it possible to directly détermine the 
relative variations of the absorption coefficient f  in a magnetic 
field.

As with the two effects discussed earlier, modulation of the 
magnetic field at a low frequency Qmod makes it possible to im- 
prove the sensitivity of measuring apparatus. The amplitude of 
the first harmonie of the signal at the modulation frequency Qmod

is then proportional to the dérivative

4-6. QUANTUM-MECHANICAL 
MAGNETO-ACOUSTIC RESONANCE

This effect consists in a résonant interaction between électrons 
in a métal and ultrasonic phonons of energy hQ in a strong quan- 
tizing magnetic field H at /ico >  hQ. The quantum-mechanical 
résonance manifests itself in the form of periodic sharp peaks of 
atténuation of ultrasound in a reciprocal magnetic field in a métal, 
because of which it is otherwise termed gigantic quantum oscil
lations of absorption of ultrasound. The effect was predicted theo- 
retically by Gurevich, Skobov, and Firsov in 1961 [89] and has 
been found in many metals.

Let us find out the conditions of appearance of a résonant 
absorption of ultrasonic phonons for a particular case of an 
électron System with a quadratic dispersion law. For simplicity,
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we shall neglect the spin splitting of Landau levels. The energy e 
of électrons in a magnetic field H directed along the z axis under 
such conditions is only dépendent on the quantum number n and 
the projection of momentum onto the z axis, pz, and can be writ-

/  1 \  p2
ten as e =  e (n, p2) =  ( ti -f- y  J h<ù 2~  [see (2.98) in Chapter
Two, Sec. 2-14],

Having absorbed a phonon of energy hQ and momentum hq, an 
électron passes from the state with the quantum number n and 
the projection of momentum pz into a new state which is characte- 
rized by n' and pfz. This process can only occur if the in itia l state 
with the given n and pz is filled and the final state with n ' and p' 
is empty.

In the effect of absorption of ultrasound, the interaction of 
phonons with électrons at the Fermi level is of the principal 
interest. The allowed empty states onto which électrons can pass 
as a resuit of absorption of phonons are then located above the 
Fermi level. The passage onto these states occurs either with an 
increase of the quantum number n or with a constant n but with 
an increase of the projection pz of momentum.

The laws of conservation of energy and momentum for this 
process can be expressed as follows:

(n  4- -J") Ao> +

+  ^ + P .  +  lul.  =  K  <4'4l)

where hqz is the projection of the momentum of phonon onto the z 
axis. Hence there follows the relationship between n, n \ pZi and qz:

(nf — n)hQ =  HQ ^Pz^z +  1)2 i l  
2 mz (4.42)

Since in the case considered the energy of phonon fiQ is less 
than the distance fiw between Landau levels, the equality (4.42) 
can only hold true at n' =  n. In other words, an électron that has 
absorbed a phonon of energy hü cannot pass onto another Lan
dau level. The variation of the state of the électron in this process 
consists only in a variation (increase) of the projection of momen
tum pz. It w ill be noted that a passage onto the empty states with 
| p ' | > | p 2| is.only possible when the projections of momenta of 
the électron pt and phonon hqz hâve like signs. Thus, it follows 
from equality (4.42) at n' =  n that absorption of a phonon can
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occur with the following condition fulfilled:

(4.43)

If the

obeys
dition

energy of motion of the électron along the magnetic field
*

2 mz >  hQ, then con-in the initial state the inequality 
(4.43) can be transformée! into a simpler expression:

hQ,mz
Pz

hq2 =  - (4.44)

which can be given a clear geometrical interprétation. Indeed, in 
the région of not very high frequencies at which no dispersion of 
sound still appears, the frequency of phonon Q is expressed 
through the magnitude of the wave vector q and the velocity of 
sound vsori : Q =  vson-q. It then follows from equality (4.44) that 
the initial projection of momentum pz =  pz0 at the absorption of 
a phonon must be as follows:

Pz PzO MzVson Vsott
COS0 (4.45)

where 0 is the angle between the direction of the propagation of
sound and the magnetic field H (see Fig. 203). Solving (4.45) for 
Vsotu we find the condition of résonant absorption in the form:

Vson =  ¥ r  C0S 0 =  üzoCOS0 (4.46)

Thus, the process of résonant absorption of phonons is only due 
to such électrons on the Fermi surface, for which the projection 
of velocity vz0 of motion along the magnetic field onto the direc
tion of propagation of ultrasound is equal to the velocity of sound 
wave. These électrons move on helical paths around a magnetic 
line of force in such a way that the centre of their orbit remains 
in one and the same plane of the constant phase of the wave at 
any instant of time. In other words, the motion of résonant élec
trons along the magnetic field occurs in phase with the wave.

The électrons moving in the constant phase plane of the ultra-
sonic wave are accelerated in the electric field E formed by the 
wave during their relaxation time t  and increase the component 
of momentum pz along the magnetic field by a value Apz propor- 
tional to Et.

It may be easily seen that résonant électrons are located in 
a narrow belt near a certain section of the Fermi surface by 
a plane perpendicular to the magnetic field, as illustrated in 
Fig. 204. Indeed, if condition (4.46) holds true for one of the
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électrons in the belt, then it must hold true for ail other électrons 
in that belt, since they hâve the same velocity vz along the mag- 
netic field. The position on the Fermi surface of the section (or 
belt) for which condition (4.46) is fulfilled as uniquely determined 
by the angle 0 between the direction of the propagation of sound 
and the magnetic field.

Note that condition (4.46) can be fulfilled not for any values 
of 0 between 0 and 90 degrees, but only for the angles 0 smaller 
than a certain lim iting angle
0Hm- In order to show that a 
lim iting angle must exist, let 
us consider how the position of 
the section corresponding to

résonant électrons w ill be changed with 0 increasing from zéro. 
At 0 =  0, the section is located at a height pz =  mzvson. Since 
mzvson is much smaller than the Fermi momentum corresponding 
to the reference point A in Fig. 204, this section is very close to 
the central one. Let the Fermi velocity in point A be denoted as
vf (A). For instance, at —■ —~10” 3, this section differs from thevf  \ A)
central one by only 10-4 per cent.

As the angle 0 is being increased, the section corresponding to 
résonant électrons moves upward and at 0 =  Qum reaches the 
reference point A in which the plane perpendicular to the mag
netic field touches the Fermi surface. Thus, the existence of the 
lim iting angle is linked with that the value of the 2 -th component 
of velocity on the Fermi surface is limited by vF(A). The mag-
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nitude of Qiim is found from the condition:

cos 0//m = vson
v p ( A)

(Fig. 205)

For angles 0;<m <  0 sg: 90°, none of the électrons on the Fermi 
surface can move in synchronism with the ultrasonic wave, and 
therefore, participate in the process of résonant absorption of 
ultrasound.

The existence of the lim iting angle 0/tm is a spécifie singularity 
of the phenomenon of quantum-mechanical résonance as distinct

from the Pippard’s magneto-acoustic 
'iÇ(A) résonance.

Thus, for each particular value of 
angle 0 <  0;,m, the states of the élec
trons which can participate in reso-

%
Fig. 206

nant absorption of ultrasound relate to quite a definite section of 
the Fermi surface. But for an arbitrary value of the magnetic field 
these states (which serve as the in itia l states with n and pz in the 
process of interaction) may be empty. In that case, naturally, no 
résonant absorption can occur.

It follows from the analysis of distribution of électrons in*>
p-space in the presence of a quantizing magnetic field (see Chap- 
ter Two, Sec. 2-15) that the filled électron states on the Fermi 
surface are located in the belts corresponding to the intersection 
of the Fermi surface and Landau cylinders. These belts are dis
crète and their number and position on the Fermi surface dépend 
on the magnitude of magnetic field H. Résonant absorption of
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ultrasound can only occur when one of the belts in which Fermi 
électrons are located coïncides with the belt which with the given 
angle 0, corresponds to the position of résonant électrons on the 
Fermi surface. The discrète values p2 corresponding to the filled 
électron States on the Fermi surface can be found by the position 
of the points of intersection of Landau parabolae e =  e(ft, pz) 
with the Fermi level (Fig. 206).

Let, for a definite angle 0, the projection pz of the momentum 
of électrons satisfying condition (4.46) be equal to pz0. The situa
tion shown in Fig. 206 corresponds to such a case when the Fermi 
électrons with the projection pz =  pz0 are absent, since neither of 
the Landau parabola passes through the point A having the coor- 
dinate pz =  pz0 on the Fermi level. With such a value of the 
magnetic field, no résonant absorption of ultrasound is observed.

With an increase of the magnetic field H Landau parabolae 
begin to move upward and w ill sequentially pass through point A. 
The magnitude of the magnetic field at which the n-th Landau 
parabola w ill pass through point A is found from the following 
expression:

1*1 M n
m*c

O

(4.47)

where m* is the cyclotron mass of électrons. At H =  Hn> a peak 
of résonant absorption of ultrasound is observed. Since the section 
of the Fermi surface by the plane pz =  pzo is equal to S(pz0) =  

/  2
=  2n/n*(ef — ^ - ) ,  expression (4.47) can be re-written as

<4-48)
Hence it follows that gigantic oscillations of absorption of 

ultrasound occur periodically in reciprocal magnetic field. Their
period a (-^ -)  =  - ^ — ~~H~ détermines the magnitude of the
section S (pzo) of the Fermi surface:

S(p^) =  ^ j L - —^ r r  (4-49)
A( / r )

Formula (4.49) coïncides in form with the Lifshits-Onsager for
mula for quantum oscillations (2.126) which détermines the ex- 
tremal section of the Fermi surface. But with the quantum-mecha- 
nical résonance it is possible to find any section of the Fermi 
surface whose position is dépendent on the angle 0 between the
direction of the wave vector q of ultrasound and that of the
magnetic field H.
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Thus, the quantum-mechanical résonance makes it possible to 
investigate the structure of the Fermi surface in substantially more 
details than the effects in which only one extreme section Sextr 
is determined.

It can be shown that formula (4.49), obtained here for a par- 
ticular case of the quadratic anisotropic dispersion law, is valid, 
as the Lifshits-Onsager formula, for any arbitrary law of dis
persion. For this, we hâve to consider quantization of the areas 
of électron orbits, as has been done in Chapter Two, Sec. 2-15.

r ,  d im ensionless

Note that formula (4.49) [as also formula (2.126)] implies that 
the section of the Fermi surface is independent of the quantum 
number n at which the singularity of the absorption coefficient is 
observed. This is équivalent to assuming that the Fermi level is 
constant, which is true at h ( ù  <C e f .

With passing to the ultra-quantum région of magnetic fields 
where oscillations of the Fermi level become essential, the inter
val of reciprocal magnetic fields between subséquent peaks of 
the coefficient of absorption of ultrasound ceases to be constant
and equal to A^-— as has been found for weaker fields. The
last peak of résonant absorption occurs when the Landau parabola 
with n =  1 crosses the Fermi level in the point with pz =  pz0.

The conditions of appearance of the quantum-mechanical réso
nance are evidently connected with observation of inequalities 
(2.115) cor >  1 and h (ù > kT .  With an increase of the magnetic 
field, peaks of ultrasonic absorption are formed in the fields for 
which the cyclotron frequency w attains the greater of two quan
tités, either 1/t or kT/h l). The quantum-mechanical magneto- *)

*) Note that when 0 >  0, Pippard’s magneto-acoustic résonance may be 
first observed in weak fields; it then disappears and only peaks of gigantic 
quantum oscillations of ultrasonic absorption are further observed.
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acoustic résonance is observed at températures of liquid hélium 
and is essentially at low-temperature effect.

A typical experimental dependence of the coefficient of absorp
tion of ultrasound on magnetic field with the effect of gigantic 
oscillations of absorption is shown in Fig. 207 which gives the 
curve of the quantum-mechanical résonance of électrons in bis
muth at T = 1 .26° K obtained by Fujimori [90]. The bifurcate 
shape of the résonant peaks of absorption is linked with the spin 
splitting of Landau levels in strong fields. As can be seen, for the 
given orientation of the magnetic field the orbit splitting of the 
levels exceeds the spin splitting approximately 5 times.

Thus, the quantum-mechanical magneto-acoustic résonance 
makes it possible to détermine, apart from the area of section 
S ( P z o )  of the Fermi surface, also the magnitude of the g-factor 
of current carriers.

Observation of gigantic oscillations of absorption of ultrasound 
practically encounters the same difficultés as with the Pippard 
résonance (see the previous section).

4-7. OSCILLATIONAL QUANTUM EFFECTS

Effects of this kind are linked with quantum oscillations of the 
density of states on the Fermi level with a passage of electron- 
or hole-type Landau levels through it. The physical essence of 
oscillational phenomena has been discussed in detail in Chapter 
Two, Sec. 2-15.

Quantum oscillations in a métal were first discovered in 1930 
by Schubnikov and de Haas [91] in the Leiden cryogénie labora- 
tory in Holland. They found the electric conductivity of bismuth 
to be in an oscillational dependence on magnetic field. Because 
of this, quantum oscillations of conductivity (or of electric résis
tance) of a métal hâve been called the Schubnikov-de Haas 
effect.

In 1931, de Haas and van Alphen [92], working in the same 
laboratory, discovered oscillations of magnetic susceptibility 
which hâve been later termed the de Haas-van Alphen effect.

During the four décades that hâve passed since then, oscil
lations of practically ail known thermodynamic and kinetic charac- 
teristics of a métal depending on the number of électrons of the 
Fermi level hâve been found experimentally. For instance, apart 
from the known oscillations of electric conductivity and magnetic 
susceptibility, oscillations of heat capacity, entropy, thermal con
ductivity, thermo-e. m. f. thermomagnetic Q-factor, etc. were ob
served experimentally.

The general theory of oscillational quantum effects has been
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developed by Lifshits and Kosevich in 1956 [14] on the basis of 
their theoretical study of Fermi surfaces of metals.

The de Haas-van Alphen and Schubnikov-de Haas effects are 
now among the most widely used methods of studying Fermi sur
faces. This is linked with that the experimental equipment required 
for observations of these effects may be rather simple.

Measurements of the period of oscillations A can be
easily made with different orientations of the magnetic field 
relative to the axes of the crystal being studied. Expressing the 
dependence of the period on orientation of the magnetic field by 
means of the Lifshits-Onsager formula (2.126) makes it possible 
to détermine any extremal sections of the Fermi surface and, using 
this information, to correct the initial model of the surface con- 
structed by the Harrison method. Practically ail known Fermi 
surfaces of simple metals hâve been constructed by this 
method.

As has been indicated in Chapter Two, Sec. 2-16, oscillational 
effects can be observed when the inequalities tnù »  kT and c d t  >  1 
hold true (see 2.115). In addition, the condition of degeneration 
of électrons in the métal, kT <  eF is naturally assumed to be 
fulfilled. Thus, quantum oscillations also relate to low-temperature 
effects and are observed in sufficiently pure crystals with a high 
relaxation time t  of current carriers.

The amplitude of oscillations, proportional to the first power of

the small parameter , is usually not large and constitutes

fractions of a per cent of the quantity being measured. The am
plitude of oscillations is reduced through the température blur- 
ring of the Fermi level and also the expansion of Landau levels 
owing to scattering of current carriers. In very pure specimens 
of metals, oscillations from small groups of carriers (having low 
values of cyclotron masses and high mobilities) can sometimes be 
observed up to température of the order of 50 to 60° K.

Let us consider the nature of oscillational phenomena using as 
an example the de Haas-va'ti Alphen effect, whic is the one most 
thoroughly studied theoretically. When observing this effect in 
a specimen of métal, measurements are made of either the mag

netic moment M of the specimen or the dérivative equal
directly to the magnetic susceptibility %.

Experimntal records of the de Haas-van Alphen effects in 
single crystals of copper and antimony are shown respectively 
tn Figs. 208 and 209. The curve of the variation of magnetic sus
ceptibility Ax in dependence of magnetic field H (Fig. 208) con- 
tains oscillations of two different frequencies. The corresponding
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periods Aj and relate to one another approximately

as 1 :30. The curve has been obtained with the magnetic field 
directed along one of the body diagonals of the type [1 1 1 ] in the 
face-centered lattice of copper. The oscillations of the lower 
frequency correspond to the extremal section of the “ neck” , and 
those of the greater frequency, to the extremal section of the 
“ belly”  of the Fermi surface of copper.

The oscillational dependence M =  M(H) for antimony in 
Fig. 209 shows pulsations of two close frequencies. Such a curve 
is formed as a resuit of superposition of the oscillations corres- 
ponding to two close extremal sections of the Fermi surface. 
By determining the period of oscillations in the interval between 
the nodes of pulsations, and also the period of pulsations, we 
can thus separate the contributions from various extremal 
sections.

Note that oscillations in Figs. 208 and 209 are almost sinusoïdal, 
their amplitude increasing in the magnetic field.

This is seen most clearly in oscillational curves shown in 
Fig. 210, each of which corresponds to only one section through 
the Fermi surface. These curves represent the de Haas-van Alphen 
effect in bismuth at different orientations of the magnetic field.

Let us emphasize again that oscillational dependences of va
rious characteristics of a métal are based on oscillations of the 
density of States of carriers at the Fermi level. These oscillations
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appear as a resuit of that the Landau levels begin to intersect the 
Fermi level with an increase of the magnetic field.

Using expression (2.113) and Figs. 139 and 140, it may be 
easily shown that the oscillating portion of the density of states 
at the Fermi level vh {bf) in dependence of the reciprocal magnetic
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field at finite values of the relaxation time t  and température T 
must hâve the form of a periodic curve resembling in shape the
saw-tooth oscillations in radio engineering. The period A ( 7 ^ )  of
this curve can be related to the extremal section of the Fermi 
surface by the Lifshits-Onsager formula (2.126). This periodic
dependence of vH (eF) on •— can evidently be expanded into

6
- A X / 0

( i ) -
The fact that oscillational curves in experiments are very similar 

to sinusoïdal indicates that the higher harmonies in an expansion 
of vh(sf) decrease rapidly at a réduction of relaxation time t  
or at an increase of température T and that the dependence of
vh (ëf) on can finally be described with sufficient accuracy
solely by the first harmonie. This conclusion has been confirmed 
by experimental data.

Indeed, with a substantial lowering of température (down to 
0 .1° K), the oscillational curves obtained in high-purity crystals 
begin to differmoticeably from sinusoïdal ones. This is especially 
true of oscillations at low quantum numbers n, which begin to 
resemble saw-tooth oscillations. The dependence of the shape



4-7. Oscillatiotial Quantum Effects 319

of oscillations on the quantum number n of oscillations is linked 
with that, at low values of m, i.e. near the ultra-quantum lim it

k T  t i lxof magnetic fields, the ratios and - j— become minimal, and
therefore, the effect of the température blurring of the Fermi level 
and expansion of Landau levels also becomes minimal l ).

For the same reasons, the amplitude of oscillations is an in-
creasing function of the ratios and

Lifshits and Kosevich [14] hâve found theoretically the depen- 
dence of the oscillating portion of the magnetic moment M of 
metals on magnetic field and température.

The principal harmonie of this quantity, having the frequency
A”" 1 in the reciprocal magnetic field, is of the form as
follows:

ex (  — D ^
tTæ I  u - ' / i t  eXp V t)(ù J  (  r n * \  . (  cS extr , Jt \M, =  const H kT — —  cos [n  s m ^  -  n ±  T )

'  n<ù '  (4.50)

where m* $nd ms are the cyclotron and spin masses for the given 
direction.

Expression (4.50) does not take into account the variation of 
the Fermi level in the magnetic field. Because of this it is appli
cable under the condition fi® sf or, what is équivalent, for 
large quantum numbers, n 1 .

The quantity TD entering the expression (4.50) has the dimen
sion of température and is termed Dingle’s température. It is 
related with the relaxation time t  by the formula

Thus, kTD is nothing else as the expansion of Landau levels
( 2n 2k T  \
— g ~ -J

détermines the dependence of the amplitude of oscillations on 
relaxation time and is termed the Dingle factor [96]. Evidently, 
when t  =  o o ,  then TD — 0  and the Dingle factor is unity.

*) Let us emphasize that blurring of the Fermi levels occurs only owing 
to an increase of température, whereas expansion of Landau levels is related 
to scattering of carriers and is expressed through h/x. At low températures, 
t  is deterrriined by impurities and imperfections in the crystal and is practi- 
cally independent of T. However, at températures above the région of the 
residual résistance, t  decreases with an increase of T. Thus, both the blurring 
of Fermi level and expansion of Landau levels are determined in this région 
by température.
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[ /  2jt2k T  N i” '
sînh \ —fa  J j  contains the main dependence

of the amplitude of oscillations on température T. Its structure 
is the same as that of the Dingle factor. Indeed, owing to the 
large coefficient 2 jx2 4 * «  2 0  this multiplier is

2jt 2k T  
h(ù

2 M T
1i(ù ) at kT>,0Ah(ù

Hence the dependence of the amplitude of oscillations on tempe- 
rature and relaxation time can be written in the form of the 

p /  — 2jt 2k ( T  + r n) \
general factor exp^--------- j —------— I. (The pre-exponential multi
plier T1 is a relatively slowly varying function of température and 
therefore plays no substantial part in the température dependence 
of the amplitude of oscillations at kT 0.1 h©. At T —►O the ratio
T/sinh —fa  tends to the lim it fUù/2n2k.)

Thus, the effect of the processes of scattering of carriers on the 
nature of oscillations is formally équivalent to an increase of 
température by TD. Namely this circumstance was the reason for 
introducing Dingle’s température.

The multiplier cos (n —j-) in expression (4.50) déterminés the
dependence of the amplitude of the first harmonie on spin splitting 
of Landau levels; m*/ms is the ratio of spin splitting to orbital
splitting, equal respectively to ^ and ^ . When m*/m8 
is increased, this multiplier turns periodically to zéro at 
n -—j- =  (2k +  1) —-, where k =  0, 1,2, . . .  . Thus, when the con
dition

— 2k + 1 m*> * =  0,1,2, . . .  (4.52)

is fulfilled, the first harmonie with the frequency A” 1 disap-
pears in the oscillations. The oscillations that are then observed
correspond to the doubled frequency 2A” 1 j ,  and therefore,
the extremal section Sextr of the Fermi surface found for their 
period by means of the Lifshits-Onsager formula (2.126) turns 
to be twice its real magnitude. This phenomenon is called the 
spin damping of the first harmonie of oscillations1). It was first

As follows from the theoretical relationship M ( H ) ,  when the condition
(4.52) is fulfilled, not only the first harmonie, but also ail the odd harmonies 
disappear in the expansion of this quantity. The even harmonies disappear

4
under the condition that m s =  2k +  \ m** w^ere *  =  0» h 2, . . .  .
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observed on bismuth at definite orientations of the magnetic 
field.

Figure 211 shows the diagrams of Landau levels (at pz =  0) 
for the values of masses ms and m* satisfying the condition 
(4.52) at =  0, 1 , and 2 respectively. As can be seen from the 
figure, the intervals between neighbouring levels become equal to
y  h<ù under this condition, as a resuit of which the frequency

e

/ —\
/—f#u> \

~f7u) /---\ - ■>.,
0 s m' 

m ‘gm

(à)

Fig. 211

of passing of the levels through the boundary of Fermi distri
bution increases twice. An exception is the magnitude of inter
vals between the lowest levels at k ^  1 , as shown in Fig. 211b
(at m5 =  m*) and in Fig. 211c(at =

It has been found by experiments that the maximum spin split- 
ting of the levels, which is really observed in metals, exceeds only 
insignificantly the orbital splitting (the ratio m*/tns does not 
exceed 1.1-1.2). Therefore, only the spin damping at k =  0 or 1 
can be of practical interest.

The diagrams in Fig. 211 correspond to the cases when the 
amplitude of the first harmonie of oscillations is strictly equal 
to zéro.

The dependence of the amplitude of the first harmonie on the
mass ratio m*lms, which is given by the multiplier cos ( n ,
can be explained on the basis of the interprétation of the spin 
splitting of Landau levels given in Chapter Two, Sec. 2-16. As
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has been shown there, the motion of the spin-splitted Landau 
levels through the boundary Fermi level e =  8 f  can be described

(/)

equivalently if we introduce a boundary of Fermi distribution 
(— F = e F H=--- for each direction of the soin (and for
\  *=± i F 2 ™Sc * v
eaçh value of the spin variable s =  ± 1 ) and consider the motion
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of unsplitted orbital levels e„ =  ^  +  ^ /zco  through these boun- 
daries.

Using this représentation, let us make the following construc
tion for different values of m*/ms.

Let the spin splitting be in itia lly absent, i.e. m*/ms =  0 . We 
separate the first harmonie froni the oscillating component of the 
density of states vH(e) [the graph of dependence of the density of 
States vH(e) on energy is given in Figs. 139 and 140] and mark 
with a solid vertical line the position of the Fermi level e =  eF, 
as shown in Fig. 212a. With an increase of the magnetic field in 
that case there can be observed a periodic motion of the maxima 
and minima of the density of states through the Fermi level 
and the corresponding periodic increase and decrease of the den
sity of states at the Fermi level by the same magnitude, which 
w ill be denoted as vo.

Now let us take into account the spin splitting. Then, in ad
dition to the Fermi level e =  e f  for a definite value of magnetic 
field H we mark the two boundaries of the Fermi distribution 
with vertical dotted Unes

Z j % = e  and U  = e  _ i f M
\  -Sf F ^  2msc +i p 2msc

corresponding to the two opposite orientations of the spin. The 
maxima airçj minima of the density of states w ill now pass

through two boundaries  ̂ and  ̂ at a variation of the
magnetic field. The total contribution to oscillations is determined 
by the sum of the values of the oscillating density of states at 
each of the boundaries.

When both boundaries pass simultaneously through the maxima 
and minima of the density of states, then the first harmonie of 
oscillations is increased.

When the maximum on one boundary is accompanied with the 
minimum on the other, then their contributions to the oscillations 
are mutually cancelled. This situation evidently corresponds to 
spin damping of the first harmonie. The damping at ms =  2m* 
(k =  0) is illustrated in Fig. 2126. In that case, if the maximum 
of density of states intersects one of the boundaries, then the 
neighbouring minimum intersects the other boundary. The maxi
mum in Fig. 2126 coïncides with the right-hand boundary, and 
the next minimum, with the left-hand one. In the magnetic field 
at which this minimum reaches the right-hand boundary, the next 
maximum will coïncide with the left-hand boundary. The situation 
repeats at an increase of the magnetic field,
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With an increase of the magnetic field the distances between 
neighbouring maxima and minima, equal to fuo/2 , increase linearly. 
At the same time the distance between the boundaries
l — — L -  = - ^ r r ,  which is also equal to h<ù/2  at ms =  2m*,
\  - i  \  +i m c
also increases. At any magnitude of the magnetic field the con
tributions from both boundaries to the oscillating portion of the 
density of states are mutually cancelled. This results in that the 
oscillations with the frequency of the first harmonie vanish com- 
pletely.

2
The spin damping at tns=-g  m* evidently corresponds to the

case when the coincidence of one of the maxima of the density 
of states with one of the boundaries is accompanied with the 
coincidence of the second minimum to the right or left from the 
given maximum with the other boundary (Fig. 212c).

Let us finally show that with an arbitrary relationship between 
the spin and orbital splitting the amplitude of oscillations must be
proportional to the factor cos (n  -^7 ) .

It is clear from the analysis made above that the total contri
bution to the oscillating portion of the density of %tates vH(e) at 
any magnitude of the magnetic field is an algebràfc .sum of the 
oscillating values of the density of states on each boühdary. The 
first harmonie of the density of states v^(e) as a'fonction of 
energy e has the period equal to Æco and can be vçritten in the 
form v)}) (e) =  — v0 cos ^2 i t - jg ) .  Its magnitude on each of the

boundaries of the Fermi distribution ^—F = e F±  * is respec- 

tively

r 2  v ^ i _
1 L2jt s© J —

=  -  v0 [cos (2n -jg-) cos (n  — )  ±  Sin ( 2» - £ )  sin (n  ^ r ) ]

— v0cos 2 n-

Adding these expressions together with the signs and “ —” , 
we get that the sum of contributions from the two boundaries to

/  m* \  (  2tcep\
the density of states is equal to — 2v0 cos l n ) cos 1 I . The
last of the multipliers in the expression obtained coïncides to the 
accuracy of the constant phase with the oscillating factor

sinV‘k T W ~ I t ± T j in formula (4.50), since — =  k , fi/y • The

second multiplier cos(n-^V) gives the sought-for dependence of
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the amplitude of oscillations on the ratio of spin and orbital 
splittings.

Expression (4.50) makes it possible to calculate the magnitude 
of the cyclotron mass m* through the ratio of the amplitudes of 
oscillations measured at two different températures T\ and 7'2. 
Let the amplitude of oscillations be denoted as A (T ,H n) vvhere 
H =  Hn is tfye magnitude of the magnetic field corresponding to 
the passage of the Landau level with the quantum number ri.

Let us assume for definiteness that T\ < .T 2. Then, evidently, 
A (Tu Hn) > A ( T 2, Hn).

According to formula (4.50), the ratio of amplitudes A (TU Hn) 
and A (T2, Hn) is

A ( T u Hn) _  r, 
A (T2, Hn) T^

s in h

s in h

/  2 n 2m * c k T 2 \
v i g i t>Hn )
/  2 n 2m * c k T i \  
1 \ e \ M n )

(4.53)

This expression is only valid for the case when TD remains 
constant in the interval of températures from Tx to T2. The 
parameter TD is independent of température in the région of 
residual résistance, i.e. practically in the région of hélium tem
pératures.

The expression (4.53) obtained is a transcendental équation by 
means of which the cyclotron mass m* can be found for the given 
values of Tu T2, Hn, and the ratio of amplitudes of oscillations. 
Note that "équation (4.53) détermines the cyclotron mass at the 
Fermi levei, i.e. the cyclotron mass that has been renormalized 
as a resuit of electron-phonon interaction.

In a particular case at Tx = - ~ r 2, équation (4.53) is solvable 
for m*, the explicit expression for m* being of the form:

m 1 g I hffn 
4n2ckTi

A ( Tlt ffn) -I
A ( 2 T u  H n ) J (4.54)

In practice, the températures T2 and T\ are usually taken equal 
respectively to 4.2° and 2.1° K. For improved accuracy, the cyclo
tron mass m* is calculated at different values of H n (i.e. at 
different quantum numbers n) and the values obtained are then 
averaged. Notwithstanding this, the accuracy with which the cyclo
tron mass is found from the température dependence of the am
plitude of oscillations in the de Haas-van Alphen effect is not 
high. This is linked with the circumstance that expression (4.50) 
for the first harmonie describes only approximately the oscillating 
portion of the magnetic moment M.

In addition, a large error usually arises at separating the 
oscillating component from the experimental dependence of the
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moment M on magnetic field. The monotonous component is very 
often in a complicated dependence on H, which results in a sub- 
stantial uncertainty in the détermination of the amplitudes of 
oscillations. And finally, an error in the détermination of the 
cyclotron mass arises owing to that the Dingle température TD 
is not strictly constant in the température interval from T\ to TV

Thus, the température dependence of the ampli|ude of oscil
lations serves, strictly speaking, only for évaluation of the mag
nitude of the cyclotron mass.

The comparative easiness of the observation of oscillations at 
an arbitrary orientation of the magnetic field relative to the crys- 
tallographic (and géométrie) axes of the specimen makes it 
possible to find sufficiently rapidly the cyclotron masses for any 
sections of the Fermi surface. Such data are usually sufficient for 
the general description of the Fermi surface. In cases when it is 
required to obtain more accurate values of the cyclotron masses 
for some orientations of the magnetic field, this may be done by 
the method of Azbel-Kaner cyclotron résonance.

The ratio of amplitudes of oscillations for two successive values 
of magnetic fields Hn and Hn+\ détermines the Dingle tempéra
ture Td. Indeed, according to formula (4.50), the ratio of ampli
tudes A (T, H n) and A (T, H n+i) is

. /  2it fm ’ c k T  \  ^
A  (T ,  H n ) ( f f n + t \ 'h  s m h \ \ e \ H H n + l  )

A  ( T , H n + i )  \  H n J ( 2 n 2m * c k T \

Slnhl-|7 ÏM T J  *
V 2 n 2m *c k T r, (  1 1 N I , „

x  e*P L— ïTTîr^ “  ~h 7 ) \  <455>

Hence TD is found by simple logarithmation. It is évident that TD 
can only be found after the magnitude of the cyclotron mass m* 
has been determined.

The relaxation time t of carriers is calculated from the mag
nitude of Td by means of formula (4.51). But the value of t 
found by this method is substantially smaller (usually by one or 
two orders) than the relaxation time to determined in weak mag
netic fields (for instance, through the value of the Hall mobility

[i. =  I eXp- , which for a one-zone métal is equal to the product of

the Hall coefficient R =  |g^  by the conductivity a =  |e|np,, i.e.

p =  coR).
This différence between to and t  is connected in essence with 

that these quantities correspond to entirely different conditions 
under which scattering of current carriers occurs. Thus, the re-
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laxation time to is an average quantity for ail électrons on the 
Fermi surface which describes the isotropie scattering of carriers 
at H =  0. On the other hand, the relaxation time t  found from 
oscillations corresponds to scattering of the électrons passing out 
from the Landau level beyond the Fermi level. It describes the 
scattering of the carriers having a very small component of velo- 
city v\\ in the direction of the magnetic field (let us recall that 
at passage out of the Landau level, pu —► 0 for the électrons 
located on it). In that case, as has been shown by Brown [97], the 
probability of scattering of électrons on ionized impurities in- 
creases substantially. Let this be discussed in more detail.

As is known, the efficiency of scattering of électrons decreases 
at a réduction of température as a resuit of a rapid decrease of 
the density of phonons in the process of their freezing-out. At low 
températures in the région of residual résistance the main me- 
chanism of scattering of électrons which détermines the relaxation 
time in sufficiently pure crystals is, as earlier, the scattering on 
ionized impurities.

Because of the effect of screening of the Coulomb potential of 
the impurity by free carriers the interaction of an électron with 
the impurii^-occurs within the région whose size is determined 
by the m ag^bde of the Debye radius of screening rD.

At a rathér low concentration of impurities A(compared with 
the concentration of électrons n) the scattering centres of the 
effective éfeçmeter nr2D are distributed in the lattice at average
distances NT'h from each other that exceed substantially rD. In 
that case, as has been shown by Davydov and Pomeranchuk [98], 
the probability w of scattering (which détermines the inverse re
laxation time 1/ t)  of an électron moving in the lattice with the

velocity v  a s  proportional to the expression
rlN't

It can be used
for comparing the relaxation time t  of électrons on the Landau 
level at v« —► 0 with the relaxation time to of électrons at H =  0.

Since we speak of scattering of Fermi électrons, then evidently
r2 N1/3

the magnitude of 1/ t  at / /  =  0  is proportional to D 1 .
F

Electrons on the Landau level precess with the Fermi velocity 
in the plane perpendicular to the magnetic field and travel along 
the field with the velocity v r  

When the bottom of the Landau parabola cornes doser to the 
Fermi level, then the magnitude of the velocity component t>u of
the électrons located on that parabola decreases and becomes 
substantially less than vF. In that case the probability of scat
tering of électrons 1/t is determined by l/u r  Owing to that the
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Landau level has a finite width, the minimal value of the
velocity component along the magnetic field does not turn to zéro.

The minimum energy of motion in the direction of the field,
which is approximately equal to then coïncides in the
order of magnitude with the energy width of the Landau level 
h/t. (The quantity Y mnü»min» as ^ /T’ represents the tîncertainty of
energy at the Landau level.)

Thus, the analysis made above makes it possible to conclude 
that the ratio of relaxation times to/t must be approximately 
equal to the ratio vF/v\\ min, which in turn coïncides in the order
of magnitude with the ratio (since zF «  — •
Hence it follows that

x'h (4.56)

The final formula (4.56), obtained on the basis of coarse ap
proximations, makes it possible to relate to and t only to an
accuracy of a certain proportionality factor which is of the order
of unity in an isotropie métal. But the dérivation of^this formula 
given above allows the différence between the relaxation times 
xo and t to be cleared out. ^-*■

The Fermi energy eF of carriers can be determined by using for
mula (2 .1 2 1 ) given in Chapter Two, Sec. 2-16. This formula
includes the cyclotron mass m* and also the magnitude of the 
magnetic field H n at which the passage out of the n-th Landau 
level is observed.

If the magnetic field in the experiment is sufficiently; strong for 
observing the passage out of ail Landau quantum levels (this is 
possible if the group of carriers being studied is small and the 
corresponding Fermi energy is low), then the quantum number n 
which relates to the last oscillational maximum is equal. to unity 
(without account of the spin splitting of levels). In that case ail 
the maxima being observed can be simply labelled.

If the magnetic field is not sufficiently strong to attain the ultra- 
quantum région, then the quantum numbers corresponding to the 
oscillational maxima are found as follows. Let a maximum be 
observed at H -=  H n whose quantum number n is unknown.

Another maximum, at a distance of k numbers in the direction 
of weaker fields from the first, is observed in the field H =  H n+k 
and has the quantum number n +  k (let us recall that the quan
tum number n decreases at an increase of the magnetic field). If 
we assume that n »  1 , then we can neglect the variation of the 
Fçrmi energy in the région being considered. Then, writing down



4-1. Ôscillational Quantum Ëffects 329

the formula (2 .1 2 1 ) for the numbers n and n +  k, we get the 
following equality:

\ e \ h f f n
m 'c {ri +  k +  4 ) \e\ t)Hn+k 

m ’ c

Hence the nujnber n is expressed through the known quantities 
/?, Hn, and //„■+*:

n = k H n + k  
Hn Hn+k

1
2 (4.57)

Thus, an experimental study of the de Haas-van Alphen effect 
in a métal makes it possible to détermine not only the shape and 
dimensions oî the Fermi surface, but also to find the main para- 
meters describing the energy spectrum and the properties of 
current carriers, i.e. Fermi energy, cyclotron mass, and relaxation 
time.

In addition, if the oscillational maxima are doubled owing to 
spin splitting of Landau levels, then it is possible to détermine 
the spin mass and g-factor of current carriers. These parameters 
can be determined also in cases when, with a certain orientation 
of the magnetic field, there is observed vanishing of the first 
harmonie of Oscillations related to the effect of spin damping.

Calculatioris of various parameters were made by using expres
sion (4.50) Ifor the first harmonie of the magnetic moment. A si- 
milar expression describes, with an accuracy to proportionality 
factors, the first harmonie in oscillations of other thermodynamic 
and kinetic characteristics of the métal. This indicates to the same 
nature of ail oscillational quantum effects. Thus, formulae 
(4.52)-(4.55) are also applicable for the Schubnikov-de Haas and 
other similar effects.

Oscillational quantum effects were considered in the book from 
the aspect of their generality. It does not mean, however, that 
oscillations of various quantities hâve no spécifie peculiarities 
which are essential in their observations. For instance, the Schub
nikov-de Haas effect near the ultra-quantum lim it of magnetic 
fields is very sensitive to the mutual orientation of the magnetic
field H and current / through the specimen. In particular, no pas
sage out of the Landau 0+ level is often observed for the trans
verse magnétorésistance, since this level can be freed from élec
trons only as a resuit of passages with turning of the spin. In 
addition, the Schubnikov-de Haas effect at very high currents 
through the specimen is sensitive to the phenomena related with 
heating of électrons, and also with electron-phonon entrainment.

As another example, it may be indicated to the effect of the 
de Haas-van Alphen oscillations on the magnitude of the internai 
magnetic field which détermines the quantization of the energy
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of électrons in a métal. Under certain conditions a noticeable 
différence between this field and the external magnetic field ap- 
plied is observed during a substantial portion of the oscillational 
cycle (the Shoenberg effect [99]).

The examples given above show that a study of quantum oscil
lations actually can give a more detailed information on the 
behaviour of électrons in the métal than that oblained on the 
basis of their general description.

We hâve discussed in this chapter the main methods of study- 
ing of the électron energy spectrum of metals which hâve found 
the widest application or played an important rôle in the progress 
of the physics of metals. The quasi-classical and quantum effects 
described here make it possible to obtain detailed information on 
conduction électrons in metals. Within the frames of the elemen- 
tary description of the électron structure of metals which is given 
in the book we hâve not touched on the question whether these 
data are sufficient for an exhaustive description of the energy 
spectrum. Note that the progress attained in the study of the 
électron spectra of metals evidently makes it possible to raise the 
problem of purposeful variation of the properties of a substance.

This problem relates to the development of a ne\y direction in 
the solid-state physics (and in particular, in the phyÉçs of metals) 
devoted to studies of the properties of substances under extremal 
physical conditions (such as super-high pressures, efttrëmal elec- 
tric and magnetic fields, etc.) under which recombination of the 
électron energy spectrum is observed.
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